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PllEFACE,

We have endeavoured in the present work to combine some of

the modern developments of Higher Algebra with the subjects

usually included in works on the Theory of Equations. The

first ten Chapters contain all the propositions ordinarily found

in elementary treatises on the subject. In these Chapters we

have not hesitated to employ the more modern notation wher-

ever it appeared that greater simplicity or comprehensiveness

could be thereby obtained.

Regarding the algebraical and the numerical solution of

equations as essentially distinct problems, we have purposely

omitted in Chap. YI. numerical examples in illustration of the

modes of solution there given of the cubic and biquadratic

equations. Such examples do not render clearer the conception

of an algebraical solution ; and, for practical purposes, the

algebraical formula may be regarded as almost useless in the

case of equations of a degree higher than the second.

In the treatment of Elimination and Linear Transformation,

as well as in the more advanced treatment of Symmetric Func-

tions, a knowledge of Determinants is indispensable. We have

found it necessary, therefore, to give a Chapter on this subject.

It has been our aim to make this Chapter as simple and intelli-

gible as possible to the beginner ; and at the same time to omit
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no proposition which might be found useful in the application

of this calculus. For many of the examples in this Chapter,

as well as in other parts of the wort, we are indebted to the

kindness of Mr. Cathcart, Fellow of Trinity College.

"We have approached the consideration of Covariants and

Invariants through the medium of the functions of the diffe-

rences of the roots of equations—this appearing to us the sim-

plest mode of presenting the subject to beginners. We have

attempted at the same time to show how this mode of treatment

may be brought into harmony with the more general problem of

the linear transformation of algebraic forms. In the Chapters

on this subject we have confined our attention to the quadratic,

cubic, and quartic ; regarding any complete discussion of the

covariants and invariants of higher binary forms as too diffi-

cult for a work like the present.

Of the works which have afforded us assistance in the more

elementary part of the subject, we wish to mention particularly

the TraiU d' Alghhre of M. Bertrand, and the 'writings of the

late Professor Young* of Belfast, which have contributed so

much to extend and simplify the analysis and solution of

numerical equations.

In the more advanced portions of the subject we are

indebted mainly, among published works, to the Lessons

Introductory to the Modern Higher A Igebra of Dr. Salmon, and

the Theorie der bindren algehraischen Formen of Clebsch ; and

in some degree to the Thiorie des Formes hinaires of the

Chev. F. Faa De Bruno. "We must record also our obligations

in this department of the subject to Mr. Michael Roberts, from

* Theory and Solution of Algebraical Equations, London, 1835
; Analysis and

Solution of Cubic and Biquadratic Equations, London, 1842 ; and Theory and

Solution of Algebraical Equations of the Higher Orders, London, 1843.
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•whose Papers in the Quarterly Journal and other periodicals,

and from whose professorial lectures in the University of

Dublin, very great assistance has been derived. Many of the

•examples also are taken from Papers set by him at the Uni-

versity Examinations.

In the Chapter on Complex Numbers and the Complex

T^ariable we have followed closely the treatment of imaginary

quantities given by M. Briot in his Legons d'AIgebre.

In connexion with various parts of the subject several

•other works have been consulted, among which may be

mentioned the treatises on Algebra by Serret, Meyer Hirsch,

and Pubini, and papers in the mathematical journals by Boole,

Cayley, Hermite, and Sylvester.

In the present edition we have introduced a short Chapter

•on the Covariants and Invariants of Combined Forms, and

have added, in Notes at the end of the volume, an enumeration

of the concomitants of the quintic and sextic. The section also

of the last Chapter treating of Greometrical Transformations has

been considerably enlarged. In the preparation of this edition

we have received many valuable suggestions from Mr. Pussell,

Pellow of Trinity College, to whom we desire here to express

our acknowledgments.

TitiNiTT College,

May, 1892.



Note.—The first ten chapters of this work may be regarded as forming an

elementary course. In reading these chapters for the first time, Students are-

recommended to omit Art. 53 of Chap. V., and to confine their attention in

Chap. VI. to Arts. 55, 56, 67, 61, 62, 63, and 64.
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THEORY OF EQUATIONS.

INTRODUCTION.

1. Seflnitions.—Any mathematical expression involving a

quantity is called a function of that quantity.

We shall be employed mainly with such algebraical func-

tions as are rational and integral. By a rational function of a

quantity is meant one which contains that quantity in a rational

form only ; that is, a form free from fractional indices or radical

signs. By an integral function of a quantity is meant one in

which the quantity enters in an integral form only ; that is,

never in the denominator of a fraction. The following expres-

sion, for example, in which n is a positive integer, is a rational

and integral algebraicalfunction of x :
—

««" + Ja;""^ + cx^'"^ + + /fa; + /.

It is to be observed that this definition has reference to the

quantity x only, of which the expression is regarded as a func-

tion. The several coefficients a, b, c, &c., may be irrational or

fractional, and the function still remain rational and integral

in X.

A function of x is represented for brevity by F{x),f{x), (p (x),

or some such symbol.

The name polynomial is given to the algebraical function

to express the fact that it is constituted of a number of terms

B



2 Introduction.

containing different powers of x connected by the signs plus or

minus. For certain values of x regarded as variable one poly-

nomial may become equal to another differently constituted.

The algebraical expression of such a relation is called an equa-

tion ; and any value of x which satisfies this equation is called a

root of the equation. The determination of all possible roots

constitutes the complete solution of the equation.

It is obvious that, by bringing all the terms to one side, we

may arrange any equation according to descending powers of x

in the following manner :

—

ao»" + «i«""^ + flaa""^ +....+ an-\X + «„ = 0.

The highest power of x in this equation being n, it is said to

be an equation of the m"' degree in x. For such an equation tvo

shall, in general, employ the form here written. The suffix

attached to the letter a indicates the power of ;» which each coef-

ficient accompanies, the sum of the exponent of x and the suffix

of a being equal to n for each term. An equation is not altered

if all its terms be divided by any quantity. We may thus, if

we please, dividing by a^, make the coefficient of a;" in the above

equation equal to unity. It will often be found convenient to

make this supposition ; and in such cases the equation will be

written in the form

«" + 2^1
«""' + Pi x^'''^ + ....+ p„^, « + jo„ = 0.

An equation is said to be complete when it contains terms

involving x in all its powers from n to 0, and incomplete when
some of the terms are absent ; or, in other words, when some of

the coefficients pi, p^, &c., are equal to zero. The term pn,

which does not contain x, is called the absolute term. An equa-

tion is numerical or algebraical according as its coefficients are

numbers or algebraical symbols.

2. arumerical and A.lgebraical Equations.—In many
researches in both mathematical and physical science the final

mathematical problem presents itself in the form of an equation

on whose solution that of the problem depends. It is natural
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therefore, that the attention of mathematicians should have been

at an early stage in the history of the science directed towards

inquiries of this nature. The science of the Theory of Equa-
tions, as it now stands, has grown out of the successive attempts

of mathematicians to discover general methods for the solution

of equations of any degree. When the coefficients of an equation

are given numbers, the problem is to determine a numerical

value, or perhaps several different numerical values, whicli will

satisfy the equation. In this branch of the science very great

progress has been made ; and the best methods hitherto advanced

for the discovery, either exactly or approximately, of the nume-

rical values of the roots will be explained in their proper places

in this work.

Equal progress has not been made in the general solution of

equations whose coefficients are algebraical symbols. The stu-

dent is aware that the root of an equation of the second degree,

whose coefficients are such symbols, may be expressed in terms

of these coefficients in a general formula ; and that the nume-

rical roots of any particular numerical equation may be obtained

by substituting in this formula the particular numbers for the

symbols. It was natural to inquire whether it was possible to

discover any such formula for the solution of equations of higher

degrees. Such results have been attained in the case of equa-

tions of the third and fourth degrees. It will be shown that

in certain cases these formulas fail to supply the solution of

a numerical equation by substitution of the numerical coef-

ficients for the general symbols, and are, therefore, in this

respect inferior to the corresponding algebraical solution of

the quadratic.

Many attempts have been made to arrive at similar general

formulas for equations of the fifth and higher degrees ; but it

may now be regarded as established by the researches of modern

analysts that it is not possible by means of radical signs, and

other signs of operation employed in common algebra, to ex-

press the root of an equation of the fifth or any higher degree

in terms of the coefficients.

li 2



i Introduction.

3. Polynomials.—From the preceding observations it is

plain that one important object of the science of the Theory of

Equations is the discovery of those values of the quantity x

regarded as variable which give to the polynomial /(a-) the

particular value zero. In attempting to discover such values of

X we shall be led into many inquiries concerning the values

assumed by the polynomial for other values of the variable.

We shall, in fact, see in the next chapter that, corresponding to

a continuous series of values of a; varying from an infinitely

great negative quantity (-00) to an infinitely great positive

quantity (+ oo ),/(«) will assume also values continuously vary-

ing. The study of such variations is a very important part of

the theory of polynomials. The general solution of numerical

equations is, in fact, a tentative process ; and by examining the

values assumed by the polynomial for certain arbitrarilj' assumed

values of the variable, we shall be led, if not to the root itself,

at least to an indication of the neighbourhood in which it exists,

and within which our further approximation must be carried on.

A polynomial is sometimes called a quantic. It is convenient

to have distinct names for the quanties of various successive

degrees. The terms quadratic (or quadric), cubic, biquadratic (or

quartic), quintic, sextic, &c., are used to represent quanties of the

2nd, 3rd, 4th, 5th, 6th, &c., degrees ; and the equations obtained

by equating these quanties to zero are called quadratic, cubic,

biquadratic, &c., equations, respectively.
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6 General Properties of Polynomials.

is satisfied by any value of x whicli makes

«o»" > «* («""' + «""' + .. .+X + 1),

where fli is the greatest among the coefficients fli, ctu, . . • ««-!> ^'n

without regard to sign. Summing the geometric series within

the brackets, we have

which is satisfied if ffo (;» - 1) he > or = «*,

that is a; > or = — + 1.

The theorem here proved is useful in supplying, when the

coefiioients of the polynomial are given numbers, a number such

that when x receives values nearer to + oo the polynomial will

preserve constantly a positive sign. If we change the sign of x,

the first term will retain its sign if n be even, and will become

negative if n be odd ; so that the theorem also supplies a nega-

tive value of X, such that for any value nearer to - oo the

polynomial will retain constantly a positive sign if n be even,

and a negative sign if n be odd. The constitution of the poly-

nomial is, in general, such that limits much nearer to zero than

those here arrived at can be found beyond which the function

preserves the same sign ; for in the above proof we have taken

the most unfavourable case, viz. that in which all the coefficients

except the first are negative, and each equal to a^ ; whereas in

general the coefficients may be positive, negative, or zero.

Several theorems, having for their object the discovery of such

closer limits, will be given in a subsequent chapter.

6. We now proceed to inquire what is the most important
term in a polynomial when the value of x is indefinitely dimi-

nished ; and to determine a quantity such that the substitution

of this, or of any smaller quantity, for x will have the effect of

giving such term the preponderance.

Theorem.—If in the polynomial

ffo«" + «!«""' + . . . + a„-ia! + «„
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the value , or amj smaller value, he substituted far x, where an
an + ajc

is the greatest coefficient exclusive of an, the term an ivill be numc
rically greater than the sum of all the others.

To prove this, let a; = - ; then by the theorem of Art. 4,

ajc being now the greatest among the coefficients Oo, «i, . . . «„.„

without regard to sign, the value — + 1, or any greater value of

y, will make

any" > «»-iy^' + an-aj'""' + . . . + tt^y + o„,

that IS, «„ > <7^i - + 0,^2 -^+ . .. fh— ;

y y y"

hence the value —, or any less value of x, will make
ttn + ttk

On > an-lX + an-iil-^ + . . . UoX".

This proposition is often stated in a different manner, as

follows:

—

Values so small may be assigned to x as to make the

polynomial

a„.iX + ttn-iX^ + . . . + aoof^

less than any assigned quantity.

This statement of the theorem follows at once from, the above

proof, since ff„ may be taken to be the assigned quantity.

There is also another useful statement of the theorem, as

follows :— When the variable x receives a very small value, the sign

of the polynomial

a„.iX + an^^a? + . . . + ctq*"

is the same as the sign of its first term an-iX.

This appears by writing the expression in the form

«(««-! + On-iX + . . . + (/o«""M;

for when a value sufficiently small is given to x, the numerical

value of the term «„., exceeds the sum of the other terms of the

expression within the brackets, and the sign of that expression

will consequently depend on the sign of r/^^i.
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6. Change of Form of a Polynomial corresponding

to an increase or diminution of the Variable. Uerived

Functions.—We shall now examine the form assumed by the

polynomial when x+ his, substituted for x. If, in what follows,

h be supposed essentially positive, the resulting form will corre-

spond to an increase of the variable ; and the form corresponding

to a diminution of x will be obtained from this by changing the

sign of h in the result.

When X is changed to a; + h,f{x) becomes/ (a; + h), or

ttoix + h)" + ai{x + A)"-i + «3 {x + h)"-' + . . . + ff„_i {x + h) + a„.

Let each term of this expression be expanded by the binomial

theorem, and the result arranged according to ascending powers

of h. We then have

a,)*" + «!«"'' + UiX^"'' + . . . + an-iX^ + ttn-ix + a„

+ h{na^'"'^ + (»-l) OiX^" + (»-2) a2»"-'+ . . . + 2aK-2 « + fln-i

]

+ i—o!" ("-!) «o«"-'+ («-l) («-2) «!««-=+...+ 2a„.2}

1.2.3,
1 ... 2 . liflo,

It will be observed that the part of this expression indepen-

dent of h is/ {x) (a result obvious d priori), and that the succes-

sive coefficients of the different powers of h are functions of x of

degrees diminishing by unity. It will be further observed that
the coefficient of h may be derived from f{x) in the following
manner :—Let each term in/(a;) be multiplied by the exponent
of X in that term, and let the exponent of x in the term be
diminished by unity, the sign being retained ; the sum of all

the terms of/(a;) treated in this way will constitute a polynomial
of dimensions one degree lower than those of /(«). This poly-
nomial is called the_^rs^ derived function oif{x). It is usual to

represent this function by the notation /' («). The coefficient
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W
of

J—2
may be derived from /'(a;) by a process the same as that

employed in deriving ./' (a;) from/(«), or by the operation twice

performed on/ (x). This coefficient is represented by/"' («), and
is called the second derwedfunction oif{x). In like manner the

succeeding coefficients may all be derived by successive opera-

tions of this character ; so that, employing the notation here

indicated, we may write the result as follows :

—

f{x + h) ^f{x) +/'(.;) h. +-^1 h' +f^ ¥ + ...+ a,h\

It may be observed that, since the interchange of x and h

does not alter /(a; + h), the expansion may also be written in the

form
f'ilA f"'(h\

fix + h) =f[h) +/(A) r +Y^ X' + -L-^ x^ + ... + a„x-.

We shall in general employ the notation here explained

;

but on certain occasions when it is necessary to deal with derived

functions beyond the first two or three, it will be found more

convenient to use suffixes instead of the accents here employed.

The expansion will then be written as follows :

—

W- If
f{x + h)=f[x)^_t,{x)h+f^{x) P2 "^ "^'^'^*^ rTl3 r

"^

Example.

Find the result of substituting x + h for x in the polynomial 4a:' + 6x'' -Ix + i.

Here
J[x) ^ ix^ + ex^ - 7x + i,

fix) = 12x- + 12^: - 7,

fix) = 24a: + 12,

/'»=24;
and the result is

A' A'
ix'' + 6x'-1x+4: + {12x^ + 12x-7)h + (2ix+l2) ^-^ + 24

^ ^ ^
.

The student may verify this result by direct substitution.

7. Continuity of a Rational Integral Function of a;.

—

If in a rational and integral function /(a;) the value of x be
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made to vary, by indefinitely small increments, from one quan-

tity a to a greater quantity b, we proceed to prove that/ (a;) at

the same time varies also by indefinitely small increments ; m
other words, that/(a;) varies contiimomly icith x.

Let X be increased from a to a + ^. The corresponding incre-

ment oi/ix) is

f(a + h) -f(a);

and this is equal, by Art. G, to

/(«)A+/"(a)^+... + a„n

in which expression all the coefficients/' [a),/" (a), &c., are finite

quantities. Now, by the theorem of Art. 5, this latter expres-

sion may, by taking h small enough, be made to assume a value

less than any assigned quantity ; so that the difference between

/(a + h) and/(a) may be made as small as we please, and will

ultimately vanish with /*. The same is true during all stages of

the variation of x from a to b; thus the continuity of the func-

tion /(a;) is established.

It is to be observed that it is not here proved that / (x)

increases continuously from/ (a) to/ (6). It may either increase

or diminish, or at one time increase, and at another diminish

;

but the above proof shows that it cannot pass per saltum from

one value to another ; and that, consequently, amongst the

values assumed by/(a;) while x increases continuously from a to

b must be included all values between/(fl) and/ (6). The sign

of /'(a) will determine whether/ («) is increasing or diminishing

;

for it appears by Art. 5 that when h is small enough the sign of

the total increment will depend on that of /'(a) h. We thus

observe that when f{a) is positive f{x) is increasing with x ; and
whenf {a) is negative/ (x) is diminishing as x increases.

8. Form of the Ctuotit^nt and Uemainder wben a
Polynomial is divided by a Binomial—Ijet the quotient,
when
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1

is divided by a; - h, be

h^-^ + iiS!"-" + . . . + hn-zX + J„.i.

This we shall represent by Q, and the remainder by R. We
have then the following equation :

—

f{x) ^{x-h) Q + R.

The meaning of this equation is, that when Q is multiplied

hy X- h, and R added, the result must be identical, term for term,

with/ {x). In order to distinguish equations of the kind here

explained from equations which are not identities, it will often

be found convenient to use the symbol here employed in place

of the usual symbol of equality. The right-hand side of the

identity is

Jo«" + by )«»-' + h \x^-' + . . . + J„., )x + R
- hbo} - hbi) - hbnJ -AVi-

Equating the coefficients of x on both sides, we get the fol-

lowing series of equations to determine bo, bi, b^, . . . 6„_i, R :
—

bo - Clo,

bi = boh + fli,

bi = bji + at,

63 = bih + fla.

6m_i — bn^%ll + tfn-lj

R = bnJl + «„.

These equations supply a ready method of calculating in

succession the coefficients bo, 61, &c. of the quotient, and the

remainder R. For this purpose we write the series of operations

in the following manner :

—

do, (i\, ai, a^, .... fiPn_i, a^i,

boh, bjh, bji, .... b„.Ji, b„.ih,

bi, bz, b,, .... 6„_i, R.

In the first line are written down the successive coefficients
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oif{x). The first term in the second line is obtained by multi-

plying So (or h, which is equal to it) by h. The product hh is

placed under ai, and then added to it in order to obtain the

term &i in the third line. This term, when obtained, is multi-

plied in its turn by h, and placed under a^. The product is

added to «2 to obtain the second figure b-i in the third line. The

repetition of this process furnishes in succession all the coef-

ficients of the quotient, the last figure thus obtained being the

remainder. A few examples will make this plain.

EXAMPIBS.

1. Find the quotient and remainder when 3a;* - bx^ + 10a:' + Ua; - 61 is divided

by a; - 3.

The calculation is arranged as follows :

—

3 -5 10 11 -61.

9 12 66 231.

4 22 77 170.

Thus the quotient is Zx^ + 4a;« + 22* + 77, and the remainder 170.

2. Find the quotient and remainder when x^ + 5a:' + 3a; + 2 is divided hj x-\.

^ns. Q = x-+&x + 9, R=ll.

3. Find Q and S when x^ - 4a;* + 7a:' - 11a: - 13 is divided by a; - 5.

N.B.—When any term in a polynomial is absent, care must be taken to supply

the place of its coefficient by zero in writing down the coefficients of /(a;). In this

example, therefore, the series in the first line will be

1-4 7 -11 -13.

Ans. Q = a:* + a:3_,.]2a,-2 4 60a; + 289; iJ = 1432.

4. Find Q and R when a;' + 3a;' - 15a:' + 2 is divided by a; - 2.

Ans. e = a:8+2a:i + 7a:6 + 14a;5+28a;H56a:3 + 112a;' + 209a: + 418; ie = 838.

5. Find Q and E when a;' + a;'- 10a; + 113 is divided by a; + 4.

Ans. Q = a;*-4a;3+16a;--63a; + 242; iJ = -855.

9. Tabulation of Functions.—The operation explained

in the preceding Article affords a convenient practical method
of calculating the numerical value of a polynomial whose coef-

ficients are given numbers when any number is substituted for x.

For, the equation

fix) ^{x-h)Q + R,

since its two members are identically equal, must be satisfied
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when any quantity whatever is substituted for x. Let x = h,

then /(A) = E, x - h being = 0, and Q remaining finite. Hence
the result of substituting h for x inf{x) is the remainder when

f (a") is divided hy x - h, and can be calculated rapidly by the

process of the last Article.

For example, the result of substituting 3 for x in the poly-

nomial of Ex. 1, Art. 8, viz.,

3«* - 5^' + 10*' + Ux - 61,

is 170, this being the remainder after division by a; - 3. The
student can verify this by actual substitution.

Again, the result of substituting - 4 for a; in

x' + x' - 10x+ 113

is - 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that

as X receives a continuous series of values increasing from - oo to

+ co,f{x) will pass through a corresponding continuous series.

If we substitute in succession for x, in a polynomial whose coef-

ficients are given numbers, a series of numbers such as

3,-5,-4,-3,-2,-1, 0, 1, o, .

and calculate the corresponding values of/(«), the process may

be called the tabulation ofthe function.

Examples.

1. Tabulate the trinomial 2*' + a: — 6, for the following values of x :-

-4, -3, -2, -1, 0, 1, 2, 3, 4.

Values of x,
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series of changes in the variable which it contains, it is plain

that great advantage will be derived from any mode of repre-

sentation which renders possible a rapid comparison with one

another of the different values which the function may assume.

In the case where the function in question is a polynomial with

numerical coefficients, to any assumed value oix will correspond

one definite value of /(«). We proceed to explain a mode of

graphic representation by which it is possible to exhibit to the

eye the several values oif[x) corresponding to the different

values of x.

Let two riglit lines OX, OT
(fig. 1) cut one another at right

angles, and be produced indefi-

nitely in both directions. These

lines are called the axis ofx and axis

o/'y, respectively. Lines, such as

OA, measured on the axis of x at

the right-hand side of 0, are re-

garded as positive ; and those, such

as OA', measured at the left-hand

side, as negative. Lines parallel

to OY which are above XX', such as AP or B'Q', are positive;

and those below it, such as AT ov A'P, are negative. These

conventions are already familiar to the student acquainted with

Trigonometry.

Any arbitrary length may now be taken on OX as unity,

and any number positive or negative will be represented by a

line measured on XX ; the series of numbers increasing from

to + 00 in the direction OX, and diminishing from to - oo in the

direction OX'. Let any number m be represented by OA ; cal-

culate/(?H) ; from A draw AP parallel to OFto represent/(w)

in magnitude on the same scale as that on which OA represents

m, and to represent by its position above or below the line OX
the sign of /(m). Corresponding to the different values of m
represented by OA, OB, OC, &o., we shall have a series of points

P, Q, P, &c., which, when we suppose the series of values of

FiK. 1.
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m indefinitely increased so as to include all numters between
- 00 and + 00 , will trace out a continuous curved line. This

curve will, by the distances of its several points from the line

OX, exhibit to the eye the several values of the function /(«).

The process here explained is also called tracing the function

f{x). The student acquainted with analytic geometry will observe

that it is equivalent to tracing the plane curve whose equation

is y =f{x).

In the practical application of this method it is well to begin

by laying down the points on the curve corresponding to certain

small integral values of x, positive and negative. It will then

in general be possible to draw through these points a curve

which will exhibit the progress of the function, and give a general

idea of its character. The accuracy of the representation will

of course increase with the number of points determined between

any two given values of the variable. When any portion of the

curve between two proposed limits has to be examined with care,

it will often be necessary to substitute values of the variable

separated by smaller intervals than unity. The following ex-

amples will illustrate these principles.

Examples.

1. Trace the trinomial ix' + x — &.

The unit of length taken is one-sixth of

the line OD in fig. 2.

In Ex. 1, Art. 9, the values of f{x) are

given corresponding to the integral values

of X from — 4 to + 4, inclusive.

By means of these values we obtain

the positions of nine points on the curve
;

seven of which, A, B, C, D, E, F, 0, are

here represented, the other two correspond-

ing to values of f(x) which Ke out of the

limits of the figure.

The student will find it a useful exercise

to trace the curve more minutely between

the points and E in the figure, viz. by

calculating the values of f{x) corresponding

to all values of x between - 1 and I separated by small intervals, say of one-tenth,

as is done in the following example.

Fig. 2.
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2. Trace the polynomial

10i-» XTx' + I +

This is already tabulated in Art. 9 for values of x between - 4 and 4.

It may be observed, as an exercise on Art. 4, that this function retains positive

values for all positive values of * greater than 2' 7, and negative values tor all

values of x nearer to - oo than - 2'7. The

curve will, then, if it cuts the axis of x at all,

cut it at a point (or points) corresponding to

some value (or values) of x between - 2-7 and

+ 2-7 ; so that if our object is to determine, or

approximate to, the positions of the roots of the

equation /(«) = 0, the tabulation may be con-

fined to the interval between - 2'7 and 2-7.

This is a case in which the substitution of

integral values only of x gives very little help

towards the tracing of the curve, and where,

consequently, smaller intervals have to be ex-

amined. We give the tabulation of the func-

tion for intervals of one-tenth between the

integers - 1, ; 0, 1 ; 1,2. From these values

the positions of the corresponding points on

the curve may be approximately ascertained,

and the curve traced as in fig. 3.

Values of x
I

22I-15-96 10-8

-•7
I

-•!

-6-46|-2-i

- -4

2-24

-3

3-9

-•2

6-04

-•1

5-72

Values of x

„ „ /w

Values of x
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representing a given polynomial may not cut the axis of x at

all, or may cut it.in a number of points less than the degree of

the polynomial. Such cases correspond to the imaginary roots

of equations, as will appear more fully in the next chapter. For

example, the curve which represents the polynomial 2j?' + x + 2

will, when traced, lie entirely above the axis of a; ; in fact, since

this function differs from the function of Ex. 1 only by the ad-

dition of the constant quantity 8, each value of /(«) is obtained

by adding 8 to the previously calculated value, and the entire

curve can be obtained by simply supposing the previously traced

curve to be moved up parallel to the axis of y through a distance

equal to 8 of the units. It is evident, by the solution of the

equation 2x'' + x + 2 = 0, that the two values of x which render

the polynomial zero are in this case imaginary. Whenever the

number of points in which the curve cuts the axis of x falls

short of the degree of the polynomial, it is customary to speak

of the curve as cutting the line in imaginary points.

11. maximuiu and Minimuni lvalues of Polynomials.

—It is apparent from the considerations established in the pre-

ceding Articles, that as the variable x changes from - oo to + x
,

the function f{x) may undergo many variations. It may go

on for a certain period increasing, and then, ceasing to increase,

may commence to diminish ; it may then cease to diminish and

commence again to increase ; after which another period of

diminution may arrive, or the function may (as in the last

example of the preceding Art.) go on then continually in-

creasing. At a stage where the function ceases to increase

and commences to diminish, it is said to have attained a

maximum value ; and when it ceases to diminish and com-

mences to increase, it is said to have attained a minimum value.

A polynomial may have several such values ; the number

depending in general on the degree of the function. Nothing

exhibits so well as a graphic representation the occurrence

of such a maximum or minimum value ; as well as the

various fluctuations of which the values of a polynomial are

susceptible.
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A knowledge of the maximum and minimum values of a func-

tion, giving the positions of the points where the curve bends

with reference to the axis, is often of great assistance in tracing

the curve corresponding to a given polynomial. It will be

shown in a subsequent chapter that the determination of these

points depends on the solution of an equation one degree lower

than that of the given function.

It is easy to show that maxima and minima occur alter-

nately ; for, as the variable increases from a value correspond-

ing to one maximum to the value corresponding to a second,

the function begins by diminishing and ends by increasing,

and therefore attains a minimum at some intermediate stage.

In like manner it appears that between two minima one maxi-

mum must exist.



CHAPTER II.

GENEEAL PROPERTIES OF EQUATIONS.

12. The process of tracing the function /{x) explained in

Art. 10 may be employed for the purpose of ascertaining ap-

proximately the real roots of a given numerical equation ; for

when the corresponding curve is accurately traced, the real roots

of the equation f[x) = can be obtained approximately by
measuring the distances from the origin of its points of inter-

section with the axis. With a view to the more accurate nume-

rical solution of this problem, as well as the general discussion of

equations both numerical and algebraical, we proceed to establish

in the present chapter the most important general properties of

equations having reference to the existence and number of the

roots, and the distinction between real and imaginary roots.

By the aid of the following theorem the existence of a real

root in an equation may often be established :

—

Tbeorem.—// two real quantities a and b be substitutedfor

the unknown quantity x in any polynomialf {x) , and if they furnish

results having different signs, one plus and the other minus ; then

the equationf [x) - must have at least one real root intermediate

in value between a and b.

This theorem is an immediate consequence of the property

of the continuity of the function /(k) established in Art. 7 ; for

since/(«) changes continuously from /(a) to f{b), and therefore

passes through all the intermediate values, while x changes from

atob; and since one of these quantities,/ (a) or f{b), is positive,

and the other negative, it follows that for some value of x inter-

mediate between a and b,f{x) must attain the value zero which

is intermediate between /(a) and/ (6).

02
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The student will assist his conception of this theorem by

reference to the graphic method of representation. What is

here proved, and what will appear obvious from the figure, is,

that if there exist two points of the curved line representing the

polynomial on opposite sides of the axis OX, then the curve

joining these points must cut that axis at least once. It will

also be evident from the figure that several values may exist

between a and b for which /(«) = 0, i.e. for which the curve

cuts the axis. For example, in fig. 3, Art. 10, a; = - 2 gives a

negative value (- 144), and a; = 2 gives a positive value (20),

and between these points of the curve there exist three points of

section of the axis of x.

Corollary.

—

If there exist no real quantity which, substituted

for X, makes fix) = 0, then fix) must be positive for every real value

of X.

For it is evident (Art. 4) that x = aa makes /(x) positive;

and no value of x, therefore, can make it negative ; for if there

were any such value, the equation would by the theorem of

this Article have a real root, which is contrary to our present

hypothesis. With reference to the graphic mode of representa-

tion this theorem may be expressed by saying that when the

equation f(x) =0 has no real root, the curve representing the

polynomial/(«) must lie entirely above the axis of x.

13. Theorem.

—

Every equation of an odd degree has at least

one real root of a sign opposite to that of its last term.

This is an immediate consequence of the theorem in the last

Article. Substitute in succession - oo , 0, qo for x in the poly-

nomial /(«). The results are, n being odd (see Art. 4),

for a; = - 00 ,/(«) is negative ;

„ a; = 0, sign oifix) is the same as that of »„

;

„ X = + Xi ,fi^x) is positive.

If a„ is positive, the equation must have a real root between

- 00 and 0, i. e. a real negative root ; and if a„ is negative, the



Imaginary Roots. 21

equation must have a real root between and oo i.e. a real

positive root. The theorem is therefore proved.

14. Theorem.—Every equation of an even degree, whose last

term is negative, has at least two real roots, one positive and the

other negative.

The results of substituting - oo , 0, oo are in this case

0,

+ 00
, + ;

hence there is a real root between - oo and 0, and another be-

tween and + 00 ; i.e. there exist at least one real negative, and

one real positive root.

We have contented ourselves in both this and the preceding

Articles with proving the existence of roots, and for this purpose

it is sufficient to substitute very large positive or negative values,

as we have done, for x. It is of course possible to narrow the

limits within which the roots lie by the aid of the theorem of

Art. 4, and still more by the aid of the theorems respecting

the limits of the roots to be given in a subsequent chapter.

15. Existence of a Root in the Creneral Equation.

Imaginary Roots.—We have now proved the existence of a

real root in the case of every

equation except one of an even

degree whose last term is positive.

Such an equation may have no

real root at all. It is necessary

then to examine whether, in the

absence of real values, there may

not be values involving the ima-

ginary expression \/ - 1, which,

when substituted for x, reduce the

polynomial to zero ; or whether

there may not be in certain cases

both real and imaginary values ^^' *"

of the variable which satisfy the equation. We take a simple
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example to illustrate the occurrence of such imaginary roots.

As already remarked (Art. 10), the curve corresponding to the

polynomial

fix) ^2x-' + x +2

lies entirely above the axis of x, as in fig. 4. The equation

f[x) = has no real roots ; but it has the two imaginary roots

as is evident by the solution of the quadratic. We observe,

therefore, that in the absence of any real values there are in

this case two imaginary expressions which reduce the polynomial

to zero.

The corresponding general proposition is, ih.^i Every raUonal

integral equation has a root of theform

a + ji y^,

a and j3 being real finite quantities. This statement includes

both real and imaginary roots, the former corresponding to the

value /3 = 0. When a and /3 are numbers, such an expression

is called a complex number ; and what is asserted is that every

numerical equation has a numerical root either real or complex.

As the proof of this proposition involves principles which

could not conveniently have been introduced hitherto, and

which will present themselves more naturally for discussion

in subsequent parts of the work, we defer the demonstration

until these principles have been established. For tlie present,

therefore, we assume the proposition, and proceed to derive

certain consequences from it.

16. Theorem.—Ecery equation of n dimensions has n roots,

and no more.

We first observe that if any quantity A is a root of the equa-

tion/fa;) = 0, then/(aj) is divisible hy x - h without a remainder.

This is evident from Art. 9; for iif'Ji) = 0, i.e. if h is a root

of/(«) = 0, R must be = 0.
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Let, now, the given equation be

fix) = X"+ Pi'X"-^ + Pi X"-- + . . . + p„.i X +p„ = 0.

This equation must have a root, real or imaginary (Art. 15),

which we shall denote by the symbol oi. Let the quotient,

when /(x) is divided by a; - a,, be 0, («) ; we have then the

identical equation

f{x) ^ {x- a,) (pi («).

Again, the equation ^i {x) = 0, which is of w - 1 dimensions,

must have a root, which we represent by 02. Let the quotient

obtained by dividing <pi[x) hy x ~ ai be ^2 («). Hence

01 {x) = {x - 02) <t>2{x},

and .-. /(.r) = (a; - a,)(a; - 02) <pi{x)f

where ^^{x) is of w - 2 dimensions.

Proceeding in this manner, we prove that /(*) consists of the

product of n factors, each containing x in the first degree, and a

numerical factor <j>n (x). Comparing the coefficients of x", it is

plain that (j>a{x) = 1. Thus we prove the identical equation

f{x) = (a; - ai) {x - O'i) {x - Oi) ( X- a„_i) {x - a,i).

It is evident that the substitution of any one of the quanti-

ties fli, 02, . • On for X in the right-hand member of this equation

wiU reduce that member to zero, and will therefore reduce ./'(a;)

to zero ; that is to say, the equation /(») = has for roots the n

quantities oi, «2, a^ a„.i, o„. And it can have no other roots

;

for if any quantity other than one of the quantities oi, 02, ... a„

be substituted in the right-hand member of the above equation,

the factors will be all different from zero, and therefore the pro-

duct cannot vanish.

Corollary.—Two polynomials each of the »'" drgree in x

cannot be equal to one another fur more than n values of x without

being completely identical.

For if their difference be equated to zero, we obtain an equa-

tion of the w** degree, which can be satisfied by n values only

of X, unless each coefficient be separately equal to zeru.
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The theorem of this Article, although of no assistance in the

solution of the equation /(«) = 0, enables us to solve completely

the converse problem, i.e. to find the equation whose roots are

any n given quantities. The required equation is obtained by

multiplying together the n simple factors formed by subtract-

ing from X each of the given roots. By the aid of the present

theorem also, when any (one or more) of the roots of a given

equation are known, the equation containing the remaining

roots may be obtained. For this purpose it is only necessary

to divide the given equation by the product of the given bino-

mial factors. The quotient will be the required polynomial

composed of the remaining factors.

Examples.

1. Find the equation whose roots are

-3, -1, 4, 6.

Ans. x\ - bx' - \Zx^ + 53a; + 60 = 0.

2. The equation

x^-&i^-^ 8a;2 - 172: + 10 =

has a root 5 ; find the equation eootaining the remaining roots.

Use the method of division of Art. 8.

Ana. !c3 _ a;2 + 3j; _ 2 = 0.
3. Solve the equation

x^ - 16x3 ^. 85^2 _ 176a; + 106 = 0,

two roots being 1 and 7.

Ans. The other two roots are 3, 5.

4. Form the equation whose roots are

2' ^' r
Ans. 14«» - IZx^ - 60a: + 9 = 0.

5. Solve the cubic equation

a' - 1 = 0.

Here it is evident that « = 1 satisfies the equation. Divide by a: - 1, and solve the
resulting quadratic. The two roots are found to be

1 1 ,

—

1 1

-2+2^-^' -2--2v/-^-

6. Form an equation with rational coefficients which shall have for a root the
irrational expression
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This expression has four different values according to the different combinations
of the radical signs, viz.

vp + vq, -vp-\/i, vp-v'q, - VP
-^ V q-

The required equation is, therefore,

(a; - -/p - V'j) {x + -^p + \/?) (« - -/v + •v/y) (» + ^/p - \/q) = 0,

or

{x''-p~ q-2 y^) {x'-p-q + i s/fq) = 0,
or, finally,

x* - 2{p -i- q) x^ + {p - qY = 0.

17. Equal Roots.—It must be observed that tbe n factors

of which a polynomial /{x) consists need not be all different

from one another. The factor x -a, for example, may occur in

the second, or any higher power not superior to n. In this case

the equation /(*) = is still said to have n roots, two or more

being now equal to one another ; and the root a is called a mul-

tiple root of the equation—double, triple, &o., according to the

number of times the factor is repeated.

A reference to the graphic construction in Art. 10 (fig. 3)

will help to explain the occurrence of multiple roots. We see

by an inspection of the figure that the two positive roots of the

equation 10*' - 17a;'' + a; + 6 = are nearly equal, and we may
conceive that a slight addition to the absolute term of this poly-

nomial, which is, as already explained, equivalent to a small

parallel movement upwards of the whole curve, would have the

effect of rendering equal the roots of the equation thus altered.

In that case the line OX would no longer cut the curve in two

distinct points, but would touch it. Now, when a line touches a

curve it is properly said to meet the curve, not once, but in two

coincident points. The student acquainted with the theory of

plane curves will have no difficulty in illustrating in a similar

manner the occurrence of a triple or higher multiple root.

Equal roots form the connecting link between real and

imaginary roots. We have just seen that a small change in the

form of a polynomial may convert it from one having real roots

into another in which two of the real roots become equal. A
further small change may convert it into a form in which the
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two roots become imaginary. Let us suppose that the above

polynomial is further altered by another small addition to the

absolute term. We shall then have a graphic representation in

which the axis OX cuts the curve in only one real point, viz.

that corresponding to the negative root, the two points of

section corresponding to the two positive roots having now dis-

appeared.

Consider, for example, the polynomial 10^;' - 17*' + ar + 28,

which is obtained from that of Ex. 2, Art. 10, by the addition

of 22. The student can easily construct the figure ;
the point

corresponding to A in fig. 3 will now lie much above the axis

of X. Divide by a; + 1, and obtain the trinomial IOjc' - 27a; + 28

which contains the remaining two roots. They are easily found

to be

27 v/39l /_- 27_ y391 .-y
20"^ 20^' 20 20^

We observe in this case, as well as in the example of Art. 15,

that when a change of form of the polynomial causes one real

root to disappear, a second also disappears at the same time, and

the two are replaced by a pair of imaginary roots. The reason

of this will be apparent from the proposition of the following

Article.

18. Imaginary Roots enter Equations in Pairs.—
The proposition to be now proved may be stated as follows :

—

If an equation f {x) = 0, lohose coefficients are all real quantities,

havefor a root the mmginary expression a + j3 •v/- 1, it must also

have for a root the conjugate imaginary expression a — (5 v^- 1.

We have the following identity :

—

{x-a-[iy~l){x-a+P y^)^{x-ay + (5\

Let the polynomial /(a;) be divided by the second member of

this identity, and if possible let there be a remainder Mx + £.'.

We have then the identical equation

fix) ^{ix-af + j5"-}Q + Rx + M',

where Q is the quotient, of h - 2 dimensions in a-. Substitute in
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this identity a + /3 v^- 1 for x. This, by hypothesis, causes/(a;)

to vanish. It also causes {x - ay + /3- to vanish. Hence

i2 (a + /3 y^) + R' = 0,

from which we obtain the two equations

Ba + R' = 0, Iil3 = 0,

since tlie real and imaginary parts cannot destroy one another
;

hence

R = 0, R' = 0.

Thus the remainder Rx + R' vanishes; and, therefore,/ (a;)

is divisible without remainder by the product of tlie two factors

X - a - (3 \/- 1, X - a + [3 \/- 1.

The equation'has, consequently, the root a - (3 \/- 1 as well

as the root a + j3 v^- 1.

Thus the total number of imaginary roots in an equation

with real coefficients is always even ; and every polynomial may

be regarded as composed of real factors, each pair of imaginary

roots producing a real quadratic factor, and each real root pro-

ducing a real simple factor. The actual resolution of the poly-

nomial into these factors constitutes the complete solution of the

equation.

We observed in Art. 17 that equal roots may be considered

as the connecting link between real and imaginary roots. This

statement may now be regarded from another point of view.

Suppose a polynomial has the quadratic factor {x - a}' + k, and

let its form be altered by means of slight alterations in the

value of k. When k is negative, the quadratic factor gives a

pair of real roots; when k = 0, this factor has two equal roots, a

;

when k is positive, the factor has two imaginarij roots.

A proof exactly similar to that above given shows that surd

roots, of the form a ± y/y, enter equations whose coefficients are

rational in pairs.
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Examples.

1. Form a rational cubic equation which shall have for roots

1, 3 + 2v/^l-

2. Form a rational equation which shall have for two of its roots

Am. X* - 12;c' + 72j;' - 312* + 676 = 0.

*' + In? - 52:« + 6a; + 2 = 0,

-2 + V3.

Ans. The roots are - 2 ± Vs, 1 ± V- 1.

3. Solve the equation

which has a root

4. Solve the equation

3*' - 4a:2 + a; + 88 = 0,

one root being 2 + v — 7. — «

.4ns. The roots are 2 + V - 7. - 5-

19. Descartes' Rule of Signs—Positive Roots.—This

rule, which enables us, by the mere inspection of a given equa-

tion, to assign a superior limit to the number of its positive

roots, may be enunciated as follows :

—

No equation can have

more ^positive roots than it has changes of sign from + to -, and

from - to +, in the terms of its first member.

We shall content ourselves for the present with the proof

which is usually given, and which is rather a verification than

a general demonstration of this celebrated theorem of Descartes.

It will be subsequently shown that the rule just enunciated, and

other similar rules which were discovered by early investigators

relative to the number of the positive, negative, and imaginary

roots of equations, are immediate deductions from the more

general theorems of Budan and Fourier.

Let the signs of a polynomial taken at random succeed each

other in the following order :

—

+ + - + + + -+-.

In this there are in all seven changes of sign, including

changes from + to -, and from - to +. It is proposed to show
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that if this polynomial be multiplied by a binomial whose signs,
corresponding to a positive root, are + -, the resulting poly-
nomial will have at least one more change of sign than the
original.

We write down only the signs which occur in the operation
as follows:

—

+ + - + + + _ + _

— + - + + +— + - +

+±-+-+++±-+-+

Here, in the third line, the ambiguous sign ± is placed

wherever there are two terms with different signs to be added.

We observe in this case, and it will readily appear also for

every other arrangement, that the effect of the process is to

introduce the ambiguous sign wherever the sign + follows +, or

- follows -, in the original polynomial. The number of varia-

tions of sign is never diminished. There is, moreover, always

one variation added at the end. This is obvious in the above

instance, wliere the original polynomial terminates with a varia-

tion ; if it terminate with a continuation of sign, it will equally

appear that the corresponding ambiguity in the resulting poly-

nomial must furnish one additional variation either with the

preceding or with the superadded sign. Thus, in even the most

unfavourable case—that, namely, in which the continuations of

sign in the original remain continuations in the resulting poly-

nomial, there is one variation added ; and we may conclude in

general that the effect of the multiplication of a polynomial by

a binomial factor a; - a is to introduce at least one additional

change of sign.

Suppose now a polynomial formed of the product of the

factors corresponding to the negative and imaginary roots of an

equation ; the effect of multiplying this by each of the factors

X - a, X - ^, X -
J, &c., corresponding to the positive roots

a, /3, 7, &c., is to introduce at least one change of sign for

each ; so that when the complete product is formed containing
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all the roots, we conclude that the resulting polynomial has at

least as many changes of sign as it has positive roots. This is

Descartes' proposition.

20. Descartes' Rule of Signs —Slegative Roots.—In

order to give the most advantageous statement to Descartes' rule

in the case of negative roots, we first prove that if - a; be substi-

tuted for X in the equation /(«) = 0, the resulting equation will

have the same roots as tlie original except that their signs will

be changed. This follows from the identical equation of Art. 16

f(r) = (« - a,) {x - aj) {x - a^) . . [x - a„),

from which we derive

/(- w) ^ (- 1)» [x + a,) {x + oo) {x + az) . . . .[3:+ an)-

From this it is evident that the roots of /(- a;) = are

- oi, - Oj, - as, .... - f(,!.

Hence the negative roots of ,/(«) are positive roots of/(- x), and

we may enunciate Descartes' rule for negative roots as follows :

—

No equation can have a greater number of negative roofa than there

are changes of sign in the terms of the polynomialf{- x).

21. Use of Descartes' Rule in proving tlie existence

of Imaginary Roots.—It is often possible to detect the

existence of imaginary roots in equations by the application of

Descartes' rule ; for if it should happen that the sum of the

greatest possible number of positive roots, added to the greatest

possible number of negative roots, is less than the degree of the

equation, we are sure of the existence of imaginary roots. Take,

for example, the equation

X? + 10./;' + a; - 4 = 0.

This equation, having only one variation, cannot have more than

oue positive root. Now, changing x into - x, we get

a» - 10a;' - a; - 4 =
;

and since this has only one variation, the original equation can-

not have more than one negative root. Hence, in the proposed
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equation there cannot exist more than two real roots. It has

therefore, at least six imaginary roots. This application of

Descartes' rule is available only in the case of incomplete

equations ; for it is easily seen that the sum of the number of

variations in f{x) and /(- x) is exactly equal to the degree of

the equation when it is complete.

22. Theorem.—If ttco mimbers a and h, suldltntedfor x in

the poli/nomial f{x), give results with contrary signs, an odd number

of real roots of the equation f[x) = lies beticeen them; and if they

give results with the same sign, either no real root or an even num-

ber of real roofs lies beticeen them.

This proposition, of which the theorem in Art. 12 is a par-

ticular case, contains in the most general form the conclusions

which can be drawn as to the roots of an equation from the

signs furnished by its first member wlien two given numbers

are substituted for x. We proceed to prove the first part of

the proposition ; the second part is proved in a precisely similar

manner.

Let the following m roots oi, oj, . . . . am, and no others, of

the equation f{x) = lie between the quantities a and b, of

which, as usual, we take a to be the lesser.

Let {cc) be the quotient when/(«) is divided by the product

of the m factors [x - oi) [x - a^) . . . . {x- am)- We have, then,

the identical equation

f{x) ^ {x - a,) {x - a^) . . {x - Om) <t>{^)-

Putting in this successively x = a, x = b, we obtain

f{a) = (a - oi) {a - at) .... {a- am) (p (a),

f[b) = (6 - c) {b - o,) .... (6 - o„) ^ (b).

Now ^ («) and ^ {b) have the same sign ; for if they had

different signs there would be, by Art. 12, one root at least of

the equation ^(rc) = between them. By hypothesis, f{a) and

f{b) have different signs ; hence the signs of the products

(a - oi) (ff - oj) . . . . (a - am),

{b - ai) [b - a^) . . . . {b - u„,),
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are different ; but tlie sign of the second is positive, since all

its factors are positive ; hence the sign of the first is negative ;

but all the factors of the first are negative; therefore their

number must be odd, which proves the proposition.

In this proposition it is to be understood that multiple roots

are counted a number of times equal to the degree of their

multiplicity.

It is instructiye to apply the graphic method of treatment to

the theorem of the present Article. From this point of view it

appears almost intuitively true ; for it is evident that when any

two points are connected by a curve, the portion of the curve

between these points must cut the axis an odd number of times

when the points are on opposite sides of the axis ; and an even

number of times, or not at all, when the points are on the same

side of the axis.

Exam PIES.

1. If the signs of the terms of an equation be all positive, it cannot have a

positive root.

2. If the signs of the terms of any complete equation be alternately positive

and negative, it cannot have a negative root.

3. If an equation consist of a number of terms connected by + signs followed

by a number of terms connected by — signs, it has one positive root and no more.

Apply Art. 12, substituting and oo
; and Art. 19.

4. If an equation involve only even powers of x, and if all the coefficients have

positive signs, it cannot have a real root.

Apply Arts. 19 and 20.

5. If an equation involve only odd powers of x, and if the coefficients have all

positive signs, it has the root zero and no other real root.

6. If an equation be complete, the number of continuations of sign in f(x) is

the same as the number of variations of sign in /(- x).

7. "When an equation is complete ; if all its roots be real, the number of positive

roots is equal to the number of variations, and the number of negative roots is equal

to the number of continuations of sign.

8. An equation having an even number of variations of sign must have its last

sign positive, and one having an odd number of variations must have its last sign

negative.

Take the highest power of a; with positive coefficient (see Art. 4).

9. Hence prove that if an equation have an even number of variations it must
have an equal or less even number of positive roots ; and if it have an odd number of
variations it must have an equal or less odd number of positive roots • in other
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words, the number of positive roots when less than the numher of variations must
differ from it hy an even numher.

Substitute and oo , and apply Art. 22.

10. Find an inferior limit to the number of imaginary roots of the equation

a;8 - 3a:2 - a; + 1 = 0.

Ans. At least two imaginary roots.

1 1

.

Find the nature of the roots of the equation

»*+ 15a;'- + 7a;- 11 = 0.

Apply Arts. 14, 19, 20.

Ans. One positive, one negative, two imaginary.

12. Show that the equation

x> + qx + r = 0,

where q and r are essentially positive, has one negative and two imaginary roots.

13. Show that the equation

a;' - jis + r = 0,

where } and r are essentially positive, has one negative root ; and that the other

two roots are either imaginary or both positive.

14. Show that the equation

A"- B"' C V-
+

, + h . . . . + , = «-»!,x~ax — bx-c X — I

where a, h, c, .... I are numbers all different from one another, cannot have an

imaginary root.

Substitute a + |8 V- 1 and o - |8 V- 1 in succession for x, and subtract. We
get an expression which can vanish only on the supposition /3 = 0.

15. Show that the equation

x<> -1 =

has, when » is even, two real roots, 1 and — 1, and no other real root; and, wheun
is odd, the real root 1, and no other real root.

This and the next example follow readily from Arts. 19 and 20.

16. Show that the equation

«" + 1 =

has, when n is even, no real root ; and, when n is odd, the real root - 1, and no

other real root.

17. Solve the equation

«* + 2^a!' + Zq'x'^ + Iq'x - r» = 0.

This is equivalent to

{x^ + qx + q'-Y
-q*- »•* = 0.

1 h
The different signs of the radicals give four combinations, and the expression

here written involves the four roots.
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18. Form the equation which' has for roots the different values of the expression

where fl' = 1.

If no restriction had been made by the introduction of B, this expression would

have 8 values. The ^/f must now be taken with the same sign where it occurs

imder the second radical and free from it. There are, therefore, only four values

in all. Ans. x^ - 8a:» - 12a;« + 84:!; - 63 = 0.

19. Form the equation which has for roots the four values of

-9 + 9V'l37+3 s/zi - 26 Vl37,

where 9^ = 1. ^„s. ^i + 36a;3 - 400a;' - 3168^ + 7744 = 0.

20. Form an equation with rational coefficients which shall have for roots all the

values of the expression

fli \/p 4 92 \/ i + 63 V r,

where 9,2 = I, 9a" = 1, 93' = 1.

There are eight different values of this expression, viz.,

v^i* + •v/?
+

-v/'i -Vp-Vi-'y^i

-'/p + ^q-V'r, Vp-Vi-^"/^;

-Vp- Vq^V r, \/p + '/q--/r.
Assume

a: = fll \/p + 9i s/ q + 93 V^'-

Squaring, we have

«' =^ + y + > + 2 (92 93 -/qr + 93 9i -/Tp + 9i 92 Vpq)-

Transposing, and squaring again,

{x'--p-q- rf ^i{qr + rp + pq) + 89i9293 ^pqr (9i \/p + 62^9 + 63 '/Pj

.

Transposing, substituting ;<, for 9-. -/p + di \/q + 83 ^/7, and squaring, we
obtain the final equation free from radicals

{x^ -2x'{p + q + r)+p'i + q'i^ r- - Iqr - Irp - ipq^ = Upqrx\

This is an equation of the eighth degree, whose roots are the values above
written. Since 9i, 9^, 93 have disappeared, it is indifferent which of the eio-ht roots

± -/p ± v/j ± ^/r is assumed equal to x in the first instance. The final equation
is that which would have been obtained if each of the S roots had been subtracted
from X, and the continued product formed, as in Ex. C, Art. 16.



CHAPTER III.

11EI.ATI0NS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUA-
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OF THE
ROOTS.

23. Relations between the Roots and Coefficients.—
Taking for simplicity the coefficient of the highest power of x as

unity, and representing, as in Art. 16, the n roots of an equation

by ai, tia, 03, ... . a,i, we have the following identity :—

^{x-a^(x-a^ (x- as) (x-a,^. (1)

When the factors of the second member of this identity are

multiplied together, the highest power of x in the product is x^;

the coefficient of «""' is the sum of the n quantities - oi, - 02, &c.,

viz. the roots with their signs changed ; the coefficient of a;""^

is the sum of the products of these quantities taken two by

two ; the coefficient of «""' is the sum of their products taken

three by three ; and so on, the last term being the product of

all the roots with tlieir signs changed. Equating, therefore,

the coefficients of x on each side of the identity (1), we have the

following series of equations :

—

iH = (oi (ti + Oi O;) + aj a;, + . . . . + a,j_i o„),

i's = - (oi 02 03 + "i "s "4 + . • . + an.ia„-ia„),

Pn = (~ 1)" oi "2 03 . . . . f!„_. a,u,

D 2

(2)
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which enable us to state the relations between the roots and

coefficients as follows :

—

Theorem.—In every algebraic equation, the coefficient of

lohose highest term is unity, the coefficient p^ of the second term with

its sign clianged is equal to the sum of tlw roots.

Tlie coefficient pi of tlie third term is equal to the sum of tlie

products of the roots taken two by two.

Tlie coefficient p^ of the fourth term with its sign changed is

equal to the sum of the products of tlie roots taken three hy tliree ;

and so on, the signs of the coefficients being taken alternately negative

and positive, and the number of roots multiplied together in each

term of the corresponding function of the roots increasing by unity,

till finally that function is reached which consists of tlie product of

the n roots.

When the coeffioient ffo of *" is not unity (see Art. 1), we

must divide each term of the equation by it. The sum of the

roots is then equal to
—

' ; the sum of their products in pairs is
«"

equal to — ; and so on.

Cor. 1.—Every root of an equation is a divisor of the abso-

lute term of the equation.

Cor. 2.—If the roots of an equation be all positive, the

coefficients (including that of the highest power of x) will be

alternately positive and negative ; and if the roots be all

negative, the coefficients will be all positive. This is obvious

from the equations (2) [cf. Arts. 19 and 20].

24. Applications of the Theorem.—Since the equations

(2) of the preceding Article supply n distinct relations between

the n roots and the coefficients, it might perhaps be supposed

that some advantage is thereby gained in the general solution

of the equation. Such, however, is not the case ; for suppose it

were attempted to determine by means of these equations a root,

a., of the original equation, this could be effected only by the

elimination of the other roots by means of the given equations,

and the consequent determination of a final equation of which
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oi is one of tlie roots. Now, in whatever way this final equation

is ottained, it must have for solution not only oi, but each of

the other roots 02, oj, . . . a„ ; for, since all the roots enter in the

same manner in the equations (2), if it had been proposed to

determine 02 (or any other root) by the elimination of the rest,

our final equation could differ from that obtained for oi only by

the substitution of ai (or that other root) for oi. The final

equation arrived at, therefore, by the process of elimination

must have the n quantities oi, 02, a„ for roots ; and can-

not, cousequently, be easier of solution than the given equation.

This final equation is, in fact, the original equation itself, with

the root we are seeking substituted for x. This we shall show

for the particular case of a cubic. The process here employed

is general, and may be applied to an equation of any degree.

Let a, j3, 7 be the roots of the equation

x' + pix' + p^x + ;:>3 = 0.

We have, by Art. 23,

79i = - (a + /3 + 7),

Ih = 0/3 + 07 + /J7,

Ih = - «/3y.

Multiplying the first of these equations by a, the second

by a, and adding the three, we find

or a' + pia^ + 2^^" +^3 = 0,

which is the given cubic with o in the place of .r.

The student can take as an exercise to prove the same result

in the case of an equation of the fourth degree. In the corre-

sponding treatment of the general case the successive equations

of Art. 23 are to be multiplied by a""', a"-\ a""', &c., and added.

Although the equations (2) afford, as we have just seen, no

assistance in the general solution of the equation, they are often

of use in facilitating the solution of numerical equations when

any particular relations among the roots are known to exist.

They ma3' also be employed to establish the relations which
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must obtain among the coefficients of algebraical equations cor-

responding to known relations among the roots.

Examples.

1. Solve the equation

«»- 6j;2- 163; + 80 = 0,

the sum of two of its roots being equal to zero.

Let the roots be a, ,8, y. "We have then

a + jS + 7 = 5,

a5 + a7 + 187 = - 16,

a57 = - 80.

Taking 3 + 7 = 0, we have, from the first of these, a = 5 ; and from either the

second or third we obtain Sy = — 16. We find for j8 and 7 the values 4 and - 4.

Thus the three roots are 5, 4, - 4.

2. Solve the equation

x' - 3*2 + 4 = 0,

two of its roots being equal.

Let the three roots bo o, a, ;8. "We have

2a + 3 = 3,

a2 + 2a/3 = 0,

from which we find a = 2, and j3 = - 1. The roots are 2, 2, - 1.

3. The equation

X* + 4i-3 - 2a;' - 12j; + 9 =

has two pairs of equal roots ; find them.

Let the roots be a, a, 0, $; we have, therefore,

2a + 25 = - 4,

a^ + e' + ia0 = - 2,

from which we obtain for a and 3 the values 1 and - 3.

V 4. Solve the equation

x^ - 9a;2 + 14« + 24 = 0,

two of whose roots are in the ratio of 3 to 2.

Let the roots be o, 0, 7, with the relation 2a = 3^8. By elimination of 1 we
easily obtain

5,8 + 27 = 18,

3j3' + 5^7 = 28,



Examples. 39

from which we have the following quadratic for /3 :

—

19j82 - 90/3 + 56 = 0.

14
The roots of this are 4, and — ; the former gives for a and y the values 6 and

- 1 . The three roots are 6, 4, - 1 . The student will here ask what is the signi-

14
ficance of the value — of )3 ; and the same difficulty may have presented itaelf in

the previous examples. It wiU be observed that in examples of this nature we

never require all the relations between the roots and coefficients in order to deter-

mine the required unknown quantities. The reason of this is, that the given con-

dition establishes one or more relations amongst the roots. Whenever the equations

employed appear to furnish more than one system of values for the roots, the actual

roots are easily determined by the condition that they must satisfy the equation (or

equations) between the roots and coefficients which we have not made use of in

determining them. Thus, in the present example, the value /3 = 4 gives a system

satisfying the omitted equation

aPy = - 24
;

14
while the value j3 = — gives a system not satisfying this equation, and is therefore

to be rejected.

5. Solve the equation

a;3-9.r^ + 23x - 15 = 0,

whose roots are in arithmetical progression.

Let the roots be o - 5, a, a + 5 ; we have at onoe

3o= 9,

3a- - S- = 23,

from which we obtain the three roots 1, 3, 5.

6. Solve the equation

X* -^-ix^ - 21*2 -. 22x + 40 = 0,

Ans. -6, -2, 1, 4

whose roots are in arithmetical progression.

Assume for the roots o — 35, a — S, a + 5, a + 35.

7. Solve the equation

ilx^ + 42a;2 - 28a; - 8 = 0,

whose roots are in geometric progression.

Assume for the roots op, a, -. From the third of the equations (2), Art. 23, we
P

have a' = —, or o = % Either of the remaiuing two equations gives a quadratic

^''
2 -"^

f°^ />• Ans. - 2, g, -^
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8. Solve the equation

3x* - 40a;' + IZdx^ - 120a: + 27 = 0,

whose roots are in geometric progression.

Assume for the roots j, -, ap, ap^. Employ the second and fourth of the

equations (2), Art. 23.
^^^_

1
^^

3^ ^

9. Solve the equation

\J a:H15«s + 70a;2+120a; + C4 = 0,

whose roots are in geometric progression. Ans. —1, —2, —4, —8.

10. Solve the equation

6a;'-lU2 + 6a:-l = 0,

whose roots are in harmonic progression.

Take the roots to be a, $, y. We have here the relation

1 1 _ 2

a 7 |8'

hence

;87 + 70 + a/S = Sya; &o.

\ 11. Solve the equation

81x«-182;'-36j.' + 8 = 0,

whose roots are in harmonic progression.

12. If the roots of the equation

x^ - px^ + qx — r =

be in harmonic progression, show that the mean root is — •

J
13. The equation

x*-2x^-Hx^+ex-2\ =

has two roots equal in magnitude and opposite in sign ; determine all the roots.
Take a + ^ = 0, and employ the first and third of equations (2), Art. 23.

Ans. -/a, -^3, l±v/r(i
14. The equation

\ 3.ri - 2ox^ + mx^ - 50a; + 12 =

has t\vo roots whose product is 2 ; find aU the roots.

^ns. 6, 3, 1 ± \/~y-

1 .6 . One of the roots of the cubic

x^ -px'' + jK - r =

is double another
;
show that it may be found from a quadratic equation.

^ns. 1, -, -.

2 2 2
^"'-

9' 3' -3-
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16. Show that all the roots of the equation

a;"+piK"-i+^2a;»-2+. . . . + ^,,-1* + i"™ =

can be ohtained when they are in arithmetical progression.

Let the roots be u, o + 8, o + 25, . . . . o + (« - 1) 5. The first of equations (2)

gives

-pi = MO + {1 + 2 + 3 + + («-l)} 5

= »!a+-^-j^ 'S. (1)

Again, since the sum of the squares of any number of quantities is equal to the

square of their sum minus twice the sum of their products in pairs, we have the

equation

^i»-2^3 = o2+(a+5P+(a+25)H. . .

= nii- + n{n-l)aS+— '-^ ' S\ (2)

Subtracting the square of (1) from' « times the equation (2), we find S- in terms

oipi and j02. We can then find a from equation (I). Thus all the roots can be

expressed in terms of the coefBcients ^i anipi.

17. Find the condition which must be satisfied by the coefiicients of the equa-

tion

a:' - px' + qx — r=0,

when two of its roots a, ;8 are connected by a relation a + $ = 0.

Ans. pq — r=0.

18. Find the condition that the cubic

gx^ —px'' + a; — r =

should have its roots in geometric progression. Ans. ph- - j' = 0.

19. Find the condition that the same cubic should have its roots in harmonic

progression (see Ex. 12). Ans. itr'^-^pqr + 1f = 0.

20. Find the condition that the equation

a;* +px'^ + qx^ + rx + s =

should have two roots connected by the relation a + ;8 = ; and determine in that

case two quadialic equations which shall have for roots (1) a, /3 ; and (2) 7, 5.

Ans. pqr-p-s - »" = 0, {\) px'^ + r = 0, (2) i- + joa; + - = 0.

21. Find the condition that the biquadratic of Ex. 20 should have its roots con-

nected by the relation ;3 + 7 = a + 5. Ans. p^ - ipq + 8j- = 0.

22. Find the condition that the roots o, /3, 7, S of

a:* + px^ + ja;^ + J-a; + s =

should be connected by the relation o)3 = 78. ^«»- p'' -r'^0.

23. Show that the condition obtained in Ex. 22 is satisfied when the roots of

the biquadratic are in geometric progression.
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25. Depression of an Eqnation when a relation

ex.ists between two of its Roots.—The examples given

in the preceding Article illustrate tlie use of the equations con-

necting tlie roots and coefficients in determining the roots in

particular eases when known relations exist among them. We
shall now show in general, that if a relation of the form (3 = i>{a)

exist between two of the roots of an equation f{x) =0, the equation

may he depressed two dimensions.

Let ^{x) be substituted for x in the identity

then f{(^{x) ) = a„ (^ [x] )" + a, (^ {x) )"-' + ....+ a„.,(j>(x) + a„.

We represent, for convenience, the second member of this

identity by F{x). Substituting a for x, we have

F{a)^f(i>{a))^f{li)=0;

hence a satisfies the equation Fix) = 0, and it also satisfies the

equation /(«) = ; hence the polynomials /(a;) andi^(a!) have a

common measure x - a; thus a can be determined, and from it

^(a) or /3, and the given equation can be depressed two dimen-

sions.

Examples.

1. The equation

has two roots whose difference = 3 : find them.

Here /3-o = 3, ^ = 3 + a; substitute a: + 3 for a; in the given polj'nomial f{x)

;

it becomes x^ + ir' - 7a; - 10 ; the common measure of this a,nif{x) is a: - 2 ; from
which o = 2, /3 = 5 ; the third root is - 2.

2. The equation

x'-6x^+lU"--13x + 6=0

has two roots connected by the relation 2;3 + 3o = 7 : find all the roots.

Ans. 1, 2, 1 ± v'^.

It may be observed here, that when two polynomials f[x)

and F'[x) have common factors, these factors may be obtained

by the ordinary process of finding the common measure. Thus,
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if we know that two given equations have common roots, we
can obtain these roots hy equating to zero the greatest common
measure of the given polynomials.

Examples.

1

.

The equations

Ix'-^-bx^- 6x- 9 = 0,

Zx3+7x'-Ux-lb =

have two common roots : find them. Ans. — 1 — 3.

2. The equations

«' + px' + qx + r = 0,

x' +p'x^ + q'x + r'=0

have two common roots : find the quadratic whose roots are these two, and find also

the third root of each.

p-p p—p r — r' r — r'

26. The Cube Roots of Unity. — Equations of the

forms
a-"-l=0, a;"+l = 0,

consisting of the highest and absolute terms only, are called

binomial equations. The roots of the former are called the n «'*

roots of unify. A general discussion of these forms will be given

in a subsequent chapter. We confine ourselves at present to

the simple case of the binomial cubic, for wliich certain useful

properties of the roots can be easily established. It has been

already shown (see Ex. 5, Art. 16), that the roots of the cubic

a;' - 1 =

11 11
are ^' ~ 2

"*" 2 '^~^' "2~2'^~'^"

If either of the imaginary roots be represented by w, the

other is easily seen to be w', by actually squaring ; or we may

see the same thing as follows :—If w be a root of the cubic, w'

must also be a root ; for, since w^ = 1, we get, by squaring,
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w' = 1, or {w'Y = 1, thus showing that w' satisfies the cubic

«' - 1 = 0. We have then the identity

*'- 1 = (a;- l)(x-w){x-w').

Cliaiiging X into -x, we get the following identity also :—

x^ + l={x+l){x+ w){x + U)%

wliich furnishes the roots of

a;' + 1 = 0.

Whenever in any product of quantities involving the imagi-

nary cube roots of unity any power higher than the second

presents itself, it can be replaced by w, or ui', or by unity ; for

example,

U)^ = to'. W = (O, oj' = O)'. (t)' = hi', fj' = hf' <o' \, &c.

The first or second of equations (2), Art. 2-5, gives the fol-

lowing property of the imaginary cube roots :

—

1 + W + (U^ = 0.

By the aid of this equation any expression involving real

quantities and the imaginary cube roots can be written in any

of the forms P + o>Q, P+ w^Q, wP + w^Q.

Examples.

1 . Show that the pioiluot

[turn + i^u) (a>-;H 4 oj??)

is rational. Am. m'^-mn-k n^

1. Prove the following identities :

—

m^-\-r?= (in + n)[mm + mhi)(a''m + urn),

m'-n^m (m - n){am - aiht)(oi^m - an).

3. Show that the product

(a + a);8 + [o'y) (a + a)^|8 + (ey)

is rational.

Ans. a- 4- /3' + 7= - ;87 - 7a - a,(5.

4. Prove the identity

(o + /8 + 7)(a+a);8 4 u^y){a + oi'^^ + uy) = a? + 0^+y^ -Za^y.

5. Prove the identity

(a + tt,;8 + ^'yf^[a.+ oi'^S + 0,7)' = (2a- ^ - 7){23 - 7 - a)(27- a -
;8).

Apply Ex. 2.
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6. Prove the identity

(o + tt.5 + mV)^ - («+ <»-S + "7" = - 3 \/^ (S - 7) (7 - o) (0-/3).

Apply Ex. 2, and substitute for » — tu' its value \/ — 3.

7. Prove the identity

a^ + j3'3 + ys - 3a'/37' s (a^ + ^^ + 7^ _ Sct^y)',

where
a' = o- + 2/37, /3' s 32 + 27a, 7' = 7' + 2aj8.

8. Form tlie equation whose roots are
,

m i- n, am + ib'«, o)'»» + aiH.
,

Ans. x^ - Smnx - (m' + «') = 0. /'

9. Form the equation whose roots are

I + m + n, 1 + am + u^n, I + oi^m + ten.

Ans. x' - Six' +3{P- mn) x- {l' + m^ + «3 - ^Imn) =10.

It is important to observe that, corresponding to the « w'*

roots of unity, there are n w'* roots of any quantity. The roots

of the equation

of - a =

are the n n"^ roots of a.

Tiie three cube roots, for example, of a are

3 A- 3/- , ;)/"

V a, wv a, w V a,

where -i/a represents the real cube root according to the ordinary

arithmetical interpretation. Each of these values satisfies the

cubic equation x^ - a = 0. It is to be observed that the three

cube roots may be obtained by multiplying aiit/ one of the three

above written by 1, w, oi'.

In addition, therefore, to the real cube root there are two

imaginary cube roots obtained by multiplying the real cube

root by the imaginary cube roots of unity. Thus, besides the

ordinary cube root 3, the number 27 has the two imaginary

cube roots

3 3 3 3

-
2

"^
2
'^~ ^' " 2

~
2 V ~ ^'

as the student can easily verify by actual cubing.

10. Form a rational equation which shall have

aVQ W<^ + P' + »'v^Q -s/WTp''
for a root ; where a' = 1

.

Compare Ex. 8. Ans. x^ + 3Pj; - 2Q = 0.
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11. Form an equation with rational coefficients which shall have

for a root, where 9i' = 1, and Sj'' = 1.

Cubing both sides of the equation

and substituting x for its value on the right-hand side, we get

x^- F-Q=3eie2yFQ.:c.
Cubing again, we have

Since fli and 02 may each have any one of the values 1, a), m', the nine roots of

this equation are

«yF+Q,»v'Q; u,--yT+ i/oi wy¥+ l/n.

We see also that, since 9i and $2 have disappeared from the final equation, it is

indifferent which of these nine roots is assumed equal to x in the first instance.

The resulting equation is that which would have been obtained by multiplying

together the nine factors of the form x - y^-P —\/Q obtained from the nine roots

above written.

12. Form separately the three cubic equations whose roots are the groups in

three (written in vertical columns in Ex. 11) of the roots of the equation of the

preceding example.

We can write these down from Ex. 8, taking first m and n equal to-^/i", /Q

;

then equal to ta^/F, ay/Q ; and finally equal to oi^yF, io''\/qI

Ana. x^ -3 1/FQx-P-Q = 0,

x^ - 3u"-1/JQx - P- Q = 0,

27. Symmetric Functions of the Roots.—Symmetric
functions of the roots of an equation are those functions in

which all the roots are alike involved, so that the expression is

unaltered in value when any two of the roots are interchanged.

For example, the functions of the roots (the sum, the sum of the
products in pairs, &c.) with which we were concerned in Art. 23
are of this nature ; for, as the student will readily perceive if

in any of these expressions the root ui, let us say, be written in
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every place where oj occurs, and a^ in every place where m
occurs, the value of the expression will he unchanged.

The functions discussed in Art. 23 are the simplest sym-
metric functions of the roots, each root entering in the first

degree only in any term of any one of them.

We can, without knowing the values of the roots separately

in terms of the coefficients, obtain by means of the equations (2)

of Art. 23 the values in terms of the coefficients of an infinite

variety of symmetric functions of the roots. It will be shown
in a subsequent chapter, when the discussion of this subject is

resumed, that any rational symmetric function whatever of the

roots can be so expressed. The examples appended to this

Article, most of which have reference to the simple cases of the

cubic and biquadratic, are sufficient for the present to illustrate

the usual elementary methods of obtaiuiag such expressions in

terms of the coefficients.

It is usual to represent a symmetric function by the Greek

letter S attached to one term of it, from which the entire ex-

pression may be written down. Thus, if a, /3, y be the roots of

a cabic, 'Siti^l^^ represents the symmetric function

where all possible products in pairs are taken, and all the

terms added after each is separately squared. Again, in the

same case, Sa^/3 represents the sum

oi^fi + a^y + pry + j3^a + 7'a + y'jS,

where all possible permutations of the roots two \>y two are

taken, and the first root in each term then squared.

As an illustration in the case of a biquadratic we take Sa^jS^.

whose e.xpaitded form is as follows :

—

a'if + a'y' + a-l' + (3'y' + (3'S' + y' S\

By the aid of the various symmetric functions which occur

among the following examples the student will acquire a facility

in writing out in all similar cases the entire expression when

the typical term is given.
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Examples.

1. Find the value of So^jS of the roots of the cubic equation

a? + px^ + ga; + r = 0.

Multiplying together the equations

n + /3 + 7 = -ji>,

^7 + 7" + a;3 = q,

vre ohtain 5a^;8 + 3 a^y =-pq;

hence 2o"/3 = 3>- — pq.

2. Find for the same cuhic the value of

a' + ^2 + y'. Ans. 2a' = p' — 'Iq.

3. Find for the same cubic the value of

o3 + /S^ + 7^

Multiplying the values of 3a and 2a^, we obtain

a? + (8» + 7' + 2a=j8 = -p^-\-ipq;
hence, by Ex. 1,

2a^ = ~ p^+Zpq~ 3r.

4. Find for the same cubic the value of

We easily obtain

;8V + 7'«'' + «'/3- + 2a;37 (a + 3 + 7) = j',

from which Sa-jS^ = q^ - Ipr.

, 6. Find for the same cubic the value of

'

,. . ,
(^ + 7) (7 + a)(a+/3).

This IS equal to

2a;37 4 2a-i3. .4«s. r — pq.

6. Find the value of the symmetric function

a=j87 + o2/3S + 0=78 + ;32a7 + pT-aS + /3^78

+ 7V;8 + 72a3 + 7^/35 + 5"o;8 + S2a7 + 8^,87

of the roots of the biquadratic equation

x'- + px^ + qx- + « + s = 0.

Multiplying together

a+/3 + 7 + S = -^,

a;87 4 o;8S 4 078 4- (878 = - ),

we obtain 'S.crPy + ia^yS =pr
;

hence 2a'-^7 =^)' — 4s
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7. Find for the same biquadratic the value of the symmetric function

o2 + /32 + 7= + 52.

Squaring 2a, we easily obtain

2o2 = p' - 2q.

8. Find for the same biquadratic the value of the symmetric function

a?e,- + a^v^ -f a'-S^ + fl^^a + ^32 52 + ^252.

Squaring the equation

2o;8 = q,
we obtain

20^/3=' + 22o2/87 + 60^78 = j'
;

hence, by Ex. 6,

20^32 = q^ - 2pr + 2s.

9. Find for the same biquadratic the value of 2a';8.

To form this symmetric function we take the two permutations a$ and ^o of

the letters a, ; these give two terms a?$ and 3'a of 2. We have similarly two

terms from every other pair of the letters o, 3, 7, 8 ; so that the symmetric func-

tion consists of 12 terms in all.

Multiply together the two equations

2iiff = q, 2a'=i)2-2?;
and observe that -

2a22a;8X=2o/3 + 2a'/37.

[It is convenient to remark here, that results of the kind expressed by this last

equation can be verified by the consideration that the number of terms in both

members of the equation must be the same. Thus, in the present instance, since

2o' contains 4 terms, and 2c<3 6 terms, their product must contain 24 ; and these

are in fact the 12 terms which form 2a'/3, together with the 12 which form :ia?0y.'\

Using the results of previous examples, we have, therefore,

2a3j8 = p^g - 2f -pr + is.

10. Find for the same biquadratic the value of

a* + $* + y* + S*.

Squaring 2a', and employing results already obtained,

So* =p^ - ip^q + lif + ipr - is.

H. Find the value, in terms of the coeflScients, of the sum of the squares of the

roots of the equation

«" +pix'^-^ + piX"-^ + . . .+pn = 0.

Squaring 2ai, we easily find

pi- = 2ai' + 220102;
hence

201^ = pi^ - 2pi.

L 12. Find the value, in terms of the coefScients, of the sum of the reciprocals of

the roots of the equation in the preceding example.

E
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From the second last, and last of the equations of Art. 23, we have

ajas .... On + oi as ....«»+... . +0102. . . . au-i = (— l)"' Pn-\,

ai 02 as • • an = (-l)"i'i' i

dividing the former by the latter, we have

111 1 -P«-i-+- + -+ +- = ^-'
01 02 as On Pn

or

2 i. =
~^"-'

.

ai i»n

In a similar manner the sum of the products in pairs, in threes, &c., of the

reciprocals of the roots can be found by dividing the 3rd last, or 4th last, &c., co-

efficient by the last.

13. Find for the cubic equation

the value, in terms of the coefficients, of the following symmetric function of the

roots a, 8, 7 :

—

(/3-7)'+(7-aP + («-i8)^.

N.B.— It will often be found convenient to write, as in the present example, an

equation with binomial coejfiHents, that is, numerical coefficients the same as those

which occur in the expansion by the binomial theorem, in addition to the literal

coefficients bo, ai, &c. Here the equation being of the third degree, the successive

numerical coefficients are those which occur in the expansion to the third power,

viz. 1, 3, 3, 1.

We easily obtain

«o- {(18 - 7)^ + (7 - »)' + (« - ;8)'} = 18 («i' - '»o«2).

14. Express in terms of the coefficients of the cubic in the preceding example

the successive coefficients of the quadratic

{x~aY{»-yy-+[x-fff{y-af+{x-yf{a-Pif = 0,

where a, $, 7 are the roots of the cubic.

Here, in addition to the symmetric function of the preceding example, we have

to calculate also the two following :

—

a(/3-7)'+i8(7-")- + 7(<'-l8)',

«'(/3 - 7)' + 182 {7 - af + yHa - P)":

Ans. («oas-«i'Oa:'+ (ao«3-«iff2)a;+ {mai-ai') = 0.

15. Find for the cubic of Example 13 the value in terms of the coefficients of

(2a -3- 7)(2/3-7-o)(27-a-3).

Since 2a- 3-7= So- (0+ /3 4 7) = 3o+ —

,
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the rec[uired value is easily obtained by substituting for a; in the identity

floa^H- 3ffiia:'+ 3«2a;+a3 3«o [x-a] {x-ff) {jc-y).

Am. ao' (2a - 18 - 7) (2/3 - 7 - o) (27 - o - ;8) = - 27 (ffo'us - Sffoffli ffj + 2ai3).

1 6. Find, in terms of the coefficients of the biquadratic equation

aoX* + iaix^+ &azx^ + iazx + ai= 0,

the value of the following symmetric function of the roots :

—

(3 - 7)^ (a - 5)' + (7 - a)2 (18 - 8)2 + (a - ff]' (7 - 8)^

Here the equation is written with numerical coefficients corresponding to the

expansion of the binomial to the 4th power. The symmetric function in question

ie easily seen to be identical with

22o2;82 - 22a' /37 + 12o578.

Employing the results of examples 6 and 8, we find

«oM(/3-r)=("-S)^ + (7-«)M3-8P + (a-;8)'-(7-8)2}=24(ff„n4-4aifl'3 4 3o!8«).

17. TaHng the six products in pairs of the four roots of the equation of Ex. 16,

and adding each product, e. g. a$, to that which contains the remaining two roots,

78, we have the three sums in pairs

0y + aS, 70 + /3S, a;8 + 78 ;

it is required to find the values in terms of the coefficients of the two following

symmetric functions of the roots :

—

(70 + $S) {a$ + 78) + (o/3 + 78) {Py + oS) + {Py + a8) (7a + /38),

(Py + oS) (7a + ;3S) (aj3 + 78)

.

The former of these is the sum of the products in pairs, and the latter the con-

tinued product, of the three expressions above given. As these three functions of

the roots are important in the theory of the biquadratic, we shall represent them

imiformly by the letters \, fi, v. We have, therefore, to find expressions in terms

of the coefficients for ^v + vX-V \fi., and X/iv.

The former is Sa'fiy, and is easily expressed as follows (cf. Ex. 6) :

—

ao^Sfiv = 4 (4flia3 - a^aCj.

The latter is, when multiplied out, equal to

0/878 (a" + /8« + 7H 82) + a^p-'yn'' /i. + 1 + 2 + -ij
,

and we obtain after easy calculations the following :

—

a^\ii.v = 8 (2*0 «3'- Saoo^ai + iai^at).

E 2
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18. Find, in terms of the coefficients of the biquadratic of Ex. 16, the value of

the following symmetric function of the roots :

—

{(7-a)(;3-5)-(a-e)(7-S)} [{a.- fi)(y - S)-(^- 7){a-S)]

{(;3-7)(a-S)-(7-«)(e-S)}-

This is also an important symmetric function in the theory of the biquadratic.

To prevent any ambiguity in writing this, or coiTesponding functions in which the

differences of the roots of the biquadratic enter, we explain the notation which will

be uniformly employed in this work.

Taking in circular order the three roots a, ;3, 7, we have the three differences

j8 _ .y, y-a, a-0; and subtracting 5 from each root in turn, we have the three

other differences o - S, ;3 - 5, 7-8. We combine these in pairs as follows :

—

(;8-7)(a-5), (7-a)(i8-B), {a-P){7-S).

The symmetric function in question is the product of the differences of these

three taken as usual in circular order.

Employing the values of A, fi, t, in the preceding example, we have

-M + >' = (/8-7)(a-S), -^ + As(7-o)()3-5), - A + /i s (o- ^) (7- 5)-

We have, therefore, to find the value of

(2\-ju-i') (2^-i/-A)(2v-A-;i),
or

(3a - 2c./3) (3^ - 2a/3) (3k - 2a/3),

in terms of the coefficients of the biquadratic.

Multiplying this out, substituting the value of 2a3, and attending to the results

of Ex. 17, we obtain the required expression as follows :

—

«o'(2A-|U- V) (2jii-v— A) (2y-A-|u) = -432{ao02«4 + 2aia2a3-ao«3'-«i*«4-«2'}-

The function of the coefficients here arrived at, as well as those before obtained

in Examples 13, 15, and 16, will be found to be of great importance in the theory

of the cubic and biquadratic equations.

19. Find, in terms of the coefficients of the biquadratic of Ex. 16, the value of

the symmetric function

(a - /3)2 + (a - 7)H (a - 5)H (/3 - 7)2 + (/3 - 8)2 + {7 - 5)''.

This may be represented briefly by 2 [a.-^f.

Am. Bo22(a-j8)2 = 48(ai2-ooa2).

20. Prove the following relation between the roots and coefficients of the biqua-

dratic of Ex. 16 :

—

fflo'(|8 + 7-a-S)(7+o-/3-S)(o4/8-7-S)=32((7o'a3-3(!oSi«2 + 2ai').
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28. Theorems relating to Symmetric Functions.—
t^'^The following two theorems, with which we close for the present

the discussion of this subject, will be found useful in many in-

stances in verifying the results of the calculation of the values

of symmetric functions in terms of the coefficients.

(1). I'he sum of the exponents ofall the roots in any term of any

symmetric function of the roots is equal to the sum of the suffixes in

each term of the corresponding value in terms of the coefficients.

The sum of the exporients is of course the same for every

term of the symmetric function, and maybe called the degree in

all the roots of that function. The truth of the theorem will be

observed in the particular cases of the Examples 13, 15, 16, 17,

&c. of the last Article ; and that it must be true in general ap-

pears from the equations (2) of Art. 23, for the suffix of each

coefficient in those equations is equal to the degree in the roots

of the corresponding function of the roots ; hence in any product

of any powers of the coefficients the sum of the suffixes must be

equal to the degree in all the roots of the corresponding func-

tion of the roots.

(2). When an equation is written ivith binomial coefficients, the

expression in terms of the coefficients for any symmetric function of

the roots, which is a function of their differences only, is such that

the algebraic sum of the numericalfactors of all the terms in it is

equal to zero.

The truth of this proposition appears by supposing all the

coefficients «o, Oi, «2, &c. to become equal to unity in the general

equation written with binomial coefficients, viz.,

Oox^ + >?«!«"-' +—\ „ aix"-'^ + + rt« = ;

1 . Z

for the equation then becomes {x + 1)" = 0, *. e. all the roots become

equal ; hence any function of the differences of the roots must

in that case vanish, and therefore also the function of the coeffi-

cients which is equal to it ; but this consists of the algebraic sum

of the numerical factors when in it all the coefficients ff„, a„ a.i,

&c. are made equal to unity. In Bxs. 13, 15, 16, 18, 20 of Art.

27 we have instances of this theorem.
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Examples.

1. Find in terms of ^, q, r the value of the symmetric function

7' 7'
+

ya a^

Ans. — - 3.

jS-y 7a

where a, fl, 7 are the roots of the cuhio equation

x^ + px' + qx + r = 0.

2. Find for the same equation the value of

(^ + 7 - a)3 -I- (), + a - ,8)3 H- (o + ^ - 7)3.

Ans. 2ir — p^.

3. Calculate the value of Sa^/S' of the roots of the same equation.

Here 'Sa$2arfi- = %a?fi? + tt0y2a-0; hence, &o.

Ans. }3 _ ^pqr ^ 3,.2.

4. Find for the same equation the value of the symmetric fuuotion

{/33 - 7^)2 + (73 - a'jH (a' - ,83)2.

Sa^ is easily obtained by squaring 2a' (see Ex. 3, Art. 27).

Ans. 2p^-np^q+12p^r + Up'^q'-lSpqr-6f.

5. Find for the same equation the value of

8- + 78 7' + a' a' + $'

0+7 7+« "+0

Ans.
^P'9-ipr-2q->

r-pq
6. Find for the same equation the value of

o' + /37 02+.j,„ 7^ + ag

+ y 7 + « " + 3

r — pq
7- Find for the same equation the value of

2/37 - a" 27a - /3=
,

2a;8 - 7»

/8 + 7-0 7 + a-5 + ^-7

Ans.
-P*-V?+l*;°'--8?''
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8. Find the Talue of the symmetric function 2 ( ) for the same cubic

equation.

^^^
3;)'y' - ip\ ~iq^- Ipqr - 9,-'

(r-pqf

9. Calculate in terms ofp, q, r, s the value of 2-r- for the equation

«' + px^ + qx'' + rx + s = 0.

Here 2tt;32 -, = 2^ + 2^ ; and 2a2 - = 4 + 2 - •

a? $ Y « ^
qr' - Iq'^s - prs + 4»'

Ans. .

s-

10. Find the value of 2 — of the roots of the equation

x'l + pi«"-' +piX"-^ + ... . +jP„.i« +^„= 0.

. Pn-\Pn - P\P,?-\ + "ipipn-zp,,
Ans. •

U. Find for the biquadratic of Ex. 9 the value of

(/37- a5)(7a-;85)(aj8-75).

Compare Ex. 22, Art. 24. Ans. r' -ph.

12. Find the value of 2 («oo + tti)' (3 - 7)' in terms of the coefficients of the

cubic equation
aox^ + Za\x' + ia%x + as = 0.

Ans. —^ (soff2- ai^Y-

I ^. 13. Find the value of the symmetric function 2 of the roots of the

equation
«» + p\^-'^ + ^2«""' + ....+ p,<r-\x + i)„ = .

The given function may be written in the form

ni J- +-+..•+-!- 1

( ai 02 Oil

)

+ a2]- + -+ +--1

(1 1
+ a„ - +

(ai
1 + .....-11-1,
02 OlJ

P»

1 / ^1^
or 2a! 2 n\ hence, &c. Ans.

01

14. Clear of radicals the equation

s/t-a- + s/t-ff' + V^i - 7' = 0.
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and express the coefficients of the resulting equation in t in terms of the coefficients

of the cubic of Ex. 1. . „ «
Ans. 3t'-2{p^- 2q) t-p* + ip'q - 8i»r = 0.

15. If a, e, y, S be the roots of the biquadratic of Ex. 9, prove

(a2 + l)(/32+ IJCV^ + 1)(S^+ 1) = (1 - ?+«)»+ (i>
-?)'•

Substitute in turn each of the roots of the equation a;2+ 1 = in the identity of

Art. 16, and multiply.

16. Prove the following relation between the roots and coefficients of the

general equation of the «"' degree :

—

17. Find the numerical value of

(a» + 2)(,82+2)C72 + 2)(5H2),

where u, P, y, 5 are the roots of the equation

xi-'}x^ + Sx' - Sic + 10 = 0.

Substitute in turn for x each root of the equation a;^ 4- 2 = 0, and multiply.

Ans. 166.

18. If o, $, 7, S be the roots of the equation

«o«* + 4«iap* + 6a2a;2 + 4a3a: + 04 = 0,

prove

«u' (3 + 7)(7 + o)(o + j8)(o + 5)(;3 + S)(7 + S) = 16 {6aia2«3 - Oo^s' - «i^ai]

The symmetric function in question is equal to {n + p){v + A) (A. + yn), or 2k%/iv

— \fiv, where A, fi, v have the values of Ex. 17, Art. 27.

19. Calculate the value of the symmetric function 2 (o — /3)* of the roots of the

biquadratic equation of Ex. 9.

Am. 3p* - l&p^q + 20q- + ipr - 16s.

20. Show that when the biquadratic is written with binomial coefficients, as in

Ex. 18, the value of the symmetric function of the preceding example may be

expressed in the following form :

—

«o*2 (o - /3)4 = 16 {48 (ao»2 - «i^)'' - ao'^ (ffo34 - iaia, + Sffj^) }

.

21. The distances on a right line of two pairs of points from a, fixed origin on

the line are the roots (a, j8) and (a, $') of the two quadratic equations

ax'^ + 2ix + c = 0, a'x^ + IVx + c' = ;

prove that when one pair of the points are the harmonic conjugates of the other

pair, the following relation exists :

—

flc' + a'c - IhV = 0.

22. The distances of three points A, B, C on a right line from a fixed origin

on the line are the roots of the equation

ax^ + 3**2 + Sea; + (? = ;
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find the condition that one of the points A, B, should bisect the distance between

the other two.

Compare Ex. 15, Art. 27. Ans. «"(?- 3o*(,' + 2A' = 0.

23. Retaining the notation of the preceding question, find the condition that the

foxir points 0, A, JB, C should form a harmonic division.

Ans. ad''-3bcd + 2c^ = 0.

This can be derived from the result of Ex. 22 by changing the roots into their

reciprocals, or it can be easily calculated independently.

24. If the roots (o, |8, y, S) of the equation

ax* + ibx^ + 6cx'- + idx + e =

be so related that o — 5, j8 — 5, 7 — 6 are in harmonic progression, prove the relation

among the coefiicients

ace + 2bcd -ad^-b'e-c^ = 0.

Compare Ex. 18, Art. 27.

25. Form the equation whose roots are

By + ciiya+ o}^cL0 Py + (u'^ya + aia^

where to' = 1, and a, j3, y are the roots of the cubic

ax^ + 3bz'+3cx + d=0.

Ans. {ae-b')x'-i-{ad-bc)x + {bd-c'^) = 0.

Compare Exs. 13 and 14, Art. 27.

26. Express

(2/37 - 7a - 0/3) (27a - ofl - i87) (2o/3 - j37 - 70)

as the sum of two cubes.

Ans. {$y + uya + tti' afff + {0y + u-ya + aio;3)'.

Compare Ex. 5, Art. 26.

27. Express
{x + i/+ zf + {x + ii}t/ + ai'zY + (« + ai'y + Kz)'

in terms of s' + «' + z^ and xi/z, where m' = 1.

Ans. 3{x^ + i/^ + z^) + lSx!/s.

28. If

(x^ + f + i^- Sxi/z) {x'l + !/'^ 4 «'' - Sx'y'z-) sX'' + ¥^ + Z^- SXYZ,

find X, Y, Z in teims of x,y, z; x', y', a'.

Apply Example 4, Art. 26.

Ans. X=xx' \yy'^z:i, r=xy' + yz' + zx', Z=xz' + yx' + zy'.

29. Eesolve
(a + P + yYaPy-iPy + ya + afi)^ -

into three factors, each of the second degree in a, 0, 7.

Ans. (a- - Py) (ff' - yi) (7' - "3)

Compare Ex. 18, Art. 24.
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30. Eesolve into simple factors each of the following expressions :

—

(1). (|8-7)''(3 + 7-2a) + [y-afiy +a-m + (a~ fif (a. + &-2y).

(2). (;8-7)(;8 + 7-2a)2 + (7-o)(7 + a-2/3)2+{a-«(a + ^-27)'.

Ans. (1). (2a-(8-7)(2;8-7-a)(27-o-^).

(2). -9(j3-7)(7-«)(''-^)-

31. Find the condition that the cubic equation

a? - px^ + qx — r =

should have a pair of roots of the form a + a V- 1 ; and show how to determine

the roots in that case.

If the real root is b, we easily find, hy forming the sum of the squares of the

roots, p^ — 2j = b''. The required condition is

(P' - 2?) (S^ - 2pr) - r' = 0.

32. Solve the equation

«' - Ix' + 2O2; - 24 = 0,

whose roots are of the form indicated in Ex. 31.

Ans. Roots 3, and 2 + 2 V^^-

33. Find the conditions that the biquadratic equation

X^ — px^ + qx'^ — rx + s — Q

should have roots of the form a + aV— 1, h + b V— 1. Here there must be two

conditions among the coefficients, as there are only two independent quantities

involved in the roots.

Ans. ^2 _ 22 = ; r' - 2}s = 0.

34. Solve the biquadratic

a:* + ix^ + Sx^ - 120* + 900 = 0,

whose roots are of the form in Ex. 33.

Ans. 3+3 V^, -5 + 5 V^.
35. If a + ;8 V - 1 be a root of the equation

x' + qx + r = 0,

prove that la. will be a root of the equation

x^ + qx — r = 0.

36. Find the condition that the cubic equation

x^ + px^ + qx + r =

should have two roots o, fi connected by the relation aS + 1 = 0.

Ans. 1 + 5. +^,. + ,.J = 0.



Examples. 59

37. Find the condition that the hiquadratic

x^ + px^ + ?»' + ra; + * =

should have two roots connected hy the relation a;3 + 1 = 0.

The condition arranged according to powers of s is

l + ? + i)»- + r2+(^«+^»--2j-l)s + (j-l)«2 + 5' = 0.

38

.

Find the value of 2 (oi - 02)' 03 aj on of the roots of the equation

«» +^i2"-' +piX"-'^+ +Pn = 0.

This is readily reducible to Ex. 13.

Ans. {-l)''{pipu-i-n'Pn}-
39. If the roots of the equation

n(n— I)
afiX" + mix"-i + azx"-^ + + (J„ =

be in arithmetical progression, show that they can be obtained from the expression

oi^ r ; 3(gi'-fflo

So ~ »o V »» + 1

«2)

by giving to r all the values 1, 3, 5, «- 1, when n is even ; and all the values

0, 2, 4, 6 M — 1, -when « is odd.

40. Eepresenting the differences of three quantities u, 0, y by 01, /81, 71, a,

follows :

—

ai = P -y, /3i s 7. - o, yi = a~ 0;

prove the relations

oi' + ^i' + 7i' = 3ai;8i7i,

«i* + j8i« + 71* = i {ai" + $1" + 7i^}S

ai* + ftS + 71^ = I {oi^ + )3i2 + 71^} 01J8171.

These results can be derived by taking 01, $1, 71 to be roots of the equation

x^ + gx — r =

(where the second teiTu is absent since the sum of the roots = 0), and calculating

the symmetric functions 2ai^, 2oi*, 2oi* in terms of q and r. The process can be

extended to form Sai^, Sai', &c. The sums of the successive powers are, therefore,

all capable of being expressed in terms of the product ai ;8i 71 and the sum of squares

01'* + ;8i* + 71" ; the former being equal to r, and the latter to -2 (3171 +7101 + 01,81),

or-2j. These sums can be calculated readily as follows :—By means of »' = r - jar,

and the equations derived from this by squaring, cubing, &c., and multiplying by

X or x'', any power of x, say xp, can be brought by successive reductions to the form

A +£x+Cx\ where A, B, C are functions of g and r. Substituting ai, 181, 71, and

adding, we find Soi? = 3A- 2qC. The student can take as an exercise to prove in

this way 2«i'' = 72^r, Sai" = Uqr {f - r').



CHAPTER IV.

TRANSFORMATION OF EQUATIONS.

29. Transformation of Equations.—We can in many

instances, without knowing the values of the roots of an equa-

tion in terms of the coefficients, transform it by elementary

substitutions, or by the aid of the symmetric functions of the

roots, into another equation whose roots shall have certain

assigned relations to the roots of the proposed. A transfoi-ma-

tion of this nature often facilitates the discussion of the equation.

We proceed to explain the most important elementary transfor-

mations of equations.

30. Roots with Signs changed.—To transform an equa-

tion into another whose roots shall be equal to the roots of the

given equation with contrary signs, let oi, oj, as, . . . a„ be the

roots of the equation

a;" + PiX""- +PiX^-'^ + . . . . Pn-\X +Pn = 0.

We have then the identity

ar" +p,oif-' +p^x^' + . . . +pn.,x +pn ^{x- a,) {x- a.,) . . . {x- «„)

;

changing x into - y, we have, whether n be even or odd,

y''-p,2/"-' + P2y"-'-. . . +Pv^iy + l}n^{y + a,){y+a^) . . . (y + a„).

The polynomial in y equated to zero is, therefore, an equation

whose roots are - oi, - a^, . . . - a„ ; and to efFect the required

transformation we have only to change the signs of every alternate

term of the given equation beginning with the second.

EXAMPLKS.

1 . Find the equation whose roots are the roots of

x^ + 1x* + Tx^^ 8a;2 + a; + 1 =

with their signs changed. Aiis. x^ - 7a:' + 1x^ + Sx' + x ~ I = 0.
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2. Change the signs of the roots of the equation

«' + 3a;5 + a;3 _ a;2 ^ 7a; + 2 = 0.

[Supply the missing terms with zero coefficients.]

Ans. x! +Zx^ +x''-\-x'^-\-1x-2=iQ.

31. To multiply the Roots by a Oiven Quantity.—
To transform an equation whose roots are a,, oa, . . . a,, into an-

other whose roots are moi, nia^, . . . ma„, we change x into — in
m

the identity of the preceding Article. Multiplying by m", we
have

y" + mpiy"^^ + mrpiy'^'^ + . . . + m"''^pn-^y + m"^„

= (y - max) {y - ma-i) {y- man).

Hence, to multiply the roots of an equation by a given quan-

tity m, we have only to multiply the successive coefficients, beginning

with the second, by m, nf, m% . . . wi"-

The present transformation is useful for the purpose of re-

moving the coefficient of the first term of an equation when it

it is not unity ; and generally for removing fractional coefficients

from an equation. If there be a coefficient a^^ of the first term,

we form the equation whose roots are aoai, (^ooa, • . • ^oOn; the

transformed equation will be divisible by «o, and after such

division the coefficient of «" will be unity.

When there are fractional coefficients, we can get rid of them

by multiplying the roots by a quantity m which is the least

common multiple of all the denominators of the fractions. In

many cases multiplication by a quantity less than the least

common multiple will be sufficient for this purpose, as will

appear in the following examples :

—

Examples.
1. Change the equation

3a:4 _ 4a;3 + 4a;' - 2:1; + 1 =

into another the coefficient of whose highest term will be unity.

We multiply the roots hy 3. Ans. a;i-4x3 + 12a;2 - 18a;+ 27 = 0.

2. Eemove the fractional coefficients from the equation

1 2
a' - - a;' + - s - 1 = 0.

Multiply the roots hy 6. Ans. «'- 3^H 24s;- 216 = 0.
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3. Remove the fractional coefficients from the equation

'^
2 18 * 108

By noting the factors which occur in the denominators of these fractions, we

ohserve that a number much smaller than the least common multiple will suffice to

remove the fractions. If the required multiplier he m, we write the transformed

equation thus :

—

5 7 "*' n

it is evident that if m be taken = 6, each coefficient will become integral ;
hence we

have only to multiply the roots by 6.

Ans. a;3-15»'-14a; + 2 = 0.

4. Remove the fractional coefficients from the equation

. 3 , 13 77 „

10 25 1000

The student must be careful in examples of this kind to supply the missing

terms with zero coefficients. The required multiplier is 10.

Ans. a;4 + 30a;H520i!: + 770 = 0.

6. Remove the fractional coefficients from the equation

6 12 900

Ans. a:«-25«'+375a;2- 11700 = 0.

82. Reciprocal Roots and Reciitrocal Equations.—
To transform an equation into one whose roots are the reciprocals

of the roots of the proposed equation, we change x into - in the

identity of Art. 30. This substitution gives, after certain easy

reductions,

1 JCi Vi Pn-l Pnf 1\/ 1\ / 1

y y y y y \ "i/\ "2/ \ an.

or

^ Jf« Fn- Pn'' Pn K »J\ «J^^ »„)'

hence, if in the given equation we replace x by -, and multiply

by 2/*5^ the resulting polynomial in y equated to zero will have
for roots the reciprocals of oi, 02, ... . o„.
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There is a certain class of equations which remain unaltered
when X is changed into its reciprocal. These are called reciprocal

equations. The conditions which must obtain among the coef-
ficients of an equation in order that it should be one of this class

are, by what has been just proved, plainly the following :—

— = p„ — = p,, &c., - = p„.„ - = ^,„.
/-'» l^n Pn 2)n

The last of these conditions gives Pn^=l, ov p„ = ±l. Eeci-

procal equations are divided into two classes, according as p,, is

equal to + 1, or to - 1.

(1). In the first case we have the relations

Pn-l=Pl, Pn-'i=Pz, . Pl=Pn-i;

which give rise to the first class of reciprocal equations, in which

the coefficients of the corresponding terms taken from the beginning

and end are equal in magnitude and have the same signs.

(2). In the second case, when p„ = - 1, we have

Pn-l = -Ph Pn-2 = -Pz, &C, . . . . ^1 = - j9„_i

;

giving rise to the second class of reciprocal equations, in which cor-

responding terms counting from the beginning and end are equal in

magnitude bid different in sign. It is to be observed that in this

case when the degree of the equation is even, say n = 2m, one of

the conditions becomes ^^ = -Pm, or j»m = ; so that in reciprocal

equations of the second class, whose degree is even, the middle

term is absent.

If a be a root of a reciprocal equation, - must also be a root,
a

for it is a root of the transformed equation, and the transformed

equation is identical with the proposed ; hence the roots of a

reciprocal equation occur in pairs, a, -
; j3, ^ ; &c. When the

degree is odd there must be a root which is its own reciprocal

;

and it is in fact obvious from the form of the equation that - 1,

or + 1 is then a root, according as the equation is of the first or

second of the above classes. In either case we can divide ofE by
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the known factor («+ 1 or a;- 1), and what is left is a reciprocal

equation of even degree and of the first class. In equations of

the second class of even degree a;'' - 1 is a factor, since the equa-

tion may te written in the form

a;"- 1 ^fyx (»"-' - 1) + ... = 0.

By dividing by »" - 1, this also is reducible to a reciprocal

equation of the first class of even degree. Hence all reciprocal

equations may be reduced to thone of the first class whose degree is

even, and this may consequently be regarded as the standardform

of reciprocal equations.

Examples.

1. Find the equation whose roots are the reciprocals of the roots of

»* - 3*3 + 7«2 + 5a; - 2 = 0.

Ans. 2y* - by^ -ly"^ + Zy ~\ = 0.

2. Eeduce to a reciprocal equation of even degree and of first class

5 22 22 6
n^ + -xfi - -^ x<' + -- x-^ - -X - 1 = 0.

6 19 5
Ans. a!* + -«'--r-a;^+-a; + l =0.

6 3 6

33. To Increase or Diminista tbe Roots by a Criven

Quantity.—To effect this transformation we change the vari-

able in the polynomial/ (x) by the substitution x = y + h; the

resulting equation in y will have roots each less or greater by h

than the given equation in x, according as h is positive or nega-

tive. The resulting equation is (see Art. 6)

f{h)^f'{h)y+-^y^^(^f + .... = 0.

There is a mode of formation of this equation which for

practical purposes is much more convenient than the direct cal-

culation of the derived functions, and the substitution in them

of the given quantity h. This we proceed to explain. Let the

proposed equation be

a^' + «!«"-' + aj*"-' + . . . + «f„_i x + an = 0;
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and suppose the transformed polynomial in y to be

A„y'' + ^iy"-i + ^z?/"-" + . . . + ^„-iy + An ;

since y = x - h, this is equivalent to

Ao {x - hY + A.i{x- h)"-^ + . . . + A„.i {x-h) + A„,

which must he identical with the given polynomial. "We conclude

that if the given polynomial be divided hj x- h, the remainder

is An, and the quotient

A„ {x - /«)"-> + A,{x- A)"-' + . . . + ^„-2 {x-h)+ An-i ;

if this again be divided hj x- h, the remainder is An-u and the

quotient

Ao {X - h^-' +Ai{x- A)«-' + . . . + An-2.

Proceeding in this way, we are able by a repetition of arith-

metical operations, of the kind explained in Art. 8, to calculate

in succession the several coefficients An, An-i, &c., of the trans-

formed equation ; the last, Ao, being equal to «„. It will appear

in a subsequent chapter that the best practical method of solv-

ing numerical equations is only an extension of the process

employed in the foUowing examples.

Examples.

1 . Find the equation whose roots are the roots of

a* - 5x^ + T-r" - 17k +11 = 0,

sacji diminished by 4.

The oaloulation is best exhibited as follows :

—

- 5
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Here the first division of the given polynomial by « - 4 gives the remainder

- 9 (= Ai), and the quotient x'^ - x^ + dx - 5 (cf. Art. 8). Dividing this again by

X - i, we get the remainder 53 (= A3), and the quotient x^ + Zx + 15. Dividing

again, we get the remainder 43 (= A2), and quotient « + 7 ; and dividing this we get

Ai = l\, and Aa = 1 ; hence the required transformed equation in

J/* + lly' + 43^'' + 55?/ - 9 = 0.

2. Find the equation whose roots are the roots of

3:5 + 4a;' - a;2 + 1 1 = 0,

each diminished by 3.

1
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ealoulation may bo exhibited in two stages, as follows, tbe broken lines marking
the conclusion of each stase :—

•

- 13

100

87

100

- 12

1740

1728

3740

7

34560

34567

19122

1«7
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Examples.

1. Transform the equation

a;' - 6a;« + 4» - 7 =

into one which shall want the second term.

naoh + «i = gives A = 2.

Diminish the roots by 2. -^ns. y^ - Sy - lb = 0.

2. Transform the equation

z* + 8a;3 + a;-5 =

into one which shall want the second term.

Increase the roots by 2. Ans. y* - 24y^ + 65y - 55 = 0.

3. Transform the equation

a*-42;5-18a;'-3a; + 2 =

into one which shall want the third term.

The quadratic for h is

6A2- 12/i-18= 0, givingA=3, A = -l.

Thus there are two ways of effecting the transformation.

Diminishing the roots by 3, we obtain

(1) y*-^ 8y^-lUy-196 = 0.

Increasing the roots by 1, we obtain

(2) 3^»-8(/5 4 17y-8 = 0.

35. Binomial Coefflcients.—In many algebraical pro-

cesses it is found convenient to write the polynomial /(«) in the

following form :

—

, n(n-l) n(n-l) ,a^" + W(7i«"-' + ——-— a2fc"" + . . . + —. »„-2« + «ffn-i» + "n,

in which each term is affected, in addition to the literal coef-

ficient, with the numerical coefficient of the corresponding term

in the expansion of {x + 1)" by the binomial theorem. The

student will find examples of equations written in this way on

referring to Article 27, Examples 13 and 16. The form is one

to which any given polynomial can be at once reduced.

We now adopt the following notation :

—

thus using U with the suffix n to represent the polynomial of

the w'* degree written with binomial coefficients



Binomial Coefficients. 69

We have, therefore, changing n into n-\, &c.,

JJn-i = fl!o«""' + {n-V) a.ix"''' +... + (»-!) ffn.^a; + a„.i,

V3 = «o»' + 3aifl;° + Ba^ + fla,

Z7i ^ ao^^ + «i,

iT'o = «»•

One advantage of the binomial form is, that the derived

functions cau be immediately written down. The first derived

function of Un is, plainly,

n Lox"-' + {n - 1) a.x"-' + ^^ " 1) (" - ^)
^^^«-, + _ _ + ^^_ I .

( ! • -^ ;

or n U„.i ; so that the first derived function of a polynomial re-

presented in this way can be formed by applying to the suffix

of U the rule given in Art. 6 with respect to the exponent of the

variable. Thus, for example, the first derived of Z7t is formed

by multiplying the function by 4, and diminishing the suffix by

unity ; it is, therefore, 4 U^, as the student can easily verify.

We proceed now to prove that the substitution of y + h for

X transforms the polynomial Un, or

into

n{n-V\
+ waiiP""' + — ffja;"- + . . . + Hff„_,a? + ff„,

JL . /it

Aof + nA,t/'-' + ^
-^^2^""+ . . • + nA„_,y + A,,,

where

are the functions which result by substituting h for x in

C^o, 6 1, U 2, . . . ^n-lt ^ n J

Eepresenting the derived functions of f{h) by suffixes, as



70 Transformation of Equations.

explained in Art. 6, we may write the result of the transfor-

mation, viz. /(«/ + h), in the following form :

—

f{h) is the result of substituting h for a; in Un] it is, therefore,

A„ ; its first derived /i(/«) is, by the above rule, «^^i ; the first

derived of this again is n{n - 1) A^z', and so on. Making these

substitutions, we have the result above stated, which enables us

to write down without any calculation the transformed equation.

Examples.

1. Find the result of substituting y+h (or x in the polynomial

aox^ + Satx- + Sa^x + as.

Ans. aoy^ + 3(aoA + «i)y'+ 3 (ffloA^ + 2«iA + aj) j^ + aoA' + 3''i/i'' + Zn-ih-\- a^.

The student will find it a useful exercise to verity this result by the method of

calculation explained in Art. 33, which may often be employed with advantage ir

the case of algebraical as well as numerical examples.

2. Eemove the second term from the equation

aox^ + Sail' + Za2X + as = 0.

We must diminish the roots by a quantity h obtained from the equation

aoh + Bi = 0, i.e. h =

Substituting this value of h in A^, and A3, the resulting equation in y is

3 {ciani - Bi^) b„2b3 - 3(7oi'i ^2 + 2ai'
3/H : y+ = 0.

3. Find the condition tliat the second and third terms of the equation U„ =

should be capable of being removed by the same substitution.

Here Ai and Ai must vanish for the same value of h ; and eliminating h

between them we find the required condition.

Ans. aoUi — ai^ = 0.

4. Solve the equation

j;H6«'+ \2x- 19=

by removing its second term.

The third term is removed by the same substitution, \\'hich gives

y''-21 = 0.
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The required roots are obtained by subtracting 2 from eacb root of the latter

equation.

5. Find the condition that the second and fourth terms of the equation f„ =
should be capable of being removed by the same transformation.

Here the coefficients Ai and Az must vanish for the same value of h ; eliminat-

ing h between the equations

floA + Hi = 0, aoA' + 3aiA* + SajA + 83 = 0,

we obtain the required condition

aifaz — SanaiOi + 2ai' = 0.

N.B.—When this condition holds among the coeificients of a biquadratic equa-

tion its solution is reducible to that of a quadratic ; for when the second term is

removed the resulting equation is a quadratic for 1/''
; and from the values of y

those of X can be obtained.

6. Solve the equation

«* 4 I6x^ -f 72*2 + 642: - 129 =

by removing its second term.

The equation in y is

y* - 2iy"- -1 = 0.

7. Solve in the same manner the equation

X* + 20a:3 + 143ap2 + 430s + 462 = 0.

Ans. The roots are - 7, - 3, - 5 ± VS.

8. Find the condition that the same transformation should remove the second

and fifth terms of the equation U„ = 0.

Ans. ao^ii — iau'i'ifa + Bao"!"''! — 3«i* = 0.

36. The Cubic.—On account of their peculiar interest, we

shall consider in this and the next following Articles the equa-

tions of the third and fourth degrees, in connexion with the

transformation of the preceding article. When y + A is sub-

stituted for X in the equation

tti^ + Suix'' + Sa^x -I- <?3 = 0, (1

)

we obtain

Oof + 3Aii/ + 3J,y + ^3=0,

where -4,, A^, A3 have the values of Art. 35.

If in the transformed equation the second term be absent,

Ai = 0, or A =
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Substituting this value for h in A^ and A,, we find, as in Ex. 2,

Art. 35,

UoAi = adcii - a^', a^Az = a^^a, - 3«!oai«f2 + 2«i'

;

hence the transformed cutic, wanting the second term, is

3 1
1/ + — (ooaj - di) 2/ + — («o'33 - 3floffli«3 + 2ai") = 0.

The functions of the coefficients here involved are of such

importance in the theory of algebraic equations, that it is custo-

mary to represent them by single letters. We accordingly adopt

the notation

«o«2 - n^ = -ff, «o'«3 - 3ffo«i«3 + 2ai' = G ;

and write the transformed equation in the form

Off ri

2/'+^y + ^3 = 0. (2)

If the roots of this equation be multiplied by a,, it becomes

s» + 3Sz+G = 0: (3)

a form which will be found convenient in the subsequent dis-

cussion of the cubic. The variable, s, which occurs in the first

member of this equation, is equal to a„y or a,^ + ffi ; the original

cubic multiplied by Uo being in fact identical with

{fluX + «i)' + 3Zf {a^ + fli) + G,

as the student can easily verify.

If the roots of the original equation be a, f3, y, those of the

transformed equation (2) will be

«o So Oo !

or, since ,
i ^

r, 3ai <x

Wo

they may be written as follows :

—

i(2a-l3-y), i(2/3-7-«). M2y-a-^).



The Biquadratic. 73

We can write down immediately by the aid of the trans-

formed equation the values of the symmetric functions

S(2a-/3-7)(2i3-7-a), (2a-/3-7)(2/3-y-a)(2-y-a-/3)

of the roots of the original cubic. The latter will be found to

agree with the value already found in Ex. 15, Art. 27.

We may here make with regard to the general equation an

important observation : that any symmetric function of the roots

u, /3, 7, S, &c., which is a function of their differences only, can

be expressed by the functions of the coefficients which occur in

tlie transformed equation wanting the second term. This is

obvious, since the difference of any two roots a, j3' of the

transformed equation is equal to the difference of the two corre-

sponding roots a, /3 of the original equation ; and any symmetric

function of the roots a, /3', y', S', &c., can be expressed in terms

of the coefficients of the transformed equation. For example, in

the case of the cubic, all symmetric functions of the roots which

contain the differences only can be expressed as functions of

a„, M, and G. Illustrations of this principle will be found

among the examples of Art. 27.

)
37. The Biquadratic.—The transformed equation, want-

ing the second term, is in this case

where At and A3 have the same values as in the preceding

article ; and where Ai is given by the equation

ao'A^ = aj'ai - 4«o^ai a^ + Qa^i^a^ - 3«/.

The transformed equation is, therefore,

6 4 1
y* + — Hi/^ + —^Gy+ — (flJo'ai - ^a^aia^ + 6ffo«i'«2 - 3ai*) = 0.

We might if we pleased represent the absolute term of this

equation by a symbol like S and G, and have thus three

functions of the coefficients, in terms of which all symmetric

functions of the differences of the roots of the biquadratic could

be expressed. It is more convenient, however, to regard this
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term as composed of H and another function of the coefficients

determined in the following manner :—We have plainly the

identity

ao'ffi - 4(/o'«i«3 + ^(k'^iiCh - Sai^-floXfoff', - 4«irt3 + '3«/) - 3 (ao«3 - a'f-

This involves a,., IT, and another function of the coefficients,

viz.

which is of great importance in the theory of the biquadratic.

This function is represented by the letter /, giving

The transformed equation may now be written

We can multiply the roots of this equation, as in the case of

the cubic of Art. 36, by a^ ; and obtain

s* + QIIz" + 4& + aoU - 3^^ = 0. (2)

This form will be found convenient in the treatment of the

algebraical solution of the biquadratic. The variable is the

same as in the case of the cubic, viz. a^fc + ax ; the original

quartic multiplied by ai being in fact identical with

(a„a;+fl!|)*+ 6Zr(ffo« + «0' '4G' (<?(,« + ffi) + ao^/-3JP-

Any symmetric function of the roots of the original biqua-

dratic equation which contains their differences only can there-

fore be expressed by ffo, TI, G, and I.

If the roots of the original equation be o, j3, y, S, those of

the transformed (1) will be, as is easily seen,

|(3„-/3-7-S), i(3/3-y-S-a), ^(3y-S-«-/3), X(38-a-i3-7),

The sum of these = ; the sum of their products in pairs

=—-; the sum of their products in threes =—— ; and for their
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continued product we have the equation

ff„^{3a-i3-7-aj(3j3-7-S-aJ(37-g-a-/3) (3S-a-/3-7)

= 256(f/„=/-327").

There is another function of the coefficients to which we
wish now to call attention, as it will be found to be of great im-

portance in the subsequent discussion of the biquadratic. It is

the function arrived at in Es. 18, Art. 27, viz.

dtflirii + 2fflifir2«3 - ttaa^ - a^a^ - a^^.

Tliis is denoted by tlie letter J. The example referred to

shows that it is a function of the differences of the roots. It

must, therefore, be capable of being expressed in terms of Uo,

H, G, and /. We have, in fact, the identity

a„'J^a,^ HI- G'-4B:\

which the student can easily verify.

Or this relation can be derived as follows :—Whenever a

function of the coefficients a^, a,, a^, &c., is the expression of a

function of the differences of the roots, it must be unaltered by

the transformation which removes the second term of the equa-

tion ; hence its value is unaltered when we change «i into zero,

«j into Ai, a% into Az, &c. Thus

au«3ff4 + 'ZaiaiUi - 0^0^ - ai-Ui - ai s OoAnA^ - flops' - ^a'

;

substituting for A^, A3, Ai their values in terms of H, G, I, we

easily obtain the above identity, which will usually be written

in the form
G' + 4IP^a„'' {HI-a„J).

I,
38. Ilomograiihic Transformation,—The transforma-

tion of a polynomial considered in Art. 33 is a particular case

of the following, in which x is connected with the new variable

y by the equation
\r + fx

If A = 1, ,i = - A, X' = 0, / = 1 , we have ij = x-h,a.s. in Art. 33.

Solving for x in terms of y, we have
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This value can te substituted for x in the given equation,

and the resulting equation of the w'* degree in y obtained.

Let a, ^, y, 8, &c., be the roots of the original equation,

and a, j3', J, I', &e., the corresponding roots of the transformed

equation. From the equations

/ Aa + M ,w A3 + f.1 „

« = TT „ P = vTaT—/> <'^c.,

\ a + fx A p +/i

we easily derive the relation

, _ (Am - AV; (g - 3) _

° ^ ~
(A'a + ft') (A'j3 + ju')

'

with corresponding relations for the differences of any other

pair of roots. If we take any four roots, and the four corre-

sponding roots, we obtain the equation

{a'-^'){y'- ^') (a-l3j(7-g)

(a'-7')(/^'-S')"(«-7)(i3-Sj'

Thus, if the roots of the proposed equation represent the

distances of a number of points on a right line from a fixed origin

on the line, the roots of the transformed equation will represent

the distances of a corresponding system of points, so related to

the former that the anharmonic ratio of any four of one system

is the same as that of their four conjugates in the other system.

It is in consequence of this property that the transformation is

called honiographic.

It is important to observe that the transformation here con-

sidered, in which the variables x and y are connected by a relation

of the form
Axy + Bx + Cy + D = 0,

is the most general transformation in which to one value of either

variable corresponds one, and only one, value of the other.

[j 39. Transformation by Symmetric Functions.—Sup-

pose it is required to transform an equation into another whose
roots shall be given rational functions of the roots of the pro-

posed. Let the given function be <p {a,j3, y . . .), where ^ may
involve all the roots, or any number of them. We form all pos-
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sible combinations {a^-y), <p (a/3§), &e., of the roots of this type,

and write down the transformed equation as follows :

—

{y-0(a/37...)){y-0("/3g...))... = O.

When this product is expanded, the successive coefficients of

p will be symmetric functions of the roots a, (3, j, &o., of the

given equation ; and may therefore be expressed in terms of the

coefficients of that equation.

Examples.

^ 1. The roots of

a' + px^ + qx + r =

are «, 3, 7 ; find the equation whose roots are a', /3^ 7'.

Suppose the transformed equation to be

y'' + Py'' + Qy + -ffi = ;

then

-F=a?+ $'^ + y\ Q = SaP\ - J? = a'j8V I

and we have to form the symmetric functions So'', 2o';3-, a^ff^y', of the given equa-

tion. We easily obtain

2a2 =pi- 1q, •S.a?^"- = j' - Ipr, a^gl^-f = r^
;

the transformed equation is, therefore,

y3 _ (p2 _ 2^) y1 + (y2 _ 2py) y - I'i = 0.

^ 2. Find in the same case the equation whose roots are o', j3', 7'.

Ans. y' + (^3 _ 3^J + 3,.)
y-i + (j3 _ 3^^,. ^ 3,.aj y j^,.i^Q_

^ 3. If o, /3, 7, 5 he the roots of

a' + ^a;' + qx^ + ra; + « = 0,

find the equation whose roots are a-, (S", 7', S^.

Let the transformed equation he

2/* + Py3 + Qyj + iJy + 5 = 0,

then

-P=2:«^ Q = 2a232_ - i! = 2a'-,3V, -S = o'^VS'-

Compare Exs. 8, 17, Art. 27.

^«s. ^« - {p^ - 1q) y^ + {?' - 2j3>- + 2s) y^ - (r» - 2?*) y + a' = 0.

4. If a, ;8, 7, 5 be the roots of

(703^ + 4aia;' + Ga^x^ + las* + 04 = ;

find the eqaatiiin whose roots are K, fa, v; viz.,

^y + aS, 70 + /35, o3 + 7S.

See Ex. 17, Art. 27.

Ans. y^ y- + -A (4ni<f3 - aoaCj y , (2«o«3^ — 3ao«ii''4 + 2«i-«j) = 0.
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5. Show that the transformed equation, when the roots of the resulting cubic of

Ex. 4 are multiplied by \ao, and the second term of the ecjuation then removed, is

z' - /- + 2/ = 0.

I
40. Formatioiiof the Equation whose Koots are any

Powers of the Roots of the Proposed.—The method of

effecting this transformation bj symmetric functions, as ex-

plained in the preceding article, is often laborious. A much

simpler process, involving multiplication only, can be employed.

It depends on a knowledge of the solution of the binomial equa-

tion x" -1 ^ 0. This form of equation will be discussed in the

next chapter. The general process will be sufficiently obvious

to the student from the application to the equations of the

2nd and 3rd degrees which will ba found among the following

examples :

—

Examples.

1. Form the equation whose roots are the squares of the roots of

a" +piX"-'^ + PiX'>-'^+ .... -V Pn-lX + pn = 0.

To effect this transformation, we have the identity

X" + i)ia;»-' + pix"-- + . . . +pn-\x + p„ = (x - ai)(x - az) . . . {x - o„)

;

changing x into — x, we derive, as in Art. 30,

x<'-p\X''-'^ + jy^x"-'^ - . . . ±p„-ix +p„ = {x + oi) (« + 02) . . . {« + a„) ;

multiplying, we have

{x"+pox"--+piX"->+.. .)«-(;)ia,«-i + p3a;"-3 + ...)2=(a;2-ai')(j;'-a2«)... {x'^-a,?);

it is evident that the first member of this identity contains, when expanded, only

even powers of x ; we mny then replace X' by y, and bbtaiu finally

«/"+{2^2-i'i')r-' + (i'2'-2i)i^3+2^4)y"-H = {y- ai') (2/- "j") • • • («/-nn')-

The first member of this equated to zero is the required transformed equation.

N.B.—This transformation will often enable us to determine a limit to the num-

ber of real roots of the proposed equation. For, the square of a real root must be

positive ; and therefore the original equation cannot have more real roots than the

transformed has positive roots.

2. Find the equation whose roots are the squares of the roots of

x' - X'_+ 8x -0 = 0.

Ans. 'f + 15?/' + hly - 36 = 0.

Tha latter cquition, by Descartes' rule of signs, cannot have more than one

positiva root ; henca the formsr must have a pair of im&ginary roots.
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3. Find tho equation whose roots are the squares of the roots of

x^ + 3^ + x--\- 2a- + 3 = 0.

Ana. y^ + ii/ + Sj^" + Zy'' -2y - Q ^0.

It follows from Descartes' rule of signs that tho original equation must have

four imaginary roots.

i. Veiify hy the method of Ex. 1 the Examples 1 and 3 of Art. 39.

6. Form the equation whose roots are tho cuhoa of tho roots of

»» + ^la;"-* + pz(i?>-'^ + . . . + Pn-\X + Pa = 0.

It will ho ohserved that in Ex. 1 the process consists in multiplying together

{x), the given polynomial, and/(-a;) : the variables involved in these being those

which are obtained by multiplying x by the two roots of the equation a^ - 1 = 0.

In the present case we must multiply together f{x), f{iiix), /(ur'x) : the variables

involved being obtained by multiplying x hy the roots of the equation a' — 1 = 0.

The transformation may be conveniently represented as follows :

—

Write the polynomial f{x) in the form

(Pn+Pn-zX^ + . . .) + X(p„-i +p„.4ap'+ . . .) + X''{pni+ Pn-iX^-^ . .),

which we represent, for brevity, by

P+xQ + x'-R,

where F, Q, and S are all functions of «•'.

We have then

P + a;Q + x'^E = {x - a^){x - a-) . . . . {x - a,). (I)

Changing, in this identity, x into ax and (u% successively, we obtain

F + oixQ + a'^J.-R = {ax - ai}{ax - 02) . . . {ax — a„), (2)

P + a?xQ + ax'R = (ax — ai){a'^x - 02) . . . {a"x - a„), (3)

since P, Q, and E, being functions of «', are unaltered.

Multiplying together both members of (1), (2), (3), and attending to the results

of Art. 26, we obtain

F-^ + x?Q^ + x^R^ - Zx^FQR s [x^ - a,3)(a:3 - 02') ...(»'- a.,?).

The first member of this identity contains x in powers which are multiples of 3

only. We can, therefore, substitute y for x' and obtain the requii-ed transformed

equation.

C. Find the equation whose roots are the cubes of the roots of

x^-x'+2x'^+Zx+\ = 0.

Ans. y* + Hy' + 50i/' + 6y + 1 = 0.

7. Verify by the method of Ex. 5 the result of Ex. 2 of Art. 39.

8. Form the equation whose roots are the cubes of the roots of

ax^ + Zbx'^ + 3ca; + <? = 0.

Ans. a^y^ + 3 {<i-d + W - 9aic)y' + Z [nd' + 9e^ - 9ic>i)y + d' = 0.
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41. Transformation in General.—In the general prob-

lem of transformation we have to form a new equation in y,

whose roots are connected by a given relation ^ (x, «/) = with

the roots of the proposed equation / («) = 0. The transformed

equation will then be obtained by substituting in the given

equation the value of x in terms of y derived from the given

relation <^(x, y) = ; or, in other words, by eliminating x

between the two equations f{x) = 0, and ^ {x, y) = 0. For

example, suppose it were required to form the equation whose

roots are the sums of every two of the roots (a, j3, 7) of the

cubic

x^ —px' + qx- r = 0.

We have here

y = l3 + y = a + (5 + y-a = p-a.

The equation (p (x, y) = is in this case y =p-x; for when x

takes the value a, y takes one of the proposed values ; and when
X takes the values |3 and 7, y takes the other proposed values.

The transformed equation is therefore obtained by substituting

p -y for X in the given equation.

Examples.

1. If a, 3, 7 be the roots of the cubic

x^ — fx^ + qx- r = 0,

form the equation whose roots are

1 1 1
^? + -, ya+-z, ajS + - •

a $ -y

Here
1 B187 + 1 1 + r

a a a

and the given relation is xi/ = I + r; the transformed equation is then obtained by
1 + ?

substituting for a: in /(a:) = 0.

Ans. )y-g{l +r)i/' + p{l + ,-)2^_ (i 4.^)3= o.

2. Form, for the same cubic, the equation whose roots are

afi + 07, 0;8 + 0y, 0y + ay.

7*

Substitute—— for x. Ans. y' - 2}j^' + {pr + q^)ij + r- - pqr = 0.
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". Form, for the same cutic, the equation whose roots are

a |8 7
3 + 7 — a' 7 + — ^' a + S—

7

py
Substitute -— for x.

Ans. [p^ — ipq + 8)-)!/3+ [p^-ipq-\^ 12)-)^- + (6r -pq)y + )'=0.

4. If u, /3, 7 be the roots of the cubic

ax' + Zbx:' + 3ct + rf = 0,

prove that the equation in y whose roots are

Py ~ a^ 7a - 0^ afl - 7'

^ + 7 - 2a' 7 + a - 2;8' a +~^ - 27

is obtained by the homographie tiunsformation

axtj + i (« + y) + c =0.

^ 42. Equation of Squared Dilferences of a Culbic.—
We shall now apply the transformation explained in the preced-

ing article to an important problem, viz. the formation of the

equation whose roots are the squares of tlie differences of every

two of the roots of a given cubic. We shall do this in the first

instance for the cubic

x^ -i- qx + r = 0, (1)

in which the second term is absent, and to which the general

equation is readily reducible. Let the roots be a, /j, 7. We
have to form the equation in y whose roots are

Oi-yY, iy-«y, («-/^r-

We may here observe that the method of Art. 39 can be

applied to the solution of tlie general problem, viz. the for-

mation of the equation whose roots are tlie squares of the

differences of every two of the roots of a given equation ; for

when the product

{y - (a. -a,)»| {?/-(«.- 03)') (.tf-("i-a.)'l {,/ - {a,-a,Y] . . .

is formed, the coefficients of the successive powers of // will be

symmetric functions of a,, a., a^, 04, &c., and may, therefore, bo

expressed in terms of the coefficients of the given equation. In

G
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the present instance, however, the method of Art. 41 leads more

readily to the required transformed equation. This equation

may be called for brevity the " equation of squared differences"

of the proposed equation. Assuming y equal to any one of the

roots of the transformed equation, e. g. (/3 - 7) ^, we have

y = (|3 - 7^ = a^ + jSU 7' - a-'- ?^^-^;

also

a' + j3' + 7' = - 2q, c.Py = - r.

The equation (j> (z, i/) = oi Art. 41 becomes, therefore,

ij = - 2q - x' + —,

or

x' + {(/ + 2q)x - 2r = ;

subtracting from this tlie proposed equation, we get

q ,

(y + o) * - 3y = 0, or x = ;

hence the transformed equation iu y is

4/^ + Qqif + 9jV + 4?' + 27r' = 0. (2)

If it be proposed to form the equation whose roots are the

squares of the differences of the roots (a, j3, 7) of the cubic

ajt? + SaioP + 3aiX + 0^ = 0, (3)

we first remove the secoud term ; the resulting equation is

y + —tV + — = 0;

and the required equation is the same as the equation of squared

differences of this latter, since the difference of any two roots

is unaltered by removing the second term. We can therefore

write down the required equation by putting
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in the above. The result is

-'^'^-^^-^^-fAG^-^S^)-0, (4)
"0 "0 "11

which has for roots

0-7)', (7-«r, {'^-iiy-

The equation (4) can be written in a form free from fractions

by multiplying the roots by Uo. It becomes then

a^ + ISHx" + 8lE''x + 27{G^ + AH^) = 0, (5)

whose roots are

«„^^-7)^ coh-of, ff„'(a-i3)^

We can write down from this an important function of the

roots of the cubic (3), viz. the product of the squares of the diffe-

rences, in terms of the coefficients :

—

«»'(^-7r(7-«)'(«-i3r = -27(<?' + 4^=). (6)

It is evident from the identity of Art. 37 that G'^ + 4^'

contains a^ as a factor. We have in fact

The expression in brackets is called the clhcri/iu'itrint of the

cubic, and is represented by A
;
giving the identities

G' + iH'^a„'A, HI-OoJ^A.

Examples.

1. Form the equation of sq^uared differences of the cubic

ar* - 7» + 6 = 0.

Ans. x^ - i2x^ + iiljc - 400 = 0.

2. Form the equation of squared differences of

x^ + 6x'- + 1x + 2 = 0.

First remove the second term.

Atis. x^ - 30i-2 + 22o« - 68 = 0.

3. Form the equation of squ.-ired difperences of

ofi + 6z'' + 9x + i = 0.

Ans. »' - ISi-- + 81a; = 0.

i. What conclusion with respect to the roots of the given cubic can be drawn

from the form of the resulting equation in the last example ?

G 2
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43. Criterion ofthe UTature ofthe Roots ofa Cubic.—
We can from the form of the equation of diiferences obtained

in Art. 42 derive criteria, in terms of the coefficients, of the

nature of the roots of the algebraical cubic. For, when the

equation (5) of Art. 42 has a negative root, the cubic (3) must

have a pair of imaginary roots, in order that the square of their

difference should be negative; and when (5) has no negative

root, the cubic (3) has all its roots real, since a pair of imagi-

nary roots of (3) would give rise to a negative root of (5)

.

In wliat follows it is assumed that the coefficients of the

equation are real quantities. Four cases may be distinguished :

—

(1). When G' + 4S"' is negative, the roots of the cubic are all

real.—For, to make this negative H must be negative (and

AR^ > G'') ; the signs of the equation (5) are then alternately

positive and negative, and, therefore (Art. 20), (5) has no nega-

tive root ; and consequently the given cubic has all its roots real.

(2). When G^ + 4:H^ is positive, the cubic has two imaginary

roots.—For the equation (5) must then have a negative root.

(3). When G'' + 41f^ = 0, the cubic has two equal roots.—For

the equation (5) has then one root equal to zero. In this case

A = 0, it being assumed that ao does not vanish. We may say,

therefore, that the vanishing of the discriminant (Art. 42) expresses

the condition for equal roots.

(4) . When G = 0, andH= 0, the cubic has its three roots equal.

—For the roots of (5) are then all equal to zero. These equa-

tions may also be expressed, as can be easily seen, in the form

«o «1 O2

«i a^ a,

which relations among the coefficients are therefore the condi-

tions that the cubic should be a perfect cube.

44. Equation of Bifferences in Oeneral.—Thegenernl

problem of the formation, by the aid of symmetric functions, of

the equation whose roots are the diiferences, or the squares of the

differences, of the roots of a given equation, may be treated as

follows:—Let the proposed equation be

f{v) ^{x- a,) [x - tti) (« - 03) {x - a,.) = 0.
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Substituting x + ur for x, and giving r the values I, 2, 3,

. . . n, in succession, we have tlie equations

f{x + a^=x{x + ai- nz) (« + Oi - as) (^ + a, - a„),

/{a; + a2)3ic(ii; + nj-ai)(;C+aa-a3) . . . . (« + a2-a„),
,

f (1)

fix + a„) =:» (« + a„- III) [x + an- a.) ....(,<; + c„- a„_,).
,

Also, employing the expansion of Art. 6, an"d ohserving tliat

/(a,-) = 0, we find the equation

lf[x + «.) =/ (a.) +~r [ar] +
nfTy/'" («.) + ••••+ ^"-'.

Denoting the second side of this equation by {x, or), and

multiplying both sides of the identities (1), we obtain

<t> {^> ai) ^ (^> oa) ..... ^ («; o») = {«' - (oi - 02)°
j

ja;' - (oi - aj)'} . . .

.. . [X- - {an-l - Onf)

To form the equation of differences, therefore, we can mul-

tiply together the « factors f {x, oi), <p [x, a^), &c., and substitute

for the symmetric functions of the roots which occur in the pro-

duct their values in terms of the coefBoients. Or we may, as

already explained in Art. 42, form directly the product of the

s» [n - 1) factors on the right-hand side of the above identity,

and express the symmetric functions involved in terms of the

coefficients. The roots of the resulting equation of the h(« - 1)"*

degree in x are equal in pairs with opposite signs. Since in

this equation x occurs in even powers only, we may substitute

tj for x\ and thus obtain the equation of the ^n {n - 1)"' degree

whose roots are the squared differences.

For equations beyond the third degree the formation of the

equation of differences becomes laborious. We shall give the

result in the case of the general algebraic equation of the fourth

degree in a subsequent chapter.



86 Transformation of Equations.

Examples.

1. The roots of the equation

are u, j8, 7 ; form the equation whose roots are

^«s. ^3 _ i&y- + Uby - 650 = 0.

,^,y^ 2. The roots of the cubic

a:3 + 2^2 + 3a; + 1 =

are a, )3, 7 ; form the equation whose roots are

^ns. 2,3 + 12y' - 172y - 2072 = 0.

3. The roots of the cubic

x^ + qx + r =

are o, /3, 7 ; form the equation whose roots are

iS^ + J87 + 72, 72 + 70 + a', a' + a;3 + g'.

Ans. {y + j)' = 0.

4. The roots of the cubic

x' + ^a:^ + qx + r = Q

being a, ;8, 7 ; form the equation whose roots are

3' + 7^ - a^, 7- + o^ - (8^, o^ + jS^ - 72.

Ans. y^ - {p' - 2q) y'^ - (^' -ip'-q-Y ipr) i/ + ^^ - 6^V + Sp'*"

5. If a, iS, 7 be the roots of the cubic

a;' - 3 (1 + a + o2)a; + 1 + 3a + 3a2 + 2a3 = ;

, 3 prove that (/8 - 7)(7 - o)(a - J3) is a rational function of a.

^ ^ Ans. ± 9 (1 + a + «").

6. Find the relation between (? and JS of the cubic

Boa;' + 3aia;' + Soar + as =

when its roots are so related that (/3 - 7)2, (7 - a)'', (o - ;3)' are in arithmetical

progression.

Ans. (?2 + 2£3 = 0.

7. If a, j8, 7, S be the roots of

c'a:* - 2(!«2:' + 2a; - 1 = 0,
find the value of

{$> - yY- («' - ST + (?= - o')^ (5' - ST + {a' - $Y- (7' - s-)''-

Ans. 0.
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8. Prove that, if

187 + 70 + a;3 + a5 + (85 + 78 = 0,

{(/3 - 7)2-(a - 5)2 + (7 - a)'^(3 - S)^ + (a - (8)^7 - S)^}'

= 18 {
(3^ - 7")' («' - «•)' + (7' - «')' (;8^ - rf + (a- - ;8')=(7= - !')'}

.

9. Solve the ecjuatiou

x^ - a;* + 8^" - 9;;; - 15 = 0,

which has one root of the form 1 + aV- 1.

Diminish the roots by 1 ; substitute o V — 1 for a; ; we find that a must satisfy

a* - 3a' — 4 = 0, and a' - 60* + 8 = 0; hence o = ± 2. Hence the factor x'' — 2xi-b.

The other factors are («+ 1) and {x'— 3), as is evident.

10. The roots of the cubic

aox^ + 3ai a;' + 3(i'22: + as =

are a, P, 7 ; form the equation whose roots are

)3 + 7, 7 + a, a + ;8.

Tliis question has been already solved in Art. 41. We give here another solu-

tion which, although in this particular instance it is not the simplest, wiU be

found convenient in many examples. Let the roots of the given equation be dimi-

nished by h. The tiansfornied equation is (Art. 35)

aoy^ + ZAiy'^ + ZAiy +^3 = 0,

whose roots are a — h, & — h, 7 — A. We express the condition that this equation

should have two roots equal with opposite signs. This condition is (see Ex. 17,

Art. 24)

9A1A2 — aoAs = 0.

This equation is a cubic in h whose roots are

n/3 + 7), i(7 + a). H« + /3);

for the above condition is

(P-h) + {y-h) = 0,

or

2/» = 3 + 7,

where /3, 7 represent indifferently any two of the roots. Fiom the equation in h

the required cubic can be formed by multiplying the roots by 2.

11. The roots of the biquadratic

OqX^ + ia\3? + 6ff2a;2 + ia^x + ai =

are a, /3, 7, 5 ; form the sextic whose roots are

J3 + 7, 7 + a, a + ;8, a + 5, ,8 + 5, 7 + 5.

Employing the method of Ex. 10, the required equation can be obtained from

the condition of Ex. 20, Art. 24.

The condition is in this case

&AiAiA, - Ai^Ai - aoAi^ = 0.

This is a sextic in h whose roots are i (,8 + 7), &c., from which the required

equation can be obtained as in the last example.
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12. Form, for the cubic of Ex. 10, the equation whose roots are

&y -a' ya- 3' a8 - 7*

+ y-2a' Th^k - 23' a + ^ - 2y

'

Diminish the roots hy /;, and express the condition that the resulting cubic

should have its roots in geometric progression (see Ex. 18, Art. 24). The con-

dition is

Ai'Js - aoAi^ = 0.

This will he found to reduce to a cubic in h ; whose roots are the values above

written, since

{a-/iy-={B-h){y-h), or h ^ fj
~ "] ..

P + y - 2a

13. Form for the same cubic the equation whose roots are

20y - gg - gy 2ya-$y-0a 2a$- ya- y$
y8 + 7 - 2oi ' ~^ +"^"¥3"'

' a + 3 ^T '

Diminish the roots by h, and express the condition that the transformed cubic

should have its roots in harmonic progression (see Ex. 19, Art. 24). AVe have

2 _ 1 1

a ~ h $ — h y — li

2^7 — a)3 — 07
or A = —

fi + y-2a
The equation in h is

u„A3^ - ZAiA-iAi + 2Ai' = 0,

wliiuh will be found to reduce to a cubic.

14. The roots of the biquadratic

tto*' + 4 aix^ + 6a2a;' + iasx + aj =

are u, /3, 7, 5 ; 6nd the cubic whose roots are

Py - aS ya- $S a0 - 78

3 + 7-a-S' 7 + a-|8-5' a+/3- 7-e

Diminish the roots by h, and employ the condition of Ex. 22, Art. 24. The

condition is in this case

Ai^Ai - oijAz^ = 0,

which reduces to a cubic in h whose roots are the values above written.

15. Find the equation whose roots are the ratios of the roots of the cubic

x^ + qx + r = 0.

The general problem can be solved by elimination. Let /(«) = be the given

equation, and p= — = the ratio of two roots ; then since / (6) = 0, we have

f[pa) = 0, also /(a) = ; and the required equation in p is obtained by eliminating
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a. between these two latter equations. For the cubic in the present example the

result is

»-2(p5+p+ 1)3+ j3p2(p+ 1)2 = 0.

16. If a, /3, 7 be the roots of

x^ + px^ + gs + ) = 0,

form the equation whose I'oots are

Ans. r' - 2(p'- 1q) x^ + [p* -ip'^q-^ bq^ - 2pr) x - {p^ q' - 2p^ r + ipqr - 2q^ - >•-)= 0.

17. Form for the same cubic the equation whose roots are

B y y a a B
- + {, - + -, „ + -
7 jo a 7 ;8 a

Ans. »-'a;3 _ (^pgr - 3y'')x^ + {ph- — bpqr + 3>-* + q^)x

-{p'^q^- 2ph- + ipqr - 2j3 - r')= .

18. If a, /3, 7 be the roots of the cubic

x^ + qx + r = 0,

form the equation whose roots are

la + mfiy, IS + mya, ly + mafi.

Am. y^ - mgy'^ + [l-q + Zlmr)y + Pr — Ihn q^ - ilm' qr — m?r'' = 0.

19. If o, S, y be the roots of the cubic

atix^ + Zaix' + 3«2a; + as = 0,

form the equation whose roots are

(a-B)(a-7), (3-7)(;3-o), (7-a)(7-/3).

,95-, 27(e' + 4g3)
^«s. i/H -^ 2^^

S
= 0.

(Jo «o

20. Form, for the cubic of Ex. 19, the equation whose roots are

{B-yflia-B-yf, {y-aYiiB-y-a)', (0-^)^(27-0-/3)2.

The required equation can be obtained by forming the equation of squared

differences of the cubic (4) of Art. 42, since

(7 - a)'- - (a- j8)2= (3 - 7) (2a- ;3 - 7).

21. Form, for the cubic of Ex. 16, the equation whose roots are

«(/3-7)% ;8(7-«)^ 7(«-i8)'-

Let the transformed equation be x'+ Fx' + Qx-i- M = 0.

Am. P=pq-9r, Q = g'-9pqr + 27r'-^ph;

iJ= - j-(4j3 + 27»-H ip^r-p" q" - ISpqr).

22. Form, for the same cubic, the equation whose roots are

o2 + 2j87, /82 + 270, 72 + 2aj3.

Ans. F=-p% Q = q{2p'-3q), -S = ip^r-18pqr+2q^+27r\



CHAPTER V.

SOLUTION OF RECIPROCAL AMD BINOMIAL EQUATIONS.

45. Reciprocal Equations.—It has been shown in Art. 32

that all reciprocal equations can be reduced to a standard form,

in which the degree is even, and the coefficients counting from

the beginning and end equal with the same sign. We now

proceed to prove that a reciprocal equation of the standardform

can always he depressed to another of half the dimensions.

Consider the equation

Dividing by x™, and uniting terms equally distant from the

extremes, we have

«»(«'"' + ^) + «' (*'""' +^) + • • + «'»-i ('^ + ^)
+ "'» = *^-

Assume x + - = z, and let x^ + — he denoted for brevity by

Vp. We have plainly the relation

Vpi-i = VpZ -Vp-i.

Giving p in succession the values 1, 2, 3, &c., we have

V,= V,z-V, = z'-Sz, ^

V, = V^z-r, = z'-4z' + 2,

and so on. Substituting these values in the above equation, we

get an equation of the m'* degree in s ; and from the values of

z those of X can be obtained by solving a quadratic.
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Examples.

1

.

Find the roots of the equation

a' + a;* + a;3 + a;2 -|. a; -I- 1 = 0.

Dividing by a; + 1 (see Art. 32), we have

»« + a;2 + 1 = 0.

This equation may he depressed to the form

s2-l = 0, givirg5 = ±l;

whence a; + -=l, x + - = —l,
X X

and the roots of these equations are

1 + a/^ - 1 ± y/^
.

2 ' 2

2. Find the roots of the equation

«!» - 3a;8 + 5a:« - 5*4 + Sic' - 1 = 0.

Dividing hy »' - 1, which may be done briefly as follows (see Art. 8),

1-3 5-5 3-1
1-2 3-2 1

-2 3-2 1 0,

we have the reciprocal equation

a;8-2i!:6 + 3a;«-2a:2 + l = 0, (1)

(.• + i)-2(.^+l,) + 3 = 0.

Substituting for Vi, z* - 4z' + 2 ; and for Tz, s^ - 2, we have the equation

z4-622 + 9 = 0, or (z2- 3)2=0,

whence 3^=3, and z = ±\/3.

-i=v/3, x + - = -\/S;giving ^ + ^ • •

and the roots of these equations are

-/S ± -\/^ - a/3 ± \/~
.

2
' 2

These roots are double roots of the equation (1).

3. Solve the equation

ap5-l = 0.

Dividing by a;- 1 we have

x* + x^ + x^ + x+l = 0;

from which we obtain

z2 + s-l = 0.
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Solving this equation, we have the quadratics

»' + J(l + \/5)a;+ 1 = 0,

*-^ + i(l -•v/5)a;+ 1 = 0,

from which we obtain

a: = i{- 1 +e\/5 + (10 + 20\/l>fV''^\,
where 9' = 1

.

This expression gives the four values of x.

i. Find the quadratic factors of

4-15 + 1 = 0.

Transforming this, we have

z^-3z = 0,

whence z = 0, and z = ± ^Z.

The quadratic factors of the given equation are, therefore,

a;2 + 1 = 0, a;2 ± ^Yx +1 = 0.

5. Solve the equations

(1). (I + a;)4 = ffl(l + a;*), (2). (1 + a;)5 = a(l + a:').

6. Eeduce to an equation of the fourth degree in z

1 + a;* 1 - a;=

Ans. (1 - fl)s* + (7 + 3a)22 - (4 + «)= 0.

V/ 46. Binomial Equations. Cfeneral Properties.—
In this and the following articles will be proved the leading

general properties of binomial equations.

Pkop. I.

—

If a he an imaginary root o/ re" - 1 = 0, then a'"

al&o will he a root, m being any integer.

Since a is a root,

a" = 1, and therefore (a")™ = 1, or (a™)" == 1

;

that is, a'" is a root of a;" - 1 = 0.

The same is true of the equation aj" + 1 = 0, except that in

this case m must be an odd integer.

47. Pkop. II.

—

If m and n he prime to each other, the

equations a" - 1 = 0, »" - 1 = have no common root except

unity.
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To prove this we make use of the following property of

numbers :

—

Ifm and n be integers prime to each other, integers a

and b can befound such that mb - na = ± 1. For, in fact, when

— is turned into a continued fraction, r- is the approximation

preceding the final restoration of —

.

n
Now, if possible, let a be any common root of the given

equations ; then

n'" = 1, and a" = 1

;

therefore a™* = 1, and a"" = 1

;

whence „(«4-«a) ^ j^ ^j, a±i = l, or a = 1
;

that is, 1 is the only root common to the given equations.

48. Prop. III.

—

Ifk be the greatest common measure of two

integers m and ii, the roots common to the equations x"* -1 = 0, and

x" -\ = 0, are roots of the equation «* - 1 = 0.

To prove til is, let

m = hn', n = kn.

Now, since ni and n are prime to each other, integers b and a

may be found such that m'b — n'a = ±l; hence

nib -na = ± k.

If, therefore, a be a common root of a-"' -1 = 0, and x" -1 = 0,

a("'*-"«) = l, or a*=l;

wliich proves that a is a root of the equation a^ - 1 = 0.

49. Prop. IV.— When n is a prime number, and a any

imaginary root of x'^ -I - 0, all the roots are included in the series

], a, a^ . . . a"-'.

For, by Prop. I., these quantities are all roots of the equa-

tion. And they are all different ; for, if possible, let any two

of them be equal, a'' = a*,

whence a'""*' = I ;

but, by Prop. II., this equation is impo=«ible, sinf^e n is neces-

sarily prime to {jj - q), which is a number less than n.
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50. Prop. V.— When n is a composite number formed of the

/actors p, q, r, &o., the roots of the equations a;^ - 1 = 0, a;* - 1 = 0,

«'"- 1 = 0, &c., all satisfy the equation «" - 1 = 0.

For, consider a root a of the equation x^ -\ = 0; then aP = l\

from which we derive

(a'')«'"..=l ; or o"-l = 0;

which proves the proposition.

51. Prop. YI.— When n is a composite number formed of the

prime factors p, q, r, &c., the roots of the equation ce" - 1 =0 are

the n terms of the product

(1 + a + a'+ . . . + a^-')(l + j3 + . . . + 3«-')(l +7 + • • • +7'-) • •

,

where a is a root of of -1 = 0, (i qfsfi - 1 = 0, y of cc^ - 1 = 0, &g.

We prove this for the case of three factors jo, q, r. A similar

proof applies in general. Any term, e.g. a"j3*7", of the product

is evidently a root of the equations;" -1 = 0, since a"" = 1, jS'" = 1,

j"" = 1, and, therefore, (a'^/S'y'')'' = 1. And no two terms of the

product can be equal ; for, if possible let a''(5'''y'' be equal to

another term a'''/3''7'"; then a"'"" = (i''-'''Y-'' . The first member

of this equation is a root of aj^ - 1 = 0, and the second member

is a root of «''" - 1 = 0. Now these two equations cannot have a

common root since jo and qr are prime to each other (Prop. II.);

hence o^^'t" cannot be equal to a^'/B^'y"'.

52. Prop. YII.—The roots of the equation of -1 = 0, where

n = p'^q''r'', and p, q, r are the prime factors of n, are the n products

of theform a(3y, where a is a root of «? = 1, j3 a root of ofi = 1,

and yofx^ =1.

This is an extension of Prop. YI. to the case where the prime

factors occur more than once in n. The proof is exactly similar.

Any such product ajSy must be a root, since a"= 1, /3" = 1,7"= 1,

n being a multiple of ju", g', r'^ ; and a proof similar to that of

Art. 51 shows that no two such products can be equal, since

p", 5', r" are prime to one another. We have, for convenience,

stated this proposition for three factors only of n. A similar

proof can be applied to the general case.

From this and the preceding propositions we are now able

to derive the following general conclusion :

—
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The determination of the n"" roots of unity is reduced to the case

where n is a prime number, or a power of a prime number.

53. The Special Roots of the Equation x" ~ 1 = 0.

—

Every equation a;" - 1 = has certain roots which do not belong

to any equation of similar form and lower degree. Such roots

we call special roots* of that equation, or special n*'' roots of unit//.

If m be a prime number, all the imaginary roots are roots of this

kind. If n -p'\ where j? is a prime number, any «"' root of a

lower degree than n must belong to the equation x^"'' -1=0,
since every divisor of p" is a divisor of jo""' (except n itself)

;

hence there are^j"( 1— 1 roots which belong to no lower degree.

If, again, n =p'^q^, where p and q are prime to each other, there

are^^fl— ],
andj'fl—

j
special roots of a^" - 1 = 0, and

afi -1 = 0, respectively. Now, if a and j3 be any two special

roots of these equations, o/3 is a special root of «" - 1 = ; for if

not, suppose (ajJ)™ = 1, where m is less than n\ we have then

a™ = jS""* ; but a" is a root of a^" - 1 = 0, and j3""' is a root of

afl -1 = 0, and these equations cannot have a common root

other than 1, as their degrees are prime to each other ; conse-

quently m cannot be less than n, and aj3 is a special root of

«" - 1 = 0. Also, as there are

^"('-SK'-^)""('-S(' 1

such products, there are the same number of special m"' roots.

This proof may be extended without difficulty to any form of ii.

All the roots of x" - 1 = are given by the series 1, o, a"-, . . a""'

;

^(^here a is any special n*'' root. For it is plain that a, a% &c., aro

all roots. And no two are equal ; for, if a' = o«, a^"" = 1 ; and

therefore a is not a special «"' root, since p-q is less than n.

When one special «"' root a is given, we may obtain all the other

special n'* roots of unity.

* The terra " special root " is here used in preference to the usual term " pri-

mitive root,'' since the latter has a dififerent signification in the theory of numbers.
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Since a is a special root, all the roots 1, a, a", . . . a""' are

different w'* roots, as we have just proved ; and if we select a

root a^ of this series, where p is prime to n, the roots

aP,a^P,. . .a("-')^, a"^(=l)

are all different, since the exponents of a when divided hy n give

different remainders in every case ; that is, the series of numbers

0, 1, 2, 3, . . . « - 1 in some order ; whence this series of roots is

the same as the former, except that the terms occur in a different

order. To each number p, prime to n and less than it (1 in-

cluded), corresponds a special «** root of unity ; for a"'^ cannot

be equal to 1 when m is less than n, for if it were we should

have two roots in the series equal to 1, and the series could not

give all the roots in that case ; therefore a'' is not a root of any

binomial equation of a degree inferior to n ; that is, a^ is a special

m"' root of unity. What is here proved agrees with the result

above established, since the number of integers less than n and

prime to it is, by a known property of numbers, nil—
J(

1—
when n=p''q^, which is also, as above proved, the number of

special roots of *" - 1 = 0.

Examples.

1. To determine the special roots of .r^ — 1 = 0.

Here, 6 = 2x3. Consequently the roots of the equations .i;' - 1 = 0, and

a' — 1 = are roots of ^c" — 1 = 0. Now, dividing a;^ — 1 by x' — 1 we have s^ + 1

;

X--1
and dividing a;' + 1 hy -, or x + 1, we have x- — x + I = 0, which determines

the special roots of a:^ — 1 = 0.

Solving this quadratic, the roots are

also since aai = ! = «*,

ai = a^,

which may he easily veiified.

The special roots are, therefore,

u, a" ; or oi', ai ; or a, - •
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2. To discuss the special roots of a;'* - 1 = 0.

12 12
Since 2 and 3 are the. prime factors of 12, and — =6, — = 4, the roots of

a;« - 1 = 0, and a;' - 1 = 0, are roots of a;'* - 1 = ; now, dividing a;"* - 1 by «* - 1,

and afi — 1, and equating the quotients to zero, we have the two equations

a;8 + a;* + 1 = 0, and a:* + 1 = 0, both of which must be satisfied by the special

roots of a;'* — 1 = ; therefore, taking the greatest common measure of a:* + a:* + 1,

and x^ + 1, and equating it to zero, the special roots are the roots of the equation

a;* - a;'' + 1 = 0.

The same result would plainly have been arrived at by dividing x^'^ - 1 by the

least common multiple of a;*— 1 and a;' — 1. Now, solving the reciprocal equation

a^ - a;' + 1 = 0, we have a; + - = ± Vs
; whence, if a and oi be two special roots

v/3 ± v/^ / 1 \ -\/3 ± ^/-'T
(.,!). .^ii^', (.„i)

are the four special roots of a:'^ — 1 = 0.

We proceed now to express the four special roots in terms of any one of them o.

Since o + - + ai + - = 0, or (o + oi) f 1 + — 1=0,
a a\ \ aai/

we take aoi = — 1 (as consistent with the values we have assigned to a and oi) ; and

since a and ai are roots of a:" + 1 = 0, a^ = — 1, and a* = - - = ai. The roots
a

u, ai, — , - may therefore be expressed by the series u, a% o', a^^, since o'* = 1.
a\ a

Further, replacing a by a', o', a^', we have, including the series just determined,

the four following series, by omitting multiples of 12 in the exponents of a

:

—
a, a=, a', o",

o', u, o", o',

where the same roots are reproduced in every row and column, their order only

being changed. We have therefore proved that this property is not peculiar to any

one root of the four special roots ; and it will be noticed, in accordance with what

is above proved in general, that 1, 6, 7, and 11 are all the numbers prime to 12,

and Jess than it. We may obtain all the roots of a:'^ — 1 = by the powers of any

one of the four special roots a, o°, a'', a", as follows :

—

a, o% o', a*, a\ o*, a', a\ a?, a}", o", 1,

«», o'°, a\ oS, a, o«, o", a*, o', a-, o', 1,

a', oS o', oS a", o«, u, o', a», a'", a', 1,

«", al°, a?, a\ o', a.\ a', a'; a^ a^, a, 1.

H



98 Solution of Reciprocal and Binomial liquations.

3. Prove that the special roots of «'* - 1 = are roots of the equation

«» -»' + »«-«* + «'- a; + 1 = 0.

i. Show that the eight roots of the equation in the preceding example may be

obtained by multiplying the two roots ol x' + x + 1 =0 by the four roots of

X* + x^ + x^ + X + I - 0.

5. Form the equation of the 12th degree whose roots are the special roots of

x^^ — 1 = 0, and reduce it to one of half the dimensions.

Ans. x^-x^- 6x* + 6x^ + 8;i;2 - 83; + 1 = 0.

54. Solution of Binomial Equations by Circular

Functions.—We take the most general binomial equation

x'-=a + bj-l,

where a and b are real quantities.

Let a = Ii COS a, 6 = i2 sin a

;

then 0)" = B (cos a +J- 1 sin a) ;

now, if r (cos d +J- 1 sin 0)

be a root of this equation, we have, by De Moivre's Theorem,

«" (cos tid +J- 1 sin nO) = R (cos o -J- 1 sin a)

;

and, therefore,

r" cos nO = E cos a,

r" sin n9 = It sin a.

Squaring these two equalities, and adding,

r'"' = E'', giving r" = E;

where we take R and r both positive, since in expressions of the

kind here considered the factor containing the angle may always

be taken to involve the sign.

We have then

cos nd = cos a, sin nQ = sin a

;

and, consequently,

nO = a + 2kiT,

k being any mteger; whence the assumed «'* root is of the
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general type

„ /— / a + ikn I—7 . a + 2Z-7r\
Jit COS + J-1 sin •

V n n J

Giving to k in this expression any n consecutive values in tlie

series of numbers between - oo and + qo , we get all the h** roots

;

and no more than n, since the n values recur in periods.

We may vtrite the expression for the «'* root under the

form

!iti-p;f a I—r . a\) ( Ikir i—: .

JR[ cos- +J-1 sm- cos +J- 1 sin
\ n nj) \ n

2kTr

n

th

If we now suppose R=\, and a = 0, the equation a;" = a + 6 J- 1

becomes a;" = 1 + J- 1 ; the general type, therefore, of an

root of 1 + J- 1, or unity, is

2kTT I—r . 8/fjr
cos— + /- 1 sin— •

If we give k any definite value, for instance zero,

"^Ricoa- +J-lsin-
\ n n

is one «'* root of a + 6 J- 1.

The preceding formula shows, therefore, that all the «** roots

of any imaginary quantity may be obtained by multiplying any one

of them by the «** roots of unity.

Taking in conjunction the binomial equations

x^' = a + b J-1, and x" = a - b J-1,

we see that the factors of the trinomial

x'" - 2B cos a.x" + R'
are

a + 2/f7r I—V . a + 2kTr)
sin"jE{cos"-t^±J--i

n

where k has the values 0, 1, 2, 3 . . . « - I.

H2



100 Solution of Reciprocal and Binomial Equations.

Examples.

1. Solve the equation x' —\ = 0.

" Dividing by a; — 1, this is reduced to the standard form of reciprocal equation.

Assuming z = x + -, we obtain the cubic
X

z3 + 2^ - 2« - 1 = 0,

from whose solution that of the required equation is obtained.

2. Kesolve (x + 1)' - a' - 1 into factors.

Ans. 7x{x+ l){x' + x+ If.

3. Find the quintic on whose solution that of the binomial equation »" - 1 =

depends.
Ans. s5 + z* - 4z' - 3:- + 3z + 1 = 0.

i. When a binomial equation is reduced to the standard form of reciprocal

equation (by division by x — 1, x + 1, or «^ — 1), show that the reduced equation

has all its roots imaginary. (Cf. Examples 15, 16, p. 33.)

5. When this reduced reciprocal equation is transformed by the substitution

s = X +-; show that the equation in a has all its roots real, and situated between
X

-2 and 2.

For the roots of the equation in x are of the form cos a + V— 1 sin a (see

Art. 64) ; hence x -i
— is of the form 2 cos a, and the value of this is real and

between — 2 and 2.

6. Show that the foEowing equation is reciprocal, and solve it :

—

4 (a;2 - a; + 1)3 - 27a;2 {x - 1)^ = 0.

Ans. Roots: 2, 2, f, J, -1, -1.

7. Exhibit all the roots of the equation a' - 1 = 0.

The solution of this is reduced to the solution of the three oubios

ar> - 1 = 0, 3^~m = 0, s» - w2 = ;

where u, w' are the imaginary cube roots of unity. The nine roots may be repre-

sented as follows :

—

1, «J, co|, to, fflf, a^, M^, mJ, oj|.

Excluding 1 , w, w^ ; the other six roots are special roots of the given equation
;

and are the roots of the seitic

»« + s' + 1 = 0.

8. Eeducing the equation of the 8"" degree in Ex. 3, Art. 63, by the substitu-

tion z = x + -, we obtain
X

z*-z^-iz> + iz + l =0;
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prove that the roots of this equation are

2ir 4Tr 8ir „ Htt
2co3 — , 2 cos—, 2 cos-, 2 cos-—'

ID la 15 la

9. Reduce the equation

4a;» - 85;c' + 357a;* - 340a; + 64 =

to a reciprocal equation, and solye it.

X 2
Assume e = - + -. Jns. Eoots: i, 1, 4, 16.

2 »

10. Solve the equation

a;* + mpj? + tr?qx^ + m?px + m' = 0.

Dividing the roots by m, this reduces to a reciprocal equation.

11. If o be an imaginary root of the equation a:" - 1 = 0, where « is a prime

number
;
prove the relation

(1 - o){l - a'')(l - o") .(l-a"-') = «.

12. Show that a cubic equation can be reduced immediately to the reciprocal

form when the relation of Ex. 18, Art. 24, exists amongst its coefficients.

13. Show that a biquadratic can he reduced immediately to the reciprocal form

when the relation of Ex. 22, Art. 24, exists amongst its coefficients,

^_^ 14. Form the cubic whose roots are

o + aS a' + a*, a' + a?,

where a is an imaginary root of «' — 1 = 0. Ans. ifi + x'^ - 2x - I = 0.

When the roots of this cubic are known, the solution of the equation xi — \ = Q

may be completed by means of quadratics. For, suppose the three roots to be

x\, X2, X3 ; then a and o^ are the roots of x'—xix +1 = 0; n' and o* of x'^—x^x +1 = 0,

and o* and o^ of a' - x^x +1 = 0. It is easy to see that the roots of the cubic

are all real, and they may be readily found approximately by the methods of

Chap. X.

15. Form the cubic whose roots are

a + o8 + o" + o=, o'' + o' + o" + a'", o< + a« + a' + a',.

where a is an imaginary root of «'' — 1 = 0. Am. »' + a;" — 4a: + 1 = 0.

As in the preceding example, when the roots of the cubic (which are all real)

are known, the solution of the binomial equation ar"- 1 = may be completed by

solving quadratics. Let Xi, x^, xs be the roots of the cubic. It is easily seen that

o + o^' and aS + a' are the roots of a:* - aria; + a;3 = ; a* + a" and a' + a" of

a;' - a;2a; + a;i = 0, and a* + a' and a^ + a' of a;' - X3X + a:2 = 0. When these

quadratics are solved, each pair of roots u, a}' ; o^, a', &c., may be found by the

solution of another quadratic, as in the preceding example.
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16. Eeduce to quadratics the solution of »^' — 1 = 0.

Calling a one of the imaginary roots, we form the quadratic whose roots are

oi s o + a" + o"+ a" + a'« + o' + o* + o',

02 s o5+ o" + a* + a" + a'* + a' + a" + o^

We easily find oi 02 = 4 (ax + 02) = - 4 ; hence ai and 02 are the roots of z' + a: - 4 = 0,

and may he found by solving this quadratic. Assuming, again,

o9+ o'5 +08+ a% ) 72 s ai»+ a'l + o' + a«, I

3i s o + a" + o^s + o*,

J82

it is seen that 3i, ;82 are the roots of a:' — aia; — 1 = 0, and 71, 72 of a;- — 02!!; - 1 = 0.

Separating again each of these into two parts, and forming the quadratic whose

roots are, for example, a + a'^ and o'' + a*, the sums of the roots in pairs are

obtained ; and finally the roots themselves, by the solution of quadratics, as in the

preceding examples.

This and the preceding two are examples of Gauss's method of solving alge-

braically the binomial equation a?'— 1 = when n is a prime number. The solution

of such an equation can be made to depend on the solution of equations of degree

not higher than the greatest prime number which is a factor in «— 1. When «= 13,

«. g. the solution depends on that of a cubic, n — \ being = 3'2' in that case ; and

when n=±\l, the solution is reducible to quadratics, « — 1 being then = 2*. For

the application of Gauss's method it is necessary to arrange the « — 1 imaginary

roots in a suitable order in each case according to the powers of any one of them.

A " primitive root " of a prime number n possesses the property that when raised

to successive powers from to « — 2 inclusive, and divided in each case by «,

the «— 1 remainders are all different. (See Serret's Cours d'Algeire Superieure,

vol. II. sect. 3.) There are several such primitive roots of any prime number:

e.g. 2, 6, 7, and U of 13, and 3, 5, 6, 7, 10, 11, 12, 14 of 17. Gauss arranges

the imaginary roots so that the successive indices of any one of them, k, are the

successive powers from to » — 2 of any primitive root of n. Taking, for example,

the lowest primitive root of 13, and dividing the successive powers of 2 by 13, we

get the following series of remainders

—

1 2 4 8 3 6 12 11 9 5 10 7;

and these, therefore, are the successive powers of a in order when the indices

which exceed 13 are reduced by the equation a'' = 1. If the lowest primitive

root of 17 be treated in the same way, we get the following series of remainders :

—

1 3 9 10 13 5 1.5 11 16 14 8 7 4 12 2 6.

On comparing these series with the assumptions above made, it will be observed

that in the former case, viz. m= 13, the twelve roots were divided into three sums

of four each, and in the latter case into two sums of eight each. The method of

partition in any case depends on the nature of the factors of « - 1 ; and it is not

difficult to show in general that the product of any two such groups is equal to the

sum of two or more, as the student will have observed in the particular applications

given above.
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The lowest primitive root in any particular case is the only one necessary to be

known for the application of Gauss's method ; and this can usually he found with-

out difficulty by trial. It may be observed that one or other of the three simplest

prime numbers 2, 3, 5, is a primitive root in the case of every prime number less

than 100, with the exception of 41 and 71, whose lowest primitive roots are

6 and 7 respectively. Methods of finding all the primitive roots are given in

the section of Serret's work above referred to.

17. Find by trial the lowest primitive root of 19, and hence show how to solve

the equation a;" - 1 = 0.

It is readily found that 2 is a primitive root, and the remainders after division

by 19 are given in the process of trial. Since 18 = 3*.2, the solution will be

effected by cubics and quadratics. The first cubic is found by forming the

equation whose roots are

o + a8 + o' + a'8 + a" + o",

a«+ o'«+al*+ a" + a' + o*,

a? + o" ^ a? + a>* + a? + a^".

18. Show that of binomial equations whose degree is a prime number the

lowest after «" — 1 = whose solution depends on quadratics is a^^' -1 = 0.

The next prime number after 257 which satisfies the condition that « — 1 is a

power of 2 is 65537. We have therefore the series 3, 5, 17, 257, 65537, &c.
;

and Gauss remarks (Disquisitiones Arithmetics, Art. 365) that the division of a

circle into « equal parts, or the description of a regular polygon of n sides, can be

effected by geometrical constructions when n has any of these values.

19. If ai, 02, 03... a,i be the roots of the equation

«" +^ia^-' +^2a:»-* + . . . + Pn-ix +^„ = 0,

form the equation whose roots are

1 1 I

ai H , aa -t— , . . . a„ + — •

ai 02 an

We have here the identity

X" +^ia:"-' +P2X"-' + . . . +p,i-ix + pu = (x - a\){x - 02) . . . (x - a„)

;

and changing x into - (see Art. 32),

PnX^-\- Pn-lX'^-' + - . . +PiX- +pxX^- \ = p,, ix - --\ ix - -\ . . . [x- --]

Multiplying together these identities, and dividing by «", the factors on the

right-hand side take the form x + ("+") '
''"'^ assuming a: + - = z, the left-

hand side can be expressed as a polynomial of the «" degree in 2 by means of the

relations of Art. 45.

20. Find the value of the symmetric function 2a2/3-(7 - 5)' of the roots of the

equation
a^x^ + iaix'' + 6(72*- + ia-^x -|- ffi = 0.
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This can be derived from the result of Ex. 19, p. 52, by changing the roots into

(1
1 \ ^

) of the transformed equation, and multiplying
a fil

by o'yS^y^S', which is equal to —^ •

Ans ao'Sa'&''{y-S)' = i8{a3''-aiai).

From the values of the symmetric functions given in Chapter III. several others

can be obtained by the process here indicated.

21. Find the value of the symmetric function 2(ai — 02)^03^04' . . . a,,^ of the

roots of the equation

n (n — I)
Oox" + naix^'- + —5-——^ aix"-^ + . . . + na„-ix + a„ = 0.

We easily obtain ao^2 (ai - as)^ = »' (« - l)(ai' — ao«8) ; and changing the roots

into their reciprocals we have

flo'S (01 — 02)' ai'm^ . . . ch? = ti'ln — l)(a„_i^ — a„_2fi(,i).

22. Show that the five roots of the equation

x^ - 6^j:' + 5p''x + 2y =

are ^/a +^b, el/a + e'^b, e'^a + e'^l,

where ^^ai = p, « + S = - 2y, and 9 is an imaginary fifth root of unity.

N.B.—A quintio reducible to this form can consequently be immediately solved.

23. Write down trigonometrical expressions for the roots in the preceding

example ; and, p being supposed essentially positive, prove

—

(1) when ^5 < q'', the roots are one real and four imaginary

;

(2) when p^ > q', the roots are all real

;

(3) when p^ = q', there is a square quadratic factor.

24. Find the following product, where is an imaginary fifth root of unity :—

(a + ;8 + 7) (a + W + 9*7) (« + e^0 + 9=7) (» + e=0 + 9^7) (a + 8*$ + By).

Ans. a.^ + 0^-^y^-&a$y{a'-$y).

25. Form the biquadratic equation whose roots are

a + 2oS a- + 2a3, a' + 2a', a* + 2a,

where o is an imaginary root of a;* - 1 = 0.

Ans. X* + 3x^ - «2 - 3.1- + 11 = 0.



CHAPTER VI.

ALGEBRAIC SOLUTION OF THE CUBIC AND BIQUADRATIC.

55. On the Algebraic Solution of Equations.—Before

proceeding to the solution of cubic and biquadratic equations

we make some introductory remarks, with a view of putting

clearly before the student the general principles on which the

algebraic solution of these equations depends. With this object

we give in the present Article three methods of solution of the

quadratic, and state as we proceed how these methods may be

extended to cubic and biquadratic equations, leaving to sub-

sequent Articles the complete development of the principles

involved.

(1). First method of solution—hy assuming for a root a general

form involving radicals.

Since the expression p + Jq has two, and only two, values

when the square root involved is taken with the double sign,

this is a natural form to take for the root of a quadratic.

Assuming, therefore, x = p + Jq, and rationalizing, we have

«' - 2px -vp^ -q = 0.

Now, if this be identical with a given quadratic equation

x' + Px+Q^O,
we have 2p = - P, p^ -q= Q,

-P + JprTTQ
giving x=p+Jq= 2 '

which is the solution of the quadratic.

In the case of the cubic equation we shall find that

l]p+~, and IBlJqilJp-^lid
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are both proper forms to represent a root, these expressions

having each three, and only three, values when the cube roots

involved are taken in all generality.

In the case of the biquadratic equation we shall find that

Jp +J? + 7^=-p, J? J'- +^rjp +JpJq
JpJl

are forms which may represent a root, these expressions each

giving four, and only four, values of x when the square roots

receive their double signs.

(2). Second method of solution—hy resolving into factors.

Let it be required to resolve the quadratic x^ + Px + Q into

its simple factors. For this purpose we put it under the form

rK^ + PiT + Q + 6) - 0,

and determine so that

a;' + P» + Q +

may be a perfect square, i. e. we make

6)+Q=— , or 0=-^
;

whence, putting for its value, we have

2] \ 2

Thus we have reduced the quadratic to the form li^-v^; and

its simple factors are u + v, and u -v.

Subsequently we shall reduce the cubic to the form

{Ix + my - {I'x + m') ', or «(' - t?,

and obtain its solution from the simple equations

M - t' = 0, u - wv = 0, u - w'v = 0.

It will be shown also that the biquadratic may be reduced

to either of the forms

{lx'+ mx + ny - (/V + m'x + n'y,

(«' + pz + q){x''-^ p'x + g'),
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by solving a cubic equation ; and, consequently, the solution of

the biquadratic completed by solving two quadratics, viz. in the

first case, lx'^ + 'mx + n = + {I'a? + m'x + n') ; and in the second case,

x^ +px + q = 0, and a:" + p'x + q' = 0,

(3). Third method of solution—hy symmetric functions of the

roots.

Consider the quadratic equation a^ + Px + Q = 0, of which

the roots are a, /3. We have the relations

a + i3
= - P,

ai3= Q.

If we attempt to determine a and (3 by these equations, we

fall back on the original equation (see Art. 24) ; but if we

could obtain a second equation between the roots and coefficients,

of the form la + w/3 =f{P, Q), we could easily find a and ji by

means of this equation and the equation a + |3 = - P.

Now in the case of the quadratic there is no difficulty in

finding the required equation; for, obviously.

{a-(3y=P'-4:Q; and, therefore, a-/3=JP'-4Q.

In the case of the cubic equation x^ + Px^ + Qx + E = 0, we

require two simple equations of the form

la + mi3 + ny=f{P, Q,E),

in addition to the equation a + f3 + y = -P, to determine the

roots a, (3, y. It will subsequently be proved that the functions

(a + wj3 + w'yY, {a + w'ji + ojy)'

may be expressed in terms of the coefficients by solving a quad-

ratic equation ; and when their values are known the roots of

the cubic may be easily found.

In the case of the biquadratic equation

x* + Px'+Qx^ + Px+ -S=0

we require three simple equations of the form

la + m[3 + ny + rS = fiP,Q,E,S),
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in addition to the equation

a + i3
+ 7 + g = -P,

to determine the roots a, (5, 7, §. It will be proved in Art. 66,

that theHhree functions

may be expressed in terms of the coefficients by solving a cubic

equation ; and when their values are known the roots of the

biquadratic equation may be immediately obtained.

56. The Algebraic Solution oftbe Cubic Equation.—
Let the general cubic equation

ax' + Sbx' + 3cx + d=0

be put under the form

s' + 3Bz +G = 0,

where

z^ax+h, E^ac-h\ G ^ a'd - 8abc + 25' (Art. 36).

To solve this equation, assume*

hence, cubing,

s'=p + q-^ S^JpUqCJp + U^);

therefore

s' - 3 Up ljs-s-{p + q) = 0.

Now, comparing coefficients, we have

'Jplll=~S:, p + q=-G;

from which equations we obtain

* This solution is usually called Cardan's solution of the cubic. See Note A at

the end of the volume.
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- —W
and, substituting for ^j its value —^=, we have

JP

as the algebraic solution of the equation

s' + 35s + G = 0.

It should be noted that if p be replaced by q this value of a

is unchanged, as the terms are then simply interchanged ; also,

since l\p has the three values l\p, i>>l\p, ci'ljp, obtained by

multiplying any one of its values by the three cube roots of

unity, we obtain three, and only three, values for z, namely,

Up Jp Jp

the order of these values only changing according to the cube

root of p selected.

Now, if s be replaced by its value ax + b, we have, finally,

ax + b=Up + -—
'Jp

(where p has the value previously determined in terms of the

coefficients) as the complete algebraic solution of the cubic equation

03? + Zbv? + Zcx + d = 0,

the square root and cube root involved being taken in their

entire generality.

\ 57. Application to Srumerical Equations.—The solu-

tion of the cubic which has been obtained, unlike the solution

of the quadratic, is of little practical value when the coefficients

of the equation are given numbers ; although as an algebraic

solution it is complete.

For, when the roots of the cubic are all real, 6*"+ 4S''= --K'^

an essentially negative number (see Art. 43) ; and, substituting

for^ and q their values
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in the formula ijp + l]q, "we have the following expression for

a root of the cubic :

—

+
2 / \ 2 I

Now there is no general arithmetical process for extracting

the cube root of such complex numbers, and consequently this

formula is useless for purposes of arithmetical calculation.

But when the cubic has a pair of imaginary roots, a nume-

rical value may be obtained from the formula

2 )^\ 2 /

since C + 45"' is positive in this case. As a practical method,

however, of obtaining the real root of a numerical cubic, this

process is of little value.

In the first case, namely, where the roots are all real, we

can make use of Trigonometry to obtain the numerical values

of the roots in the following manner :

—

Assuming 2R cos <j)
=- G, and 2R sin (j>=K,

we have p = Re^ ~
, q = Re~ '^ "

;

also tan .^ = - ^, and J2 = i {&' + K^)'^= (- H)^;

inn • -^TT
/ T • '^^ ± "TT- V — 1

and finally, since a> = cos -^ + J - 1 sm -5- = e 3 ,

o o

the three roots of the cubic equation

z'+Sm+G^ 0,

viz. 'Jp + 'Jl, <^ ill) + <•>'
Ij'q, 'o'llp + <»lj'^,

become

2{-^)Jcos|, -2(-^)4co8^li^;
o o

from which formulas we obtain the numerical values of the roots
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of the cubic by aid of a table of sines and cosines. This process

is not convenient in practice ; and in general, for purposes of

arithmetical calculation of real roots, the methods of solution of

numerical equations to be hereafter explained (Chap. X.) should

be employed.

58. Expression of the Cubic as the DifTerence of two
Cubes.—Let the given cubic

ax^ + Zbx^ + Zcx + rf s («•)

be put under the form
z' + 3^s + G,

where z^ax + b.

Now, assuming

z'+ZHz+G^^^{fx{z+vy-v{z + tiy], (1)

where ju and v are quantities to be determined, the second side

of this identity becomes, when reduced,

2' - ZflvZ — flV {ij.+ v).

Comparing coefficients,

fjiv = —H, fiv {fi + v) =- G
;

therefore _
G ajl .

where a'A ^ G^ + 4E\ as in Art. 42

;

/I

also (s + n) {z + v) ^ z^ +
JJ.Z

- E. (2)

Whence, putting for z its value, ax + b, we have from (1)

, , , (G+al^\\( . G-aAlV (G-a^\\( . G+aM '

*>(^)^-2irjr-^*^-2^)-(,^^jr"*^^^

which is the required expression for (j> {x) as the difference of

two cubes.

By the aid of the identity just proved the cubic can be

I\3
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resolved into its simple factors, and the solution of the equation

completed. We proceed to obtain expressions for the roots of

the equation ^ (a;) = in terms of n and v. Solving as a bino-

mial cubic the equation

(;U - v) a^(j, ix) = (U (z + v)' - V (s + m)° = 0,

we find the three following values for z = a* + 6 :

—

'Jii'Tvi^ + liv),

If now ijfj. and ^v be replaced by any pair of cube roots

selected one from each of the two series

it will be seen that we shall get the same three values of z, the

order only of these values changing according to the cube roots

selected. It follows that the expression

'J^I/vCJm + ^J^)

has three, and only three, values when the cube roots therein are

taken in aU generality. This form therefore is, in addition to

that obtained in the last Article, a form proper to represent a

root of a cubic equation (see (1), Art. 65).

The function (2) given above, when transformed and reduced,

becomes, as may be easily seen,

a'
-=.{{ac-b'')x'+{ad- be) x + {hd - c")]

.

This quadratic, therefore, contains as factors the two binomials

ax + b + fi, ax + b+ V, which occur in the above expression of ^ [x)

as the difference of two cubes.
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59. Solution of the Cubic by Symmetric Functions

of tlie Roots.—Since the three values of the expression

^{a + /3 + Y + 6l(a + wj3 + (Jy) + 6' (a + (d''/3 + wy)
]

,

when takes the values 1, w, oi^, are a,
f3, y, it is plain that if

the functions

d{a+ w(3 + <o-y), 0- (a + (.»'/3 + (07)

were expressed in terms of .he coefficients of the cubic, we could,

by substituting their values in the formula given above, arrive

at an algebraical solution of the cubic equation. Now this

cannot be done directly by solving a quadratic equation ; for,

although the product of the two functions above written is a

rational symmetric function of a, |3, y, their sum is not so. It

will be found, however, that the sum of the cubes of the two

functions in question is a symmetric function of the roots, and

can, therefore, be expresssd by the coefficients, as we proceed to

show. For convenience we adopt the notation

L =a + U)j3 + lo^y, M= a + <i>'/3 + wy.

We hav then

{OLf =A + Bia + Cu>\ {O'My = A + BJ" + Cw,
where

A = a'+l3' + y'+6aliy, B = S{a'l3+i3'y + y'a), C=S{aj5'+ liy'' + ya-)

;

from which we obtain

U + M^= 22a' - 3Sa=i3 + 12aj37 = - 27 ^ •

(Of. Ex. 5, p. 44; Ex. 16, p. 50.)

Again,

(0Z) (0'if ) = Zi¥= a' + J3» + 7^ - j37 - ya - 0/3 = - 9 :^

;

whence (a + w\i + w'yf, [a + oi'^jS + wyf

are the roots of the quadratic equation

a^ or

Denoting the roots of this equation, viz.
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by ti and 4, the original formula expressed in terms of tlie

coefficients of the cubic gives for the three roots

b If,,— 3 ,-N

It will be seen that the values of a, j3, 7 here arrived at are

f the same form as those already obtained in Art. 66.

It is important to observe that the functions

(a + ajj3 + w^-yY, (a + t,?^ + wyY

are remarkable as being the simplest functions of three quanti-

ties which have but two values when these quantities are inter-

changed in every way. It is owing to this property that the

solution of a cubic equation can be reduced to that of a quad-

ratic. Several functions of a, j3, 7 of this nature exist ; and

it will be proved in a subsequent chapter that any two such

functions are connected by a rational linear relation in terms of

the coefficients.

Having now completed the discussion of the different modes

of algebraical solution of the cubic, we give some examples

involving the principles contained in the preceding Articles.

Examples.

1

.

Resolve into simple factors the expression

Let U=(&-y){x~ix), V=(y-a)(x-^), W=(a- a)(x-y).

Ans. i(TI + ooV+a''W)(U+aflr+oiW).

2. Prove that the several equations of the system

(^-yf{x-«.f={y-0Lf{x-Pf=(a-^f(x-yf

have two factors common.
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Making use of the notation in the last Example, we have

U^= V^= W^;
whence

since U+ V+ W s 0;

therefore (3 - yY {x - af + (7 - af {x - fif + (o - $f (x - 7)'

is the common quadratic factor required.

3. Resolve into factors the expressions

(1). (/3 - 7)' (X - a)' + (7 - af {X - ^f + (a - Rf (x - y)\

(2). (3 - 7)' (« - «)' + (7 - «)' (-^ - (8)' + (a - ;8)5 (3; - 7)5,

(3). (3 - 7)' (« - "V + (7 - «)' (^ - py + (« - ^)' {« - 7)^

These factors can be written down at once from the results established in Ex. 40,

p. 59. Using the notation of Ex. 1, and replacing 01, 3i, 71, in the example referred

to, by TI, V, W, we obtain the following :

—

Jns. (1) ZUVW; (2) ^{m+V+W)Urir; (3) {(&=+ r"-+WfUVW.
4. Express

(x - a)[x - R)[x - y)

as the difference of two cubes.

Assume
(X - a)(x - ff){x - 7) = r,' - Ti'

;

whence
C'l - Vi = \(x — a),

0) U, -arVi = ij.[x - $),

ft)'- i/i — ftt Pi = ;' {x — 7).

K + fi + v = 0, \o + /i3 + "7 = ;

Adding, we have

and, therefore,

^ = P (/8 - 7). M = C (7 - «). I- = p (o - 3)

;

but A/AK = 1 ; whence

4 = (fl-7)(7 -«)(«- ^)-
P

Substituting these values of A, ;u, » ; and using the notation of Ex. 1

,

Ui-Vi = pU, uUi - <^Ti = pT, w^Ui-ari^pJJ';

whence
S17i=p{V'+a,-F+aJr),

and Vi and Vi are completely determined.

6. Prove that L and Jf are functions of the differences of the roots.

We have L = a+ a$ + a>-y = a - h + cd {fi — h) + a^ {y - h)

for all values of A, since 1 + a + m' = ; and giving to h the values a, 3, 7, in suc-

cession, we obtain thi-ee forms for L in terms of the differences /3 - 7, 7 - a, a - /3.

Similarly for M.

1 2
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6. To express the product of the squares of the differences of the roots in terms

of the coefficients.

We have

i+iK"=2a-(3-7, i + tt>'ilf= (2j3-7-a)<D, X -I- aif = (27- a-i8)a';

and, again,

L — il=[^- y){a — m\ a-L- aM= {y — a){u - ai-), aL — a'M = (a ~ 0){(a - ur),

from which we obtain, as in Art. 26,

X3 + JK-s = (2a - j8 - 7)(2)3 - 7 - a)(27 - a - e),

and since

(i3 _ ^sy. = (;j3 + jf3)2 _ iL^M^,

we have, substituting the yalues of L^ + M^ and iJlf obtained in Art. 59,

at {fi
- 7)2 (7 _ a)! (a - J3)2= - 27 (ff* + 4if3).

(Cf. Art. 42.)

7. Prove the following identities :

—

i= + M^^l{[2a-^-yf + (2;3-7-a)H (27 - « - /S)^,

i3 _ j)f3 ^y/r3{{^ _ .y)3 +(.,,_ „)34. („ _ ^)3}.

These are easily obtained by cubing and adding the values of

i + Jf, &o. ; L-M, &c.,

in the preceding example.

8. To obtain expressions for L'^, Jf^, &c., in terms of a, $, 7.

The following forms for Z' and M^ are obtained by subtracting

(o' + j8H7^)(l + " + «»^) = from(a+a;8 + o)V)^ and {a + <e'0 + ayf i^

-Z^ =(0- 7)2 + <o'(7 - a)» + » (a - /S)^,

- if2 = (3 - 7)' + <» (7 - a? + "Hi - ;8)2.

In a similar manner, we find from these expressions

- Z* = (18 - 7)M2« - 3 - 7)' + "> (7 - o)' (2;8 - 7 - «)' + »'(« - ;8)2 (27 - « - 18)',

- JIf*= (;8 - 7P (2a - 3 - 7)^ + "'(7 - n)M23 - 7 - a)H CO (o - ,8)2 (27 - a - P)^

AUo, without difficulty, we have the following forms for iiifand Z'M'

:

—
iZM = {$- 7)2 + (7 - o)2 + (a - ;8)=,

Z'M^ = (a - ,8)2 (a - 7)2 + (,8 - 7)2 (3 - „)2 + (.y _ „)2 (.,, _ 3)2.

9. There are six functions of the type of Z or M, viz.,

« + a)^ + ai''y, act + ui^0 + 7, di'o + 3 + ^y,

a + u'P + W7, ma + ;8 + 0)27, ai'a + w^ H- 7,

to form the equation whose roots are these six quantities.
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These functions may be expressed as follows :

—

M, taM, a^M
;

hence they are the roots of the equation

(<p -Z){ip- aiL){<p - a^L){<i> - M){(j> - a,M)(<S, - u-M) = 0,

or (j," - (Z3 _,. Jf 3) ^3 4. X3Jf 3 = 0.

Substituting for Z and M from the equations

we have this equation expressed in terms of the coefficients as follows :
—

.^6+33 ^3_36-^ =0.

10. To form, in terms of L and M, the equation whose roots are the squares of

the differences of the roots of the general culic equation.

Let

<? = («- ;8;^

hence, by former results,

V-3(f = uL - oP-M.

Eationalizing this, we obtain

which is the required equation.

In a similar manner, by the aid of the results of Ex. 8, the equation of

squared differences of this equation, or the equation whose roots are

is obtained by substituting — i* and - M"^ ior M and i, respectively, in the last

equation ; and this process may be repeated any number of times. Finally, all

these equations may be easily expressed in terms of the coefficients of the cubic by

means of the relations

LM=-%?r, and L^ + M^^-21--
a- «*

For instance, the first equation is

SY /?8+4^3

(Cf. Art. 42.)
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11. If o, (8, 7 and o', j8', y' be the roots of the cubic equations

ax' 4 Ste^ + 3ct + rf = 0,

aV+ Zb'x- + Zc'x+d'=0;

to form the equation which has for roots the six values of the function

(J)
- ao' + &ff + yy'.

The easiest mode of procedure is first to form the corresponding equation for

the cubics deprived of their second terms, viz.,

z' + ZRz + 6 ^-0, z' + 3J2'z+ e' = 0,

and thence deduce the equation in the general case ; for in the case of the cubics so

transformed the corresponding function

(Pd s (ffa + i)(n'a' + U) + (a;3 + 6){o'3' + b') + (ay + h)(a'y' + b')

= aa'ip — Zbh'.

Substituting for the roots of the transformed equations their values expressed

by radicals, we have

<pii = ^P + Vq) (•v/p' + v^?') + ("v/jo + oj^v^iz) {^l/p' + w^-v/j')

which reduces to

1^0 = 3 (•v/p?' + Vp''!)-

Cubing this, we find

<^o' - "iT^/pqp'q' (pis - 27 {pq'+ p'q) = 0.

Now, substituting for p and q, p' and q', their values given by the equations

x''+Gx-E^= 0, x^ + ff'a; - ff'^ = 0,

we have the six values of (^d given by the two cubic equations

where

«-A = (?'- + 4ir3_ and a'^A' = ff'^ + 4fi''3.

Finally, substituting for 0o its value aa'^ - 3bb', and multiplying these cubics

together, we have the required equation. It may be noticed that if one of the

oibics be a;' - 1 = 0, ^ = a + <i);3 -I- w'7, &c., which case has been already con-

sidered in Ex. 9. Mr. M. Roberts, Vtcblin Exam. Papers, 1855.
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12. Form the equation whose roots are the several values of p, where

Since

a.-(l+ p)^ + py = (i;

substituting for a, 0, y their values in terms of p, q, and putting

\ = 1 — (l + p)w + /JO)', ^ = 1 - (1 + p)u- + pa,

we have

x'^p + lj.yq= 0.

Cubing, and substituting for p, q their values,

G (A.» + ^3) + av/Z (\3 - ij?)
= 0.

Squaring,

and by previous results

Am = 3 (1 + p + p2), \3 + M^ = - 27p (1 + p) ;

substituting these values, we have the required equation

o^A (1 + p + p2)3 - 27jS'3 (p + p'-f = 0.

13. Find the relation between the coefficients of the cubics

ax^ + 3Aa;- + iex + rf = 0,

a'x'^ + Zb'x"^ + Zc'x' + d' =0,

when the roots are connected by the equation

a {$' -y') + $ (y' - a) + y {a - 0') = 0.

Multiplying by w — w', this equation becomes

IM' = L'M.

Cubing, and introducing the coefficients, we find

G-E'^ = G'^^K^

the required relation.

14. Determine the condition in terms of the roots and coefficients that the

cubics of Ex. 13 should become identical by the linear transformation

x! = px + q.

In this case

a '=pa + q, 0' = p$ + q, y' = py + q.

Eliminating p and q, we have

$y' — $'y + ya — y'a + aff — a'0 = 0,

which is the function of the roots considered in the last example. This relation,

moreover, is unchanged if for u, 13, y; a, 13', y', we substitute

la + m, 10 + m, ly + in,

l'a.'+m', l'0'+ m', I'y'+m';
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whence we may consider the cubics in the last example under the simple forms

z3 + 3Sz + ff = 0, z'-' + ZE'z' + (?' = 0,

obtained by the lineal- transformations z = ax + b, z = a'x +b' ; for if the condition

holds for the roots of the former equations, it must hold for the roots of the latter.

Kow putting z' = kz, these equations become identical if

whence, eliminating k,

is the required condition, the same as that obtained in Ex. 13. It may he observed

that the reducing quadratics of the cubics necessarily become identical by the same

tiansformation, viz.,

Tf' TT— (fflV \ b') = — {ax + b).
Cr (x

60. Homograithic Relation between two Roots of a
Cubic.—Before proceeding to the discussion of the biquadratic

we prove the following important proposition relative to the

cubic :

—

I'he roots of the cubic are connected in pairs by a homographic

relation in terms of the coefficients.

Eeferring to Exs. 13, 14, Art. 27, we have the relations

«oM 0-7)'+ (7-«r+ (a-3r) = i8(v-«„«o,

a,?[a (15 -y)U(5{y- a)' + y {a - (3)'] = 9 (a^a, - «.«,),

«o= !".^ (/3 - yy + (i\y - af + 7^(« - I3y\ = 18 («/ - a,a,).

Using the notation

a„ai-a-,^=H, a.„n^- a^a2 = 2Hi, a^a,- a.i = H^;

multiplying the above equations by aj3, - (a + j3), 1, respectively,

and adding ; since

a^-a(a + /3)+aj3-0, /3^ - /3 („ + /3) + oj3 - 0,
we have

but

<0 - 7)'(7 -a)\a-^Y = - 27A - 108 {HE, - H,')

(see Art. 42) ; whence

^J-IC--^) = JTaj3 +mia+(3)+ H„
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and, therefore,

which is the required homographic relation. It is to be ob-

served that the coefficients in this equation involve one irra-

tional quantity, the second sign of which will give the relation

between a different pair of the roots.

61. First Solution by Radicals of tbe Biquadratic.

Euler's Assumption.—Let the biquadratic equation

ax^ + 4:hz^ + Qcx' + 4:dx + e =

be put under the form (Art. 37)

z' + &Hz' + 4:Gz + d'l - 3H- = 0,

where z = ax + b,

H^ac-h\ I^ae- ibd + 3c^ G ^- a^d - 3abc + 2b\

To solve this equation (a biquadratic wanting the second

term) Euler assumes as the general expression for a root

" = Jp + Jg + Jr.

Squaring,

z'-p-g-r = 2{jgjr+jrjp + J^J J?).

Squaring again, and reducing, we obtain the equation

z^-2{p + g + r)z'-8sjpjqjr+{p + q + rf - 4(^r + rp ^-pq) = 0.

Comparing this equation with the former, we have

p+q + r = -SS, qr+rp+pq= 35"'-^, Jp Jq Jr=--^;

and consequently p, q, r are the roots of the equation

t' + ^Et' + UH'-^^\t-^ = Q; (1)

or, since

- ff' = 4S"» - d'EI + a?J, (Art . 37),

where
J = ace + 2bcd - ad' - eb' - (?,
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this equation may be written in the form

4 (< + Hf - a'I{t + H) + a'J=0;

and finally, putting t + H = a^Q, we obtain the equation

4«'0^ - 7a0 + </ = 0. (2)

This is called the, reducing cubic of the biquadratic equation ; and

will in what follows be referred to by that name. When it is

necessary to make a distinction between equations (1) and (2),

we shall refer to the former as Euler's cubic.

Also, since t = b' - ac + a'd ; if di, 62, O3 be the roots of the

reducing cubic, we have

p = b'-ac + a''di, q = b' - ac + a'Oi, r^V-ac-\-(^%i;

and, therefore,

z = Jb' -ac + a'Oi +Jb'' - ac + a'^O^ +J b--ac + d'Os.

If this formula be taken to represent a root of the biquadra-

tic in z, it must be observed that the radicals involved have not

complete generality ; for if they had, eight values of z in place

of four would be given by the formula. The proper limitation

is imposed by the relation

which (lost sight of in squaring to obtain the value of pqr)

requires such signs to be attached to each of the quantities

JPi J?) J'') <^Jiat their product may maintain the sign deter-

mined by the above equation ; thus

—

are all the possible combinations of Jp, J q, Jr fulfilling

tills condition, provided that Jp, J q, J r retain the same signs

throughout, whatever those signs may be. We may, however,

remove all ambiguity as regards sign, and express in a single
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algebraic formula the four values of z, by eliminating one of the

quantities Jp,Jg,Jr from the assumed value of s by means

of the relation given above, and leaving the other two quanti-

ties unrestricted in sign. The expression for s becomes therefore

G
-.Jp + J<i

-

^J~pJ7

a formula free from all ambiguity, since it gives four, and only

four, values of z when Jp and J^ receive their double signs:

the sign given to each of these in the two first terms deter-

mining that which must be attached to it in the denominator of

the third term. And finally, restoring to / q, and s their values

given before, we have

ax + b =Jb' -ac + u'tii +Jb'^-ac + d-di

G
2jb'-ae + a'O, J b' -ac + a%

as the complete algebraic solution of the biquadratic equation

;

6i and 02 being roots of the equation

ia'B' -Iad+ J=0.

To assist the student in justifying Euler's apparently arbi-

trary assumption as to the form of solution of the biquadratic,

we remark that, the second term of the equation in z being

absent, the sum of the four roots is zero, or Zi + S3 + S3 + £4 = ;

and consequently the functions (zi + z^y, &c., of which there are

in general six (the combinations of four quantities two and two],

are in this case reduced to three ; so that we may assume
r

(22 + S3)' = (s, + ZiY = 4p,

[Zi + Ztf = (z, + Zif = 4q,

(zi + Zi)- = (sa + ZiY = ir
;

from which we have Si, Sa, S3, S4, included in the formula

Jp +Jl +J'--
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We now proceed to express the roots of Euler's cutic (1),

and also those of the reducing cubic (2), in terms of the roots

a, j3, 7, S of the given biquadratic in x. Attending to the

remarks above made with reference to the signs of the radicals,

we may write the four values of z = «« + J as follows :

—

aa +h= Jp-Jq-Ji;

a[3 + b = -Jp+Jq-Jr,

ay +h = -Jp-Jq+Jr,

ad + b= Jp+Jq+Jr;

from which may be immediately derived the following expres-

sions for j», q, r the roots of Euler's cubic :

—

? = l^(7
+ «-/3-Sr, (4)

Subtracting in pairs the equations (3), and making use of

the relations above written between ]}, q, r and 0i, 02, d,, we

easily establish the following useful relations connecting the

differences of the roots of the cubics (1) and (2) with the diffe-

rences of the roots of the biquadratic :
—

4 (? - r) = 4«^ (6>2 - 03) = - «' (|3- t)(« - S).

4 (r -p)= ia' (03 - 0i) = - a' {y - a) (j3- S), (5)

4{p-q)= 4a' (01 - 0^) = - a^ (a -^)(7 - S).

Finally, from these equations, by aid of the relation

01 + 03 + 03 = 0, we derive the values of 0i, 02, 03 in terms of

«> ft y, S, viz.,

120.= (7-a)O-g)-(a-^)(y-g),

1202=(a-^)(7-8)-(/3-7)(a-S), (6)

1203=(i3-7)(a-g)-(7-„)O-S).
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Examples.

1

.

When the biquadratic has two equal roots, the reducing cuhio has two equal

roots, and conversely.

2. When the biquadratic has three roots equal, all the roots of the reducing

cubic vanish, and consequently /= 0, J =0.

3. When the biquadratic has two distinct pairs of equal roots, two of the roots

of Euler's cubic vanish, and consequently G = 0, a'l — 123^ = 0.

4. Prove the following relations between the biquadratic and Euler's cubic with

respect to the nature of the roots :

—

(1). When the roots of the biquadratic are aU real, tho roots of Euler's cubic

are all real and positive.

(2). When the roots of the biquadratic are all imaginary, the roots of Euler's

cubic are all real, two being negative and one positive.

(3). When the biquadratic has two real and two imaginary roots, Euler's

cubic has two imaginary roots and one real positive root.

These results follow readily from equations (4) when the proper forms are sub-

stituted for a, 0, y, S in the values of^, q, r. It is to be observed that all possible

cases are here comprised, the biquadratic being supposed not to have equal roots.

It follows that the converse of each of these propositions is true. Hence, when

Euler's cubic has all its roots real and positive, we may conclude that all the roots

of the biquadratic are real ; when Euler's cubic has negative roots, we conclude

that all the roots of the biquadratic are imaginary; and when Euler's cubic has

imaginary roots, we conclude that the biquadratic has two real and two imaginary

roots.

5. Prove that the roots of the biquadratic and the roots of the reducing cubic

are connected by the following relations :

—

(1). When the roots of the biquadratic are either all real, or all imaginarj',

the roots of the reducing cubic are all real ; and, conversely, when the roots of

the reducing cubic are all real, the roots of the biquadratic are either all real or all

imaginary.

(2). When the biquadratic has two real, and two imaginary roots, the reduc-

ing cubic has two imaginary roots ; and, conversely, when the reducing cubic has

two imaginary roots, the biquadratic has two real and two imaginary roots.

These results follow readily from the preceding example, since the roots of the

two cubics (1) and (2) are connected by a real linear relation.

6. When H is positive, the biquadratic has imaginary roots.

For in that case the roots of Euler's cubic cannot be all positive.

7. When / is negative, the biquadratic has two real and two imaginary roots.

For the reducing cubic has in that case two imaginary roots (Ex. 12, p. 33).
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8. When H and / are both positive, all the roots of the biquadratic are

imaginary.

For, since /is positive, the reducing cubic has a real negative root; there-

fore also Euler's cubic has a real negative root, since t = <f-d- H, and B is posi-

tive ; and this is case (2) of Ex. 4. It is implied in this proof that the leading

coefficient a is positive ; if a/be substituted for /in the statement of the proposi-

tion no restriction as to the sign of a is necessary.

i^ 9. Show that the two biquadratic equations

Aax* + ^Ait' ± iAsX + Ai =

have the same reducing cubic.

10. Find the reducing cubic of the two biquadratic equations

«* - 6lx- ±Sx^/P-Vm? + n^- Siiim + 3 (Imn - P) = 0.

Ans. 9^ - ZmnS — Jm' + re') = 0.

11. Prove that the eight roots of the equation

{x* - 6!x- + 3 {imn -«-)}= = 64 {P + m' + «' - Slum) x'^

are given by the formula

•y/ 1 + I" + n + V ' + """ + i"'" + V I + '"'in + """•

(Compare Ex. 20, p. 34.)

12. If the expression

V I + m + n + \/ i + £0«! + »-» + </ Z + w-m + an

be a root of the equation

a* + 6£i» ^\Gz-van-Zm = 0,

determine H, I, J in terms of I, m, v.

Ans. S- -I, 1= \2mn, /= - 4 («« + ti').

13. Write down the formulas which express the root of a biquadratic in the par-

ticular cases when /= 0, and /= 0.

14. Express, by the aid of the reducing cubic, / and / in terms of the differences

of the roots a, fi, y, 5. (See Exs. 16, 18, Art. 27.)

16. Express the product of the squares of the differences of the roots o, 3, y, S

in terms of / and /.

By means of the equations (5) above given, and the equation (2), p. 82, we ob-

tain the result as follows :

—

a« (/3 - y)' {y - af {a - $)' (a - 5)' (3 - S)= (7 - 8)'= = 256 (/» - 27/=).

16. What is the quantity under the Jinal square root (viz., that which occurs

under the cube root in the solution of tlie reducing cubic) in the formula expressing

a root ? Ans. 2'J' — /'.

17. Prove that the coefficients of the equation of squared differences of the

biquadratic equation a^^x* + iaix^ + Ga^x'' + ia^x + aj = may be expressed in

terms ao, S, I, and /.
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EemoYing the second term from the equation, we ohtain

, 63- , 4(? tti?I-ZH^

and changing the signs of the roots, we have

y^ + -.7 «/" -,y+ r— = 0.

These transformations leave the functions (a - &f, &c., unaltered ; but G
becomes - G, the other coefficients of the latter equation remaining unchanged

;

therefore G can enter the coefficients of the equation of squared differences in even

powers only. And by aid of the identity of Art. 37, G'' may be eliminated, intro-

ducing ao, S, I, J. In a similar manner we may prove that every even function

of the differences of the roots o, ;8, y, S may be expressed in terms of ao, S, I, J,

the function G of odd degree not entering.

f)2. Second Solution by Radicals of the Biqua-
dratic.—Let the biqiiadratic equation

a«^ + Aihx^ + ^cx^ + Aidx + e =

be put, as before, under the form

z' + eiTs^ + 4fe + u-I- '6H- = 0,

where x s aa; + 6.

We now assume as the general expression for a root of this

equation

s = J? J'' + J>' JP + Jp J?.

a formula involving three independent radicals, Jp, Jq, Jr.

Squaring twice, and reducing, we have

(z^ - qr - rp -pqf = ^pqr (23 +^ + §' + r),

or

%*'-2((ir\rp-\-pq)z^-%l)qvz-\- {qr.+ rp +pqY -4:{p + q + r)pqr^Q.

Comparing this equation with the former equation in z, we

easily find

G o'l- 12II
qr + rp+pq = -3R, pqr = -—, p + q+r= —

;

whence, p, q, r are the roots of the equation

2GP + {12E' - aU) e - 6HGt + G' = 0.
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This equation may be readily ransformed into Euler's cubic,

or making directly the substitution

H-a'd'

and putting for G" its value in terms of H, I, and J, we may

reduce it to the standard form of the reducin cubic, viz.,

4a' e'-Ia9 + J= 0.

It is important to observe that in the present method of

solution we meet with no ambiguity corresponding- to that of

Art, 61 ; for the expression here assumed as the value of z has, in

virtue of the double signs of the radicals contained in it, on/i/

four values, while the form assumed for s in the preceding Article

has eight values. This appears from the identical equation

2 (J? J'- +>> + JpJq) - (J^ + J7+J>^)' -p-q-r,

which shows that the number of distinct values of the radical

expression of the present Article is the same as the number of

values of [Jp + Jq + Jrf, namely four.

In order to express j), q, r in terms of the roots a, (3, 7, S of

the biquadratic, we have, giving to x the four value? a, j3, 7, S,

z.^aa + b= Jq Jr - Jr Jp - Jp Jq.

Z^^aj3 + b = -Jq Jr+ Jr Jp - Jp Jq,

3, = .77 + J = - Jq Jr - Jr Jp + Jp Jq,

z^^ad + b = Jq Jr + Jr Jp + Jp Jq

The student may easily satisfy himself that no combination

oF the signs of the radicals can lead to any value different from

these four.

From the values of s, + S3 - s, - s^, and s,5, - ZiSi, we obtain

a{ft + y-.-S)^-4j~qJ7,

a- {liy - al) + «5 O + 7 - a - S) = ^tp Jq J7-.
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From these and similar equations we have, employing the rela-

tion G = - 2pqr, the following modes of expressing p, q, r in

terms of the roots a, /3, 7, S :
—

i3y-ng ^ 8G
- p = a -

—

+ h
(5 + y-a-S a\jj + y-a- Sy

va-fiS , 8G

7 + a-j3-S a'{y + a~i3-Sf

0/3 -yS
,

8G
+ =

u + ji-y-S a\a + i3-y-Sf

63. Resolution of the Q,uartic into Its Quadratic
Factors.—Let the quartic

ax* + 4iba? + Qc.v' + idx + e

be supposed to be expressed as the diiferenoe of two squares* in

the form

{ax? + 2bx + c + 2aey - {2Mx + Nf.

Multiplying the given quartic by a, and comparing it with

this expression, we have the following equations to determine

M, ]Sr, and 6 :—

M' = b^-ac + a% MJV=bc-ad + 2ab9, N^ = {c + 2aQ)- - ae.

Eliminating M and N from these equations, we find

4a' fl' - {as - Ud + 3c') aQ + ace + 2bcd - ad' - eb' - c' = 0,

which is the reducing cubic before obtained.

From this equation we have three values of 6 (^„ 62, Oi),

with three corresponding values of M', MN, N' ; and thus all

the coefficients of the assumed form for the quartic are deter-

* The reduction of the quartic to the difference of two squares was the method

first employed for the solution of the equation of the fourth degree. This mode of

solution is due to Ferrari, although hy some writers ascribed to Simpson (see note A).

The method explained in Ihe following Article, in which the quartic is equated

directly to the product of two quadratic factors, is due ioDescartes.

K
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mined in three distinct ways; moreover, it should be noticed

that to each value of M corresponds a single value of N, since

MN =hc- ad + 2ahQ.

The quartic

{ax^ + 2hx + c + 2a%y- - (^2Mx + Nf
may plainly be resolved into the two quadratic factors

ax' + 2{b-M)x + c + 2ad- N,

ax'' + 2{b + M)x + c + 2a9 + iV.

When 9 receives the three values 6i, O^, 63, we obtain the three

pairs of quadratic factors of the original quartic, and the problem

is completely solved.

In order to make clear the connexion between the present

solution and the solution by radicals, let us suppose that the

roots of the quadratic factors in the order above written are

15, y and a, S ; and that the roots of the remaining pairs of

quadratic factors are similarly y, a and j5, S; a, 15 and y, S.

We have, therefore,

,3 + y = -?(J-Jf,), y + a = --{b-M,), a + (5 = --{b-M,),
a d 0/

a + S = --{b + M,), l5 + S = --{b + M,), y + S = --{b + M,),
Oi Q, Ct

wliere

Mi^Jb^-ac + d-Qy, JA ^ Jb''-ac+ a'U-i, J/, ^ Jb' - ac + crO,.

Subtracting the last equations in pairs, we find

« a ' ' a

and since f,

a + j3 + 7 + S = -4-,
a

we obtain aa + b <= - M,, + Mi + M3,

(7/3 + b= M.-M. + M,,

ay +b = IT, + M, - 3J„

ad + b =- Ml- Mi~ il/3.
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It appears, therefore, that the roots of the biquadratic are here

expressed separately by formulas analogous to those of Art. 61.

The values of M'', viz. My^, Mi, Mi, are in fact identical with

the roots of Euler's cubic in the preceding Article. There

exists also with regard to the signs of the radicals involved in

Mi, M2, M3 a restriction similar to that of Art. 61 ; since, in

virtue of the assumptions above made with respect to the roots

of the quadratic factors, we have the equation

a' (i3 + 7 - a - S) (7 + « - j3 - S) (a + j3 - 7 - g) = 6iMiM,M„

which implies the following relation (see Ex. 20, p. 52) :

—

MiM,31, = iG;

and by means of this relation the signs of M^, M2, M^ are re-

stricted in the manner explained in the previous Article.

By aid of the equation last written we can eliminate M,

from the expressions for the roots, and thus obtain, as in Art. 61,

all the roots of the biquadratic in a single formula, viz.,

c^^b^Mi.M.-^-,

in which the radicals Mi = J b--ac + a'di, and i/'s = J b' - ac + a''Oi

are taken in complete generality.

Examples.

1. Form the equation whose roots are A, ^, ^, viz.,

0y + oS, 70 + $S, 0/3 + 75.

Adding the last coefficients of the quadratic factors of the quartic, we have

Py + aS = 4fli + 2 -,
u

ya-mS^ 4e2 + 2-,

a^ 4 75= 49j4 2-,

where 9i, 02, Si are the roots of the reducing cubic ; hence the required equation.

Jns. {ax - 2cY - il{ax - 2c) + 16J"= 0.

(Cf. Exs. 4, 5, Art. 39.)

K 2
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2. Express, by means of the equations of the preceding example, the roots of

the reducing cubic in terms of the roots of the biquadratic.

Substituting for — its value in terms of a, /3, 7, 5, we find immediately

1291 = 2a - /i - y = (7 - a) (0 - 5) - (a - /3) (7 - S),

1282 = 2;n - V - \ s (a - j3) (7 - S) - (;8 - 7) (a - S),

1293 = 2./ - A -M = 0- 7) (o - 8) - (7 - «) (^ - 5).

(Cf. (6), Art. 61.)

3. Verify, by means of the expressions for B\, 62, 63 in Ex. 1, the conclusions of

Ex. 5 Art. 61, with respect to the manner in which the roots of the biquadratic

and reducing cubic are related.

4. Form the equation whose roots are the functions

i{By-aS){0 + y-a-S), ^ (7a - y35) (7 + o - ;3- S), ^ (a;3 - 75) (o + j8 - 7 - S).

From the quadratic factors of the quartic we find

iMi 2AT,
= 18 + 7-0- S, = j37-aS;

a a

also

Milfi ^ lie - ad + label = - a^(f>i,

the roots of the required cubic being represented by (pi, <t>2, <p.i.

We obtain, therefore, the req^ired equation by a linear transformation of the

reducing cubic.

Ans. («> + ic- ad)' - b>I{a''<j, + he - ad) - 2¥J = 0.

5. Form the equation whose roots are

jS7 — a5 7a — ;8S aj3 — 7S

J8 + 7 — a — 5 7 + a — i8 — 5* a + j3 — 7 — S

If ip denote any one of these functions indiiierently, and 9 the corresponding root

of the reducing cubic, we have, employing former results,

_ _ MX' _ic- ad+ labB
_" * ~ ~M'^

~ 'b'^^oT+'^e
'

and thus we obtain the required equation by a homographic transformation of the

reducing cubic. This formula may be put under the more convenient form

ad> + b= ~—=-

,

^
a'e - H

by means of which we obtain the required cubic in the following form :

—

2G{a^ + i)3 + {a'l- 12H^) {atj, + bf - 6SG(a,p + b) - ff' = 0,

which, expanded and divided by a^, becomes

2G(j>' + {c?e + W^c - 9ffc- + iabd)
(f^ + 2 [abe +Wd - Zscd) (j> + b''e - ad^ = .

(Cf. Ex. 14, p. 88.)
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6. Form the equation whose roots are

"^{^y-vSf, ''l{ya-&S)\ |'(„;3-75)'.

These are the three values of iV^ in the foregoing Article. Eepresentiug, as

before, one of these values by (p, we find that the required equation may be obtained

from the reducing cubic by means of the homographio transformation

ilcd - ad'^ - eW' + 4aM9
(4= .^

c ~ an

I. Form the equation whose roots are

187 -aS 7a-;SS aB-yt
(j8 + 7)oS-(o+5)ii7' (7+o)i85-(;8 + 5)7a' (o + i8) yS- (7 + 8) o/3'

The required equation is obtained from the reducing cubic by the homographio

transformation

ci~he -^ laM
d' — ce + aeB

This result may he derived from Ex. 5 by changing the roots into their recipro-

cals, and making the corresponding changes in the coefficients.

64. The Resolution of the ilnartic into Q.uailratic

Factors. Second method—Let the quartio

ax* + 4:bx' + 6cx' + idx + e

be supposed to be resolved into the quadratic factors

a {x^ + 2px + q) {a? + 2p'x + q').

We have, by comparing tbese two forms, tlie equations

}) C d 6

p + p'=^2-, q + q'+ 4:pp'= 6 -, pq'+p'q = 2 -, qq' = - (1)
(I Gi (in

If now we had any fifth equation of the form

F{P, 1, P\ ?') = ^.

we could eliminate p, p', q, q; and thus find an equation giving

the several values of ^.

The fifth equation might be assumed to be^/j'= 0, or g' + q = (f> ;

and in each case ^ would be determined by a cubic equation,

since each of these functions, when expressed in terms of the
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roots of the biquadratic, has three values only. It is more con-

venient, however, to assume

c , If , 2c'

the two functions of p, p', q, q here involved being equal by the

second of equations (I). We easily find, by the aid of those

equations,

, , Aitthc - 2n^d Sbih

Pi^Pi-—-. +-;

and eliminating p, p', q, q', by means of the identical relation

(p'+i'")(!?' + ?") ^ ip<i'-p'iY + {pq +/??,

there results the equation

4«'f/)' - Ia<^ + J = 0,

which is the reducing cubic obtained by the previous methods

of solution.

Having thus found pp', ov q + q', we may complete the

resolution of the quartic by means of the equations (1).

The reason for the assumption above made witli regard to

the form of the fifth equation is obvious. From a comparison

of the assumed values of ^ with the equations of Ex. 1, Art. 63,

it appears that ^ is the same as Q in the preceding Article ; and

therefore we foresee that the elimination ol p, p', q, q, must lead

to an equation in ^ identical with the reducing cubic before

obtained. In general, if ^ represent any function of the differ-

ences of X, /x, V, and consequently an even function of the differ-

ences of n, /3, 7, S (see E.^. 18, Art, 27), the equation whose

roots are tlie different values of <^ cannot involve any functions

of the coefficients except «, II, I, and J.

If </» be assumed equal to any of the expressions in the second

of the following examples, the equation in ^ whose roots are the

different values of this expression is formed as in the above

instance by the elimination of p, p', q, q

.
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Examples.

1

.

Resolve into quadratic factors

«* + %Ez^ + iGz + a'l- ZB?.

Comparing this form -with the product

(a^ + Ipz + q){z^ - 2pz + q'),

we find the following equation for^ :

—

ip'+ Uffp^ + 12 (s'-~\ p^-G' = Q; (cf. (1), Art. 61)

and putting

«'0 = p' + jy s i
(y + }' _ 2S),

this equation, when divided by n', becomes

ia?<p^ - la^ + 7=0.

2. If a quartio be resolved into the two quadratic factors

x'' + px 4 q, x^ + p'x + }',

prove that ^ is determined by a cubic equation when it has all possible values

corresponding to each of the following types :^

q-q ' pq' - p'q pq' - p'q
? + ?) -.. r-. —

p - p p-p q-q

(p-p'Y, [p - p') [q - i'), [q-i'?, (pq'-p'qf;

and by an equation of the sixth degree when it has all values corresponding to

Pi q, P-P, q-q', pq'-p'q, or p'^-iq.

Expressing these functions in terms of the roots, the number of possible values of

each function becomes apparent.

65. Transrormation of tbe Biquadratic into the

Reciprocal Form.—To effect this transformation we make

the linear substitution x = ley + p in the equation

«a;* + 4/;*' + Qcx' + idx + e = 0,

which then assumes the form

a/cY + 4 UJcY + 6 UJc'f + 4 UJci/ + U, = 0,

where

Ui^np + b, TJi = ap" + Ihp + c, l^ = ap'' + Sbp'' + Sep + d, &o.

(See Art. 35.) If this equation be reciprocal, we have two

equations to determine k and p, viz.,

(7/r'= U^, k'U, = kU^;
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eliminating Jc, we have the following equation for p :
—

and since

U, ap^ + Shp^ + 3cp + d

Ui ap + h
'

there are two values of k, equal with opposite signs, correspond-

ing to each value of p.

The equation

when reduced by the substitutions (Arts. 36, 37)

becomes

26*^7",^ + {a'l- 12E') U," - 6GEU, -G' = 0, (1)

which is a cubic equation determining Ui = ap + b; aud if we put

6 is determined by the standard reducing cubic

ia'e'-Ia9 + J=0.

This transformation* may be employed to solve the biqua-

dratic ; and it is important to observe that the cubic (1) which

here presents itself differs from the cubic of Art. 62 only in

having roots with contrary signs.

We proceed now to express k and p in terms of a, j3, y, S,

the roots of the biquadratic equation. Since the equation in y,

obtained by putting x = ki/ + p, is reciprocal, its roots are of the

form t/i, Vi, —, — ; hence we may write
2/2 Vi

a = k!/i + p, /3 = ki/i + p, 7 = /t -- + />, S = k — + p ;

* This method of solving the biquadratic by transforming it to the reciprocal

form was given by Mr. S. S. Greatheed in the Cami. Math. Journ., vol. i.
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and, therefore,

(a-p)(S-p) = (/3-p)(-y-p) = F.

from wliicli we find

j3y - gg

and - k^ = (y-aXf5-S)(a-^){y-^
_

An important geometrical interjDretation may be given to

the quantities k and p which enter into this transformation.

Let tlie distahces OA, OB, 00, OD, of four points A, B, C, D,

on a right line from a fixed origin on the line be determined

by the roots a, j3, 7, S, of the equation

ax^ + 4:ba^ + 6«- + idx + e = ;

also let 0„ 0,, O3 be the centres; and Fi, F(; F^, F^' ; F3, F^',

tlie foci of the three systems of involution determined by the

three following pairs of quadratics :

—

[x -
/3j (ar - y) = 0, {cc-a){x-S] = 0;

{x-y){x-a) = 0, {.^-l3){cc-S)=0,

[x - a) (x -
i3j

= 0, {x- y) (a; - g) = 0.

We have then the equations

O^B. 0,0= 0,A . 0,1) = 0,F,\ &o.,

which, transformed and compared with the equations

[ii- p){y -p) = {a-p){Z- p) = k\ &0.,

prove that the three values of p are OOi, 00%, OO3, the distances

of the three centres of involution from the fixed origin 0. Also

since OiF, = k^, k has six values represented geometrically by

the distances

0,F, O^F,'; 0,F,, 0,F,'; 0,F^, 0,F,',

where OiF, + 0,F,' = 0, &c., as the distances are measured in

opposite directions.
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We can from geometrical considerations alone find the posi-

tions of the centres and foci of involution in terms of a, /3, 7, S,

and thus confirm the results just established, as follows :

—

Since the systems [FiBFiC] and [FiAFi'D] are harmonic,

_2 l_ J_^_l_ J_
F,F,'

~ F,B
"*"

F,G " F,A
"^ F,D '

and if x represent the distance of Fi or Fi' from the fixed origin

0, we have

1 J_^ J__ 1

»-j3 X- y X - a X - S

Solving this equation, we find

^ ^ ^7 - "g
^
J-(7-«)(i3-g)(a-/J)(7-g)

^

j3 + y — a-S /3 + 7 — a - S

or X = p +k,

of,+of: of -of: ^^„whence p =
7;

, « = +
^^

= ± Oit ,.

Tiansform the cuLio

Example.

ax^ + 3Ja;= + Zcx Jr d

to the reciprocal form.

The assumption x = !ct/ + p leads to the equation

-GVi^+3IP Ui'^ + S^ = 0, where V'i=Eap+ h.

The values of p are easily seen to be

/Sy - a- 7a — 3*^ aj3 - 7^

;8 + 7 - 2o' 7 + a-2;3' o + ;3 - 'iy

"

The geometrical interpretation in this case is, that i£ three points A', B', C be

taken on the axis such that A' is the harmonic conjugate of A with respect to

B and C, JB' of B with respect to C and ^, and C of C with respect to A and .B

;

then we have the following values of p and i ;

—

P-
OA + OA' , OA-OA

k =
•2 ' 2

For the values of OA', OB' , OC , in terms of o, p, 7, see Ex. 13, p
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66. §olutioii of the Biquadratic by Symmetric Func-
tions of tlie Roots.—The possibility of reducing the solution

of tlie biquadratic to that of a cubic by the present method

depends on the possibility of forming functions of the four

roots a, (5, y, S, which admit of only three values when these

roots are interchanged in every way. It will be seen on refer-

ring to Ex. 2, Art. 64, that several functions of this nature

exist. These, like the analogous functions of Art. 59, possess

an important property to be proved hereafter, viz., any two

such sets of three are so related that any one function of either

set is connected witli some one function of the other set by a

rational homographic relation in terms of the coefficients.

For the purposes of tlie present solution we employ the

ftmctious already referred to in Art. 55, since they lead in the

most direct manner to the expressions for the roots of the bi-

quadratic in terms of the coefficients. We proceed accordingly

to form the equation whose roots are the three values of

[ 4 )'

when the roots are interchanged in every way, and = - 1.

These values are

'.-(^ 4 J'
^'^\ 4 J'

^'^[ 4 )'

and since

(i3 + 7 -a - 8)'= 2a'+ 2A - 2jit - 2v,

2 (a - (5y - 3Sa" - 2A - 2^ - 2v = - 48 :^,

we find the following values of A, ti, f^ :
—

2\-^-v H 2,1 -v-\ II 2i.-A-M JI^

12 «=' 12 a" 12 a"

whence ti + U + f:i = - o —
(r
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Again, since

and S(;u- rf = 24-.,

we have

also ti t-i 4 = —

Hence tlie equation whose roots are if,, L, 4 becomes

or, substituting for Q^ its value from Art. 37,

4 (a^^ + BY - a'-J(a=i! + JJ) + «»/= 0,

which is transformed into the standard reducing cubic by the

substitution c^t + H=c?Q.

To determine a, j3, 7, S we have the following equations :

—

-a + j3 + 7-S = 4j7;, a-i3 + 7-S = 4j73, a+/3-7-8 = 4J4",

along with a + /3 + 7 + S = -4-;
fit

from which we find

w

7=-- +J^+j4-J^

s = --*-j7r-j?;-j7:.



Solution of Biquadratic by Symmetric Functions. 141

We have also from tlie above values of Jt^, Ju, J 4 the

equation

by means of which one radical can be expressed in terms of tlie

other two, and the general formula for a root shown to be the

same as those previously given.

It is convenient, in connexion with the subject of this Article,

to give some account of two functions of the roots of the biqua-

dratic, which possess properties analogous to those established

in Art. 59 for corresponding functions of the roots of a cubic.

Adopting a notation similar to that of the Article referred to,

we may write these functions in terms of A, ju, v in the follow-

ing form :

—

L - ((37 + aS) +wiya + jSS) + o.= (a/3 + 7S),

if - (jSy + aS) + w'iya + j3S) H- w (a/3 + 7S).

By means of the equations of Ex. 1, Art. 63, these functions

can be expressed in terms of the roots of the reducing cubic in

the form

iL = ex+ioO, + ,0%, iM = 0, + u,% + wO,.

They may also be expressed, by aid of the equation of the

present Article connecting t and d, in terms of the values of

t„ ti, ti, as follows :

—

The functions L and M are as important in the theory of

the biquadratic as the functions of Art. 59 in the theory of the

cubic. The cubes of these expressions are the simplest functions

of four quantities which have but two values when these quanti-

ties are interchanged in every way ; they are the roots of the

reducing quadratic of the reducing cubic above written, and

underlie every solution of the biquadratic which has been given.
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Examples.

1. Show that Z and iHfare functions of the differences of o, 5, 7, 5.

Incieasing o, j8, 7, S by h, Z and J/" remain unaltered, since 1 + w + w' = 0.

2. To find in terms of the coefficients the product of the squares of the differ-

ences of the roots a, /3, 7, 5.

From the values of Z and M in terms of 9i, 82, 83, we find easily

129i= -E+ Jf, i- iI/=(3-7)(a-S)(a.2-a>),

1282 = w'-C + "M, a-L - alf = (7 - a) (3 - S) (a)' - a),

1283 = lui + a-.TT, <oi - 0,2jT/ = (a - /3) (7 - 5) («=- a,).

Again, from these equations, multiplying the terms on both sides together, and

remembering that 9i, 82, 83 are the roots of

4a3fl3 _ J„6 + 7 = 0,

we find

X^ + JI/3 = - 432 -

,

X^ - Jf' = 3 V^(;3-7) (7- a) (a - ;3) (a - S) (3 - 8) (7 - «)

;

also, adding the squares of the same terms, we have

2Xjy" = 24 ^'j = (B - 7)' (o - S)= + (7 - a)- (S - 5)^ + (a - fff' (7 - S)=

;

and, since

{D - M^f s (£3 + jlf3j2 _ iL%M^,

substituting for these quantities their values derived from former equations, we

have finally

«" (/3 - -yf (7 - a)' (« - 3)- (a - 5)2 (fl - S)^ (7 - 5)'- = 256 (7' - 27/^).

3. Show by a comparison of the equations of Art. 59 with those of the present

Article that the results of the former may be extended to the biquadratic by changing

;B-7, 7- a, a-/3 into ~{P-y){a-S), -{y-a) (/3-5), - (o -;3) (7 - 5),

4
respectively ; and, at the same time, -ffmto — -X, and G into 167.

67. Equation of Squared DilTerences of a Diqua-

dratic.—In a previous chapter (Art. 44) an account was given

of the general problem of the formation of the equation of dif-

ferences. It was proposed by Lagrange to employ this equa-

tion in practice for the purpose of separating the roots of a

given numerical equation ; and with a view to such application
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he calculated the general forms of the equation of squared dif-

ferences in the cases of equations of the fourth and fifth degrees

wanting the second terra (see Traiti de la Resolution des Equa-

tions Numeriqiies, 3rd ed., ch. v., and note m.). Altliough for

practical purposes the methods of separation of the roots to be

hereafter explained are to be preferred
;
yet, in connexion with

the subjects of the present chapter, the equation of squared

differences of the biquadratic is of sufScient interest to be given

here. We proceed accordingly to calculate this equation for a

biquadratic written in the most general form. It will appear,

in accordance with what was proved in Ex. 17, Art. 61, that

the coefficients of the resulting equation can all be expressed in

terms of a, IT, I, and J.

The proMem is equivalent to expressing the following product in terms of the

coefficients of the biquadratic

{^-(0-7r-}{'/'-(7-«r-}{'ft-(»-i8r-}{-i'-(a-sr-}{<^-(^-s)«}{,i.-(7-s)'}.

The most convenient mode of procedure is to group these six "factors in pairs,

and to express the three products (which we denote by rii, n2, TIj.) separately in terms

of the roots of the reducing cubic, aud finally to express the product Hi U^ Tli in

terms of a, H, I, J,

and, by aid of the results of Art. 61 we easily derive the following expressions for

(e - 7)^ (« - S)= :-

4

hence, without difficulty,

W-S-,l-S)' 'W'-f^J"-^)'

ni s ^2 + i
ii\ I

SOi + 16 -., d)+ 4 — -488293.

Introducing now for brevity the notation

163' s a-P, 4/ = a^Q, 16/ = a^E, tp'' + F<p + Q = V,

Hi becomes T -f 8ei<p - 4892 93.

Reducing the product Di njlls by the result of Example 18, page 89, we obtain

W^ + 3Q^3 _ (46,^2 + 18iJ(|)) -V - (87?*^ + 12Q^(|)2 + 36Q;J^ + 27 R') = 0.

Finally, restoring the value of T, we have the equation of squared differences ex-

l in terms of P, Q, B, as follows :

—

,()6 + 3P<f5 + (3P2 + 2Q) (()« + (P' + 8PQ - 26P) <f

+ [&I^Q - 7Q- - 18FX) <f- + 9Q (FQ - 6P) .;> + iQ' - 11 IV- = 0.
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The following is the final eijuation in terms of a, S, I, J* :
—

a«^5 + 4Sa4^^5 + 8a2 (geif 2 + a?j) f* + 32 (128HH 16a-MI- ISaV) <p^

+ 16(384a"2J- 7a^P- 288«ir/) (|)2+ 1152 (2J/- 3a/) I<p + 256 [1^-21J') = 0.

It should be observed that the value above obtained for IIi can be expressed as a

quadratic function of fli by aid of the equation 82 93 = fli^ -—^, and the subsequent

calculation might have been conducted by eliminating fli between this quadratic and

the reducing cubic.

68. Criterion of the Watare of the Roots of the

Biquadratic.—Before proceeding witli this investigation it is

necessary to repeat what was before stated (Art. 43], that when

any condition with respect to the nature of the roots of an

algebraic eqtiation is expressed by the sign of a function of the

coefficients, these coefficients are supposed to represent real

numerical quantities. It is assumed also, as in the Article re-

ferred to, that the leading coefficient does not vanish.

Using as before A to represent that function of the coef-

ficients (called the discriminant) which is, when multiplied by a

positive numerical factor, equal to the product of the squares of

the differences of the roots, we have, from the results established

in preceding Articles, the equation

a»(j3 -7)' (7 - ay{a-(5y- (« -S)^(j3- 8)= (7 -g)' = 256A,

where A ^ P - 27J\

It will be found convenient in what follows to arrange the

discussion of the nature of the roots under three heads, accord-

ing as— (1) A mnishes, or (2) is negative, or (3) is positive.

(1) Wlien A mnisliesytheequation has equal roots. This is evident

from the value of A above written. Four distinct cases may be

noticed—(a) when two roots only are equal, in which case / and J
do not vanish separately

; (/3) when three roots are equal, in which

case -f = 0, and </ = 0, separately (see Ex. 2, Art. 61) ; (7) icheH

* The equation of squared differences was first given in this form by Mr. M.
Koberts in the JVouvelles Annales de Mathematiques, vol. xvi.
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two distinct pairs of roots are equal, in which case we have the

conditions G = 0, aU - 123"" = (Ex. 3, Art. 61). It can be

readily proved by means of the identity of Art. 37 that these

conditions imply the equation A = ; hence these two equations,

along with the equation A = 0, are equivalent to two indepen-

dent conditions only. Finally, we may have— (S) all the roots

equal; in which case may be derived from Art. 61 the three

independent conditions S = 0, 1=0, and (7=0. These may
be written in a form analogous to the corresponding conditions

in case (4) of Art. 43.

(2) When A is negative, the equation has two real and two ima-

ginary roots.—This follows from the value of A in terms of the

roots : for when all the roots are real A is plainly positive ; and

when the proper imaginary forms, viz., h ± k J-1, h' + k' J- 1,

are substituted for o, |3, 7, S, it readily appears that A is positive

also when all the roots are imaginary.

(3) When A is positive, the roots of the equation are either all

real or all imaginary.—This follows also from the value of A, for

we can show by substituting for o, )3 the forms h±k J-l that

A is negative when two roots are real and two imaginary.

In the case, therefore, when A is positive, this function of the

coefficients is not by itself sufficient to determine completely the

nature of the roots, for it remains still doubtful whether the

roots are all real or all imaginary. The further conditions

necessary to discriminate between these two cases may, however,

be obtained from Euler's cubic (Art. 61) as follows :—In order

that the roots of this cubic should be all real and positive, it is

necessary that the signs should be alternately positive and

negative ; and when the signs are of this nature the cubic cannot

have a real negative root. We can, therefore, derive, by the

aid of Ex. 4, Art. 61, the following general conclusion appli-

cable to this case :— When A is positive the roots of the biquadratic

are all imaginary in every case except when the following conditions

are fulfilled, viz., H negative, and c?I - 1211^ negative ; in which

case the roots are all real.
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Examples.

1. Show that if H be positive, or if H= (and G not = 0), the cubic will have

a pair of imaginary roots.

2. Show that if .H be negative, the cubic will have its roots— (1) all real and

unequal, (2) two equal, or (3) two imaginary, according as ff^ is—(1) less than,

(2) equal to, or (3) greater than — 4jff'.

3. If the cubic equation

ao«' + Sai** + Saja; + as =

have two roots equal to o
;
prove

Si, Mx

where oo«j — ai* = M, aoos — aia% = 2JTi, «i«3 — a^' s Mj.

4. If ax^ + Six' + 3cx + d + li{x- rf

be a perfect cube, prove

{ac - J2) r' + {ad -ic)r + (bd - c') = 0.

5. Find tbe condition that the cubic

ax^ + 35*" -^ Zcx + d

may be capable of being written under the form

i(x - ai)3 + m{x- fiif + n[x- 71)',

where ai, ;8i, 71 are the roots of the cubic

BiO? + 3*1*2 + Scix + rfi = 0.

Comparing the forms we have

a = I + m + n,

-i=lai + m0i + M71,

e = lai' + mPi' + nyt>,

— d = lai^ + m/3i' + nyi^.

Also Oi ai" + 3*1 or + Zc\ ai + <?i = 0, &o.

Whence, multiplying these equations by di, Zci, SJi, a\, respectively, and adding,

we find the required condition

{adi - aid) - 3 [bci - h\c) = 0.

6. If a, /3, 7 be the roots of the cubic equation

aox' + 3ai«2 ^ 3^^^ + as = ;

rationalize the equation

^x - o + ^x - $ + ^x -7 = 0;

and express the result in terms of tbe coefficients ao, ai, at, «3.

Ans. I26TT1* + Z60SU{' + U8GU1 - iSB' = 0.
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7. If ai, P\, and 02, fii be the roots of the quadratic equatioris

axx' + 2hix + ci = 0, aja;' + 2J2« + c^ = ;

find the equation whose roots are the four values of 0102.

Let JSi = «! ci — ii', H^^ OiCz — h^.

Ans. (bi 02(()2 - 2*1 J2i(> + ci 1:2)'' - 4^1 ^2^' = 0.

N.B.—This and the two following Examples may be solved by expressing <p by
radicals involving the coefficients.

8. Employing the notation of Ex. 7, form the equation whose roots are the

four values of —-— •

Let 2X12 = «i «2 + «2 «i + 2hibt.

Ans. (2«i «20' + 2 («i h + szii) ^ + iT^)' - B'l Bi = 0.

In this Example the resulting biquadratic is such that G = 0.

9. In the same case, if (p = \(a.\ - 02)', form the equation whose roots are the

several values of <p.

Let Meaihi — aih, 2Sn = a^a + a^ci — 2bih.

Ans. { («i ttiip + Enf - 2M''<p + ITi ffa j
^ = iSi Ei (ui uj^ + Miif.

10. Show that when the biquadratic has a double root, the cubic whose roots

are the values of p (Art. 65) has the same double root ; and find what this cubic

becomes when the biquadratic has three roots equal.

11. If B^ and /be both positive, prove directly (without the aid of Euler's

cubic) that the roots of the biquadratic are all imaginary.

It appears from the expression for H in terms of the roots (Ex. 19, p. 52) that

when K is positive there must be at least one pair of imaginary roots h i. k V— 1.

Now diminishing all the roots by h, and dividing them by k (which transformations

will not alter the character of the other pair of roots 7, 5, nor the signs of Jf and J)
the biquadratic may he put under the form

(«' + ipx + q) {x'> + 1),

or a* + ipa^ + 6ct' + ipx + q, where 6c = j + 1

;

whence H = e - p\ I = q - ip^ + ic^,

J =qe + 2p^e -p' {q + 1) - <^ - c{q ~ ip^ - e'),

and therefore

4iB' = c24' = (ir+ij2)2+
^

M + p''

-m'H''*^*.^M+p^'
proving that 7 and S are imaginary when fi'and 7 are positive (of. Ex. 8, Art. 61),

L 2
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12. If the biquadratic has two distinct pairs of equal roots, proTe directly the

relations

In this case the biquadratic divided by ao assumes the fonn

<-)'i-«'-K-'4-T-(^Tr = (=^")"

where z = Oox + a\, and - = :

whence, comparing the forms

and 2» + 6B"s2 + 4(?z + a^"^!- ZE\

we find ZE=- U^, G = 0, a,?I - Sa"^ = k*,

from which the above relations immediately follow. The student will easily estab-

lish the identity of these relations with those of Ex. 3, Art. 61. Also it should be

noticed that in this case only one square root is involved in the solution of the

biquadratic (coming from the solution of the quadratic (x — a){x — ff)).

13. Find the condition that the biquadratic may be capable of being put under

the form

I [x^ + 2px + qf + m {x^ + 2px + ?) + «.

In this case the second and fourth coefficients are removed by the same trans-

formation, and the general solution involves only two square roots.

Ans. G = 0.

14. Prove that / vanishes for the biquadratic

m{x — ny — n{x — nCf.

15. If the roots of a biquadratic, o, j8, 7, S represent the distances of four

points from an origin on a right line
;
prove that when these points form a har-

monic division on the line the roots of Euler's cubic are in arithmetic progression,

and the roots of the cubic of Art. C2 in harmonic progression.

16. Form the equation whose roots are the six anharmonic functions of four

points in a right line determined by the equation

So** + 4»ia;' + ^aix^ + \ai,x + «4 = 0.

The six anharmonic ratios are

1 1 1

91 92 93
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where (
a - g) (y - 5) ^ ^_-^ ^ 9^^-^.

^
(T,_a)(3-S) A-v 61-63'

(3 - j) (a - S) _ /I - V 82-83

<p3 = —

(o-^)(7-S) ^-A 82-81'

(7 - a) (/3 - S) _ ;/ - A 83 - fli

(;8-7)(a-8) v-iu 83-82'

also the equation whose roots are

(S-7)(a-5), (7-„)(;3-S), (a - ;3)(7 - 5)

is one of the cubics

«o'<' - llaolt ± 16 VT^ - 2772 = 0.

The equation whose roots are the ratios, with sign changed, of the roots of either

of these cubics is

iA {<!>' -<t> + 1)3 -27i'V(<|)- 1)2=0 (see Ex. 15, p. 88),

where A s /s - 27J^.

The roots of the equation in (p are the six anharmonic ratios. This equation

can be written in a more expressive form, as will appear from the following propo-

sitions :

—

(a). The six anharmonic ratios may be expressed in terms of any one of them,

as foUowa:—

•

rf, 1 i_<i, _!_ *Ili _^
^'

,p'
^'

1 -
(fi'

^ ' (p- i

From the :' ientical equation

(;8 - 7) (a - 5) + (7 - a) (/3 - 8) + (a - ^8) (7 - 8) ^

we have the relations

<<>i + -- = l, ^2 + — = !, 1J13 + — =1,
^3 ^1 <P2

which determine all the anharmonic ratios in terms of any one of them.

(b). If two of the anharmonic ratios become equal, the six values of
(f>

are

— CD and — (B^, each ocourring three times; and in this case /= 0.

For suppose i^i = 1^2 ; we have then from the second of the above relations

({>{' - <^i + 1 = 0,

whence (p\ = — to, or — w^

;

and substituting either of these values for (p in (a), we find all the anharmonic ratios.

Also, since

^^ + ''^!' = 0, or 2(^-.)= = 0,
K — V K — /l

we have

1 = «o«4 - 4»i«3 + 3«j' = 0.
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1

(c). When one of the ratios is harmonic, the six values of ^ are — 1, 2, -, each

occurring twice ; and in this case / = ; for if

<6i = - 1, —^ = - 1, or 2\- li-v = 0,\— V

one of the factors of/ (see Ex. 18, p. 52).

(d). These results, as well as the converse propositions, may he proved hy

writing the sextic in (p under the following form :

—

j[p{{^ + l){<p- 2) {<p - l)Y = 27Jm,p +«.)(,<> + »=)}^

17. Solve the equation

/«' + lix+iy _ x{x- \)*

, 1 /i + flVpV ^ , .Ana. p', -, , where 6' = 1.

p- Vi-eVp/

18. Express 2 (o-/3)* (7- S)' as a rational function of fli, Bi, 63; and ultimately

in terms of the coefficients of the quartic.

(2 TT \ Qfi

81 + -^j = - — {iSI+ ZaJ).

19. Express

(;8» - i'-f {«? - B')2 + (7' - a^)' {$' - 5')2 + {«» - j8^)2 (72 - S')'

as a rational function of Bi, B2, B3.

Tliis symmetric function is equivalent to'

if,''
- v-f + (p- - K'f + (\^ - ^^'^y- = 256S (92 - 83)' (*' -

^)
•

20. Form the equation whose roots are the several products in pairs of the

roots of a hiquadratic.

The required equation is the product of three factors of the type

(<p - Py) {ip - aS) = ({>''- Kcfi + - = (p' - 2 -
(j)
+- - 4^61.

Ans. {a(j,^ - 2cip + e)^ - il(l>'{a(p^ - Icp + e) + 16/c/>' = 0.

21. Form the equation whose roots are the several values of —-— , where

a, P, 7, S are the roots of a biquadratic.

The required equation is the product of three factors of the type

Ans. \ («^2 + 2h<^ + cf - I{atiy> + 2i(l> + e) + J = 0.
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22. Prove

2,
1 9I/ZaJ-2EI\

(a - j8)2 2 V /' - 27/-^
y

From the expressions for a, $, y, S in terms of fli, Bi, fla, we have

_J^ _ _ J_ j
a-^ijf_2B" a'flz + 2g a'93 + 2.H')

(a - j8)2
~ 2a2 j {flj - 63)2

"*"

(63 - fl7)^
"*"

(9i - ffz)^ j

'

which may be expressed in terms of a, H, I, J, as above.

23. Prove 2 , = 0,
(82-83)'' '

if / = 0, and m of the form 3p ot 3p + 1, p being a positive integer.

24. Prove that

£? = a«2 + cy^ + «s2 + 2iiyz + 2ezx + 2hxy

can be resolved into the sum or difference of two squares if

Jsace + 2bed - ad^ -eb^-<^ = 0.

Here aU^ (ax + iy + cz)^ + {ae - b'^)y' + 2(ad- ic)yz + (ae - c^ja',

and [ao — b'^) y'' + 2 {ad — be) yz + [ae — e') 2^

is a perfect square if

{ac — b^) {ae — e') = {ad — be)',

or 7=0.

25. If a, iS, 7, 5 be the roots of the equation

Oox* + iaix' + 6«23:' + 4033! + 04 = 0,

solve, in terms of the coefficients ao, «i, &c., the equation

Va - a + Va; - ;8 + Va; - 7 + Va - 5 = 0.

"When V^ + v'fl + V7 + Vs =

is rationalized, and the coefficients substituted for u, i8, 7, S, we have

(SffioCz - 2ai^)2 = «o'«4-

Now, substituting Uo, Ui, Pi, Z/s, J7'4 for ao, «i, az, as, at, and reducing, we fird

«„. + », =
;

(3^2 _'^!^).
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26. To express the solution of the hiquadratic in terms of a single root of the

reducing cubic.

Substituting «' + p for x in the equation

ax'^ + Ml? + 6i!i!:2 + ^dx + e = 0,

we have
B3:'» + 4 XTix"' + 6 ViX"^ + 4 V^x' + fTi = 0.

As there are here two independent variables at our disposal, it is allowable to

make the assumptions

ax'* + 6 TJ^x"' + f7"4 = 0, U\x"^ + Pi = 0.

Eliminating x"'-, and reducing as in Art. 66, we have

4p-33-/(72 + /=0;

whence Uz = o9, where fl is a root of the reducing cubic, and therefore

f7i = ap + i = Va^fl - S.
Again,

whence, finally, since x = x' -k- f, or oa; + S = Pi + ««', we have

an expression which has only four values.

This expression might of course be obtained from the resulting formula of

Art. 61, or from that of Art. 63. The method of arriving at it in the present

Example is a distinct method of solving the biquadratic.

27. Prove that every rational algebraic function of a root 9 of a given cubic

equation can in general be reduced to the form

Co + Ci9

JDo + DiS'

Let the given function be -AAi where ^ (B) and li (9) are rational integral func-

tions of 9 of any order. By successive substitutions from the given cubic each of

these may be reduced to a quadratic. Hence the given function is reducible to the

form

Co + gi9 + ciB"-

do+ did-^ dte^

Equating this to the form written above, and reducing by the given cubic, we
obtain an identical equation, viz.

Xo + L\e + LzS^ s 0,

where Zo, ii, -Ez are linear functions of Po, Pi, -Po, -Pi, We have, therefore, the

three equations Zo =0, Ji = 0, In = 0, to determine the ratios of Co, Ci, Do, -Pi-
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28. Prove that the solution of the biquadratic does not involve the extraction

of a cube root when any relation among the roots a, $, y, 5 exists which can be

expressed by the vanishing of a rational function of a root 6 of the reducing cubic.

Any rational function of B can always be depressed to the second degree, as in

the preceding example. Hence the determination of 9 will not involve the extrac-

tion of a cube root ; and the formula of Ex. 26 shows that the expression for the

root of the biquadratic will not then involve any cube root.

29. Find in each case the relation which connects the roots of the biquadratic

when the equation

4f|3-Jp + /=0

is satisfied by any of the following values of p :

—

(l)f, (2). (3)0, W^-^, (5);/^-, (WS(7)g, (8)^-^^

Ans. {1] $ +y-a-S = (2)j8 + 7 = 0, (3) {y - a){$-S)- {a- $){y-S) = 0,

[i),{S)Py-aS= 0, {6) {y-a){$-S)-w{a-P){y-S) = 0, {6), [1) $-y = 0.

30. Prove the identity

This may be proved as follows ;—Putting ai = in the values of I and /, and

expanding, it readily appears that the part of A independent of «i may be thrown

into the form

ao«4 (aoa4 - Saa^)^ + 27«oa3^ (2ao«aa4 - "o'ti' - la^).

Now, replacing ai, as, ai by A2, A3, Ai, and substituting for the latter quanti-

ties the values of Art. 37, we obtain the result.—Mr. M. Roberts.

31. When a biquadratic has two equal roots, prove that Euler's cubic has two

equal roots whose common value is

3»/ - 2EI
11 '

and hence show that the remaining two roots of the biquadratic in this case are

real, equal, or imaginary, according as 2SI - 3aJ is negative, zero, or positive.

32. Prove that when a biquadratic has—(1) two distinct pairs of equal roots the

last two terms of the equation of squared differences (Art. 67) vanish, giving the

conditions A = 0, 2-HJ- 3a/ = ; and when it has—(2) three roots equal, the last

three terms of this equation vanish, giving the conditions 1=0, J=0; and show

the equivalence of the conditions in the former case with those already obtained in

Ex. 3, Art. 61, and Ex. 12, p. 148. Prove also that the equation of squared dif-

ferences reduces in the former case to <p^ («> + US)*, and in the latter case to

<p^ («> -( 16S)\



CHAPTER VII.

PKOPERTIES OF THE DERIVED FUNCTIONS.

69. Crrapliic Representation of the Derived Func-
tion.—Let APB be the B/

curve representing the po-

lynomial f{x), and P the

point on it corresponding

to any value of the varia-

ble X = OM. We proceed to

determine the mode of re-

presenting the value oif'{x)

at the point P. Take a

second point Q on the curve,

corresponding to a value of Fig. 5.

X which exceeds OM by a small quantity h. Thus

OM=x, MN=h, ON=x + h;

also PM =/(»), QN =/{x + h).

The expansion of Art. 6 gives

fix + h) = f{x) +/' {x) h + -^-^ K^+....

or

But

n^^^)-fi^) -_ri.).mk..
1.2 (1)

f {x + h) -fix)

h Jl^
= 11= tan QPS = tan PRN.

Now, when h is indefinitely diminished, the point Q approaches,

and ultimately coincides with, P ; the chord PQ becomes the
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tangent PT to the curve at P ; the angle PRN becomes PTM.
Also all terms of the right-hand member of equation (1) except

the first diminish indefinitely, and ultimately vanish when A = 0.

The equation (1) becomes therefore

tan PTM =f {x) ;

from which we conclude that the value assumed hy the derived

functionf (x) on the substitution of any value of x is represented hy

the tangent of the angle made with the axis OX by the tangent at

the corresponding point to the curve representing the functionf {x)

.

70. IttaKiiuum and minimum Values of a Polyno-

mial. Theorem.—Any value of x which renders f{x) a maxi-

mum or minimum is a root of the derived equation f (x) = 0.

Let a be a value of x which renders f{x) a minimum. We
proceed to prove that/' {x) =0. Let h represent a small incre-

ment or decrement of x. We have, since /(a) is a minimum,

/(a) </(a + h), also f{a) <f{a - h) ;

hence f[a + h) -/(a), and f{a - h) -f{a) are both positive, i.e.

the following two expressions are positive :

—

f{o)h + '^h' +

-f'{a)h.g^h'-

Now, when h is very small, we know (Art. 5) that the signs

of these expressions are the same as the sigus of their first

terms ; hence, in order that both should be positive, /' (a) must

vanish ; and, moreover, /" (a) tnust be positive. An exactly

similar proof shows that when /(a) is a maximum f [a) = 0,

andf" (a) is negative. Thus, in order to find the maximum and

minimum values of a polynomial f[x), we must solve the equa-

tion /' [x] = 0, and substitute the roots in f{x). Each root will

furnish a maximum or minimum, the criterion to decide between

these being the sign of/"(a;) when the root is substituted in

ii—when f"[x) is negative, the value is a maximum; and when

f" [x] is positive, the value is a minimum.
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Fis. 6.

The theorem of this Ar-

ticle follows at once from

the construction of Art. 69
;

for it is plain that when the

value oif{x) is a maximum,

as at P, P' (fig. 6), or a

minimum, as at p, p', the

tangent to the curve will

be parallel to the axis OX,

and, consequently,

tan PrJf =/' (a;) = 0.

Fig. 6 represents a polynomial of the 5th degree. Correspond-

ing to the four roots of/' [x) = (supposed all real in this case),

viz. OM, Om, OM', Om', there are two maxima, MP, M'P' ; and

two minima, mp, m'p'.

Examples.

1. Find the mai. or min. value of

f{x) s2x- + x-6.

f{x) = ix+l, f"{x) = i.

makes f{x)--
-49

-, a minimum.

(See fig. 2, p. 15.)

2. Find the max. and min. values of

/ (x) E= 2a;3 - 3a;2 _ 36a: + 14.

/' [x) = 6{x^-x- 6), /" {x) = 6{2x- 1).

X = — 2 makes f{x) = 68, a maximum.

X = 3 makes f{x) = — 67, a minimum.

3. Find tie max. and min. values of

f{x} = 3x* - 16*3 + 6x^ - 48a: + 7.

Here f'{x) = has only one real root, x = i; and it gives a minimum value,

/(a:) =-345.
4. Find the max. and min. values of

f{x)slOx^-nx'' + x + 6.

The roots of f'(x) are, approximately, -0302, 1-1031. The former gives a

maximum value, the latter a minimum. (See fig. 3, p. 16.)
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71. Rolle's Theorem.—Between two consecutive real roots

a and h of the equation f{x) = there lies at least one real root of

the equation f [x] = 0.

For as x increases from a to h, /(«), varying continuously

from f{a) to /(J), must begin by increasing and then diminish,

or must begin by diminishing and then increase. It must,

therefore, pass through at least one maximum or minimum
value during tlie passage from /(«) to/(6). This value (/(a),

suppose) corresponds to some value a oi x between a and h,

which by the theorem of Art. 70 is a root of the equation

/'(..) =0.

The figure in the preceding Article illustrates this theorem.

We observe that between the two points of section A and B
there are three maximum or minimum values, and between the

two points B and C there is one such value. It appears also

from the figure that the number of such values between two

consecutive points of section of the axis is always odd.

Corollary.—Two consecutive roots of the derived equation may

not comprise between them any root of the original equation, and

never can comprise more than one.

The first part of this proposition merely asserts that between

two adjacent zero values of a polynomial there may be several

maxima and minima ; and the second part follows at once

from the above theorem ; for if two consecutive roots of/' [x) =

comprised between them more than one root of / («) = 0, we
should then have two consecutive roots of this latter equation

comprising between them no root of/' (x) = 0, which is contra-

dictory to the theorem.

72. Constitntion of the Derived Functions.—Let the

roots of the equation f(x) = be a,, 02, 03, . . . a„. We have

f{x) = (x - ai) {x - oa) [x - ai\ . . .[x - a„).

In this identical equation substitute y + x for x

;

f[y + «) = (y + a; - a,) (y + a; - aj) . . . (y + « - o„)

= 2/" + gi^/""' + M""' + • • + qn-yy + qn,
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where

g'l =x— ai + x-ai + x-a3+...+x- an,

qt = {x - ai) [x - ai) + {x - ai){x - ai) + . . . + {x - a„-i) [x - a„),

?n-i= [x-ai)[x-a^ . . . {x - a„) + [x - ai]{x - 03) . . . [x - a„) + . . .

+ {x- ai) [x-Ui] . . . [x- a„-i),

g„ = (3!-o,)(a!-a2){a;-a3) . . . (^-On).

We have, again,

Equating the two expressions for /(«/ + «), we obtain

/ {x) = (x- oi) {x - as) ...(«- a„),

/'(«) = (« - Oi) {x - a-^ . . . {x - an) + . . . . , as above written,

1.2
the similar value of qn-i in terms of x and the roots.

The value of/' {x) may be conveniently written as follows :

—

X - ai X - 02 X - an

73. nultiple Roots. Theorem.—A multiple root of the

order •m of the equation f[x) = is a multiple root of the order

m-l of the first derived equationf [x) - 0.

This follows immediately from the expression given for/' [x)

in the preceding Article ; for if the factor [x - ai)"" occurs in

f{x), i.e. if oi = 02 = . . . = am ; we have

X - a^ X- a„,+i X - un

Each term in this will still have {x - ai)™ as a factor, except

the first, which will have {x- ai)"*"' as a factor; hence {x - oi)"'"'

is a factor in /' {x).
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Cor. 1.

—

Any root which occurs m times in the equation

fix) = occurs in degrees of muUiplicity diminishing by unity in

the first m-1 derived equations.

Since/" [x) is derived from/' {x) in the same manner as/' (x)

is from/(a;), it is evident by the theorem just proved that/"(a;)

will contain {x - ai)""' as a factor. The next derived function,

f"{x), will contain {x - ai)"""' ; and so on.

CoR. 2.

—

Iffix) and its first m-1 derivedfunctions all vanish

for a value a of x, then (x- a)" is a factor inf{x).

This, which is the converse of the preceding corollary, is

most readily established directly as follows :—Representing the

derived functions by/i ix),fi («),... .fm-i («) (see Art. 6), and

substituting a + x - a for x, we find that/(a;) may be expanded

in the form

/(a) +fia)ix-a)+^(x-a)^+. . . + ^-^^M^^ (^_„)«.-i

1.2 .. .m 1.2.. .n ^ '

from which the proposition is manifest.

74. netermination of multiple Roots.—It is easily

inferred from the preceding Article that if f{x) and /'(«) have

a common factor {x - af^'^, [x - a)*" will be a factor in/(a;) ; for,

by Cor. 1, the m -2 next succeeding derived functions vanish

as well as /(«) and/' (») when x = a; hence, by Cor. 2, o is a

root of f{x) of multiplicity m. In the same way it appears that

if /(a;), and /' (a;) have other common factors

ix-^Y-\ ix-jY-\ (a;-SrS &c.,

the equation /(«) = will have p roots equal to /3, q roots equal

to 7, r roots equal to S, &c.

In order, therefore, to find whether any proposed equation

has equal roots, and to determine such roots when they exist,

we must find the greatest common measure oi f{x) and/'(a;).

Let this be ^ [x). The determination of the equal roots will

depend on the solution of the equation ^ [x] = 0.



160 Properties of the Derived Functions.

Examples.

1 . Find the multiple roots of the equation

sc^ + x^- l%x + 20 = 0.

The G. C. M. of /(«) and/' [x) is easily found to he x — 2; hence (« - 2)' is a

factor in f(x). The other factor is a; + 5.

Whenever, after determining the multiple factors oif(x), -we wish to obtain the

remaining factors, it will he found convenient to apply by repeated operations the

method of division of Art. 8. Here, for example, we divide twice by a: - 2, the

calculation being represented as follows :

—

1
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Theory of Equations, of the determination in this way of the

multiple roots of numerical equations as a simple process, and

one preliminary to further investigations relative to the roots.

It is chiefly in connexion with Sturm's theorem that the opera-

tion is of any practical value. The further consideration of

multiple roots is deferred to Chap. IX., where this theorem

win he discussed. It will be shown also in Chap. X., that the

multiple roots of equations of degrees inferior to the sixth can,

in any particular instance, he determined from simple conside-

rations not involving the process of finding the greatest common

measure.

75. This and the succeeding Article will be occupied with

theorems which will be found of great importance in the sub-

sequent discussion of methods of separating the roots of equa-

tions.

Theorem.—In passing continuously from a value a- h of x

a little less than a real root a of the equation f[x) = to a value

a + h a little greater, the polynomials f{x) and f [x) have unlike

signs immediately before the passage through the root, and like signs

immediately after.

Substituting a - hinf{x) and.f'[x), and expanding, we

have

/(a - h) =f{a] -f (a) h +^^ h'-....

f'{a-h)= f'{„)-f"{a]h +

Now, since f{a) = 0, the signs of these expressions, depending

on those of their first terms, are unlike. When the sign of h is

changed, the signs of the expressions become the same. The

theorem is therefore proved.

Corollary.—The theorem remains true when a is a multiple

root of any order of the equation f{x) = 0.

Let the root be repeated r times. The following functions

(using suffixes in place of the accents) all vanish :

—

/(a), /.(a), /.(a), ..../...(a).

M
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In the series for f{a-h) and/' (a - h) the first terms which

do not vanish are, respectively,

1.2...r^ " 1.2.

These have plainly unlike signs ; hut when the sign of h is

changed they will have like signs. Hence the proposition is

established.

76. Extending the reasoning of the last Ai-ticle to every

consecutive pair of the series

f{x), fjx), f^{x), . . ./r-i(«),

we may state the proposition generally as follows :

—

Tbeorem.— When any equation f[x) = has an r-multiple

root a, a value a little inferior to a gives to this series ofr functions

signs alternatelt/ positive and negative, or negative and.positive

;

and a value a little superior to it gives to all these functions the

same sign; and this sign is, moreover, the same as the sign offr[a),

the first derived function which does not vanish when a is substi-

tuted for X.

In order to give a precise idea of the use of this theorem,

let us suppose that /s (a) is the first function which does not

vanish when a is substituted, and let its sign be negative;

the conclusion which may be drawn from the theorem is, that

for a value a-h oix the signs of the series of functions /,/i,/2,

and for a value a + A of « they are

for before the passage through the root the sign of f must be

different from that of f ; the sign of f must be different from,

that of ft, and so on ; and after the passage the signs of all

the functions must be the same. It is of course assumed her^

that h is so small that no root of /s (») = is included within the

interval through which x travels.
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Examples.

1. Find the multiple roots of the equation

f{x) =s^+ \ir^ + 32a;« - 24a; + 4 = 0.

Am. f(x) s («« + %x - 2f.

2. Shov that the binomial equation

»»-«» =
cannot have equal roots.

3. Show that the equation

X" — nqx + (« — 1 ) r =

will haye a pair of equal roots if j" = r"-^.

4. Prove that the equation

x^ + bpx^ + 5pH + J =

has a pair of equal roots when j' + ip^ = ; and that if it have one pair of equal

roots it must have a second pair.

5. Apply the method of Art. 74 to determine the condition that the ouhic

z' + 3S"z + ff =

should have a pair of equal roots.

The last remainder in the process of finding the greatest common measure must

vanish. Ans. ff" + 4^^' = 0.

6. Apply the same method to show that both G and B" vanish when the cubic

has three equal roots.

7. If a, /3, 7, S be the roots of the biquadratio/(a:) = 0, prove that

/'{a)+/'(;3)+/'(7)+/'(5)

can be expressed as a product of three factors.

Ans. (a + /8 - 7 - 8) (a + 7 - ;8 - 5) (a + 5 - fl - 7).

8. If o, ft 7, S, &c., be the roots oif{x) = 0, and a, (8', 7', Sec, off (x) = 0,

prove

/'(«)/' (-3)/' (7)/' (5) . . . . =«"/(<.')/(e')/(7')

and that each is equal to the absolute term in the equation whose roots are the

squares of the di£Eerences.

9. If the equation

X"+Pl.X«-^ +P2X''-^ + . . . . +Pf,^lX+Pn =

have a double root a, prove that a is a root of the equation

piX^-^ + 2p2X"-^ + apzn^^ + . . . . 4 «Pi. = 0.

M 2
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10. Show that the max. and min. values of the cubic

as? + 35a;' -^ Zcx + d

are the roots of the equation

a2/ - 2(?f) + A = 0,

where A is the discriminant.

If the curve representing the polynomial/(s) be moved parallel to the axis of y

(see Art. 10) through a distance equal to a max. or min. value p, the axis of x will

become a tangent to it, i.e. the equation/ («) - p = will have equal roots. Hence

the max. and min. values are obtained by forming the discriminant of /(«) — p, or

by putting d- p for dm GP + iM^ = 0.

11. Prove similarly that the max. and min. values of

aa;* + 45a;' + 6ex'' + idx + e

are the roots of the equation

ay - 3 (««/ - 9^2) p« + 3 {aP - 18SJ)p - A = 0,

where A is the discriminant of the quartic.

12. Apply the theorem of Art. 76 to the function

/ (a;) = a;* - 7a;' + ISa;^ - 13a; + 4.

"We have
/i {x) =W - ilx' + 30a; - 13,

/!(a:) = 2(6a;2-2l3; + 15),

/3(a;) = 2{I2a;-21),

/i(a;) = 24.

Here/a (a;) is the first function which does not vanish when a; = 1 ; and/3(l) is

negative. What the theorem proves is, that for a value a little less than 1 the signs

of/, /i, fi, fz are H \-—, and for a value a little greater than 1 they are all

negative. We are able from this series of signs to trace the functions /,/i, &c., in

the neighbourhood of the point a; = 1. Thus the curve representing /(a;) is above

the axis before reaching the multiple point a; = 1, and is below the axis immediately

after reaching the point, and the axis must be regarded as cutting the curve in three

coincident points, since {x — 1)' is a factor in/(a:) , Again, the curve con'esponding

to/i(a;) is below the axis both before and after the passage through the point a;= 1.

It touches the axis at that point. The curve representing/a (ar) is above the axis

before, and below the axis after, the passage, and cuts the axis at the point.



CHAPTER VIII.

LIMITS OF THE KOOTS OF EQUATIONS.

77. Definition of Ijimits.—In attempting to discoTer the

real roots of numerical equations, it is in the first place advan-

tageous to narrow the region within which they must be sought.

We here take up the inquiry referred to in the observation at

the end of Art. 4, and proceed to prove certain propositions

relative to the limits of the real roots of equations.

A superior limit of the positive roots is any greater positive

number than the greatest of them ; an inferior limit of the posi-

tive roots is any smaller positive number than the smallest of

them. A superior limit of the negative roots is any greater

negative number than the greatest of them ; an inferior limit

of the negative roots is any smaller negative number than the

smallest of them : the greatest negative number meaning here

that nearest to - oo .

When we have found limits within which all the real roots

of an equation lie, the next step towards the solution of the

equation is to discover the intervals in which the separate roots

are situated. The principal methods in use for this latter pur-

pose will form the subject of the next chapter.

The following Propositions all relate to the superior limits

of the positive roots ; to which, as will be subsequently proved,

the determination of inferior limits and limits of the negative

roots can be immediately reduced.

78. Proposition I.

—

In any equation

if the first negative term be'- prx'^, and if the greatest negative
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coefficient be - pk, then ''Jpi +1 is a superior limit of the positive

roots.

Any value of x whicli makes

of > pt, (a;"-^ + «^-' + .. .+X + 1) >pi, r—

will, a fortiori, make/(ir) positive.

Now, taking x greater than unity, this inequality is satisfied

by the following :

—

«" >pi, ^,
X — X.

or a;""-a;»>i?ia^%

or «'"' {x-l) > pi:,

which inequality again is satisfied hy the following :

—

{x - l)*-' (a; - 1) = or > pk,

since plainly a:*""' > [x - l)*""'.

"We have, therefore, finally

[X-Vf = OT>Pk,

or 0! = or > 1 + '^Jpk.

79. Proposition H.—If in any equation each negative coef-

ficient be taken positively, and divided hy the sum of all the positive

coefficients which precede it, the greatest quotient thus formed in-

creased hy unity is a superior limit of the positive roots.

Let the equation be

a^ + a^x"-^ + a^"-'^ - as*'"--' + - a^"^ + + a„ = 0,

ia which, in order to fix our ideas, we regard the fourth coefr

fieient as negative, and we consider also a negative coefficient in

general, viz. - Ur.

Let each positive term in this equation be transformed by

means of the formula

amim'" = dm {x - 1) (a;"-' + a;"-* + . . . + a; + 1) + «„, ' \ ;
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which is derived at once from

x^ — 1_ = a;"-! + a!"-'' + ...+« + !;x-1

the negative terms remaining unchanged.

The polynomial /(a") becomes then, the horizontal lines of

the following corresponding to the successive terms of /(«) :

—

ao(« -!)«""'+ «o(a; -!)«""' + «()(«- l)»"^+...+ao(«-l)«""'+-.. + ao,

+ ai(a; - 1) a;""' + ai(a!-l) »""'+.. .+ai(a; - 1) a;"-''+ ...+ fli,

+ a2(«-l) 2!""'+..
. +at{x - 1) a;"-^+ . . . + «2,

We now regard the vertical columns of this expression as

successive terms in the polynomial ; the successive coefficients

of «"-', a^-^, &c., being

ao{x-l), (ao + ffli)(a;-l), (ffo + «i + ^z) (a' - 1) - ^s, &o.

Any value of x greater than unity is sufficient to make

positive every term in which no negative coefficient a^, Ur, &c.,

occurs. To make the latter terms positive, we must have

(ao + ai + flj + . . . + Or-i) (»-!)> «r, &c.

Hence

x> ^ + 1, . . . ,x > +1, &c.
ao + «i + «2 flo + «1 + Kj + «4 + • • • + «r-i

And to ensure every term being made positive, we must take

the value of the greatest of the quantities found in this way.

Such a value of x, therefore, is a superior limit of the positive

roots.
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80. Practical Applications.—The propositions in the

two preceding Articles furnish the most convenient general

methods of finding in practice tolerably close limits of the

roots. Sometimes one of the propositions will give the closer

limit ; sometimes the other. It is well, therefore, to apply

both methods, and take the smaller limit. Prop. I. will usually

be found the more advantageous when the first negative coef-

ficient is preceded by several positive coefficients, so that r is

large ; and Prop. II. when large positive coefficients occur

before the first large negative coefficient. In general, Prop. II.

will give the closer limit. We speak of the integer next above

the numerical value given by either proposition as the limit.

Examples.

1. Find a superior limit of the positive roots of the equation

a^-bx^A- 40a;2 - 8a; + 23 = 0.

Prop. I. gives 8 + 1, or 9, as limit.

Prop. II. gives t + 1; or 6. Hence 6 is a superior limit.

2. Find a superior limit of the positive roots of the equation

a;5 + 3i* + x^- Sx- - 5U + 18 = 0.

Prop. I. gives v' 51 + 1 ; and 6 is, therefore, a limit.

61
Prop. II. gives :; 1- 1, and 12 is a limit.

In this case Prop. I. gives the closer limit.

3. Find a superior limit of the positive roots of

xT+ 4«5 _ 3a;5 + 5x* - 9x^ - lU' + 6a; - 8 = 0.

Of the fractions

3 9 11 8

1 + 4' 1 + 4 + 5' 1 + 4 + 5' 1 + 4 + 5 + 6'

the third is the greatest, and Prop. II. gives the limit 3. Prop. I. gives 6.

4. Find a superior limit of the positive roots of

a;8 + 20a;'' + 4a:« - lla;^ _ 120a;* + 13a; - 25 = 0.

Ans. Both methods give the limit 6.

6. Find a superior limit of the positive roots of

ix^ - 8a;» + 22x^ + 98x' - 73a; + 5 = 0.

Ans. Prop. I. gives 20. Prop. II. gives 3.
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It is usually possible to determine by inspection a limit

closer than that given by either of the preceding propositions.

This method consists in arranging the terms of an equation in

groups having a positive term first, and then observing what is

the lowest integral value of x which will have the effect of

rendering each group positive. The form of the equation will

suggest the arrangement in any particular case.

6. The equation of Ex. 2 can be arranged as follows :

—

x' {x^ - 8) + a; (3^3 _ 51) + a;3 + 18 = 0.

« = 3, or any greater number, renders each group positive ; hence 3 is a superior

limit.

7. The equation of Ex. 4 may be arranged thus :

—

x^{a? - II) + '10x*(x^ - 6) + ix^ + nx - 25 = 0.

a: = 3, or any greater number, renders each group positive ; hence 3 is a limit.

8. Find a superior limit of the roots of the equation

X* - ii^ + 33a;« - 2a; + 18 = 0.

This can be arranged in the form

x^ (x^ -ix + b) + 28a; {x - -h) + 18 = 0.

Now the trinomial a;' — 4a; + 5, having imaginary roots, is positive for all values

of X (Art. 12). Hence a; = 1 is a superior limit.

The introduction in this way of aquadratic whose roots are imaginary, or of one

with equal roots, will often be found useful.

9. Find a superior limit of the roots of the equation

5x^ - 7a:* - 10a;3 - 23a;2 - 90a; - 317 = 0.

In examples of this kind it is convenient to distribute the highest power of x

among the negative terms. Here the equation may be written

X* (a: - 7) + x^ (x^ - 1 0) + a;" (a:3 - 23) -f a; (.1:* - 90) + a;5 - 317 = 0,

so that 7 is evidently a superior limit of the roots. In this case the general

methods give a very high limit.

10. Find a superior limit of the roots of the equation

a:* - a;3 - 2a;' - 4a; - 24 = 0.

When there are several negative terms, and the coefficient of the highest term

unity, it is convenient to multiply the whole equation by such a number as will

enable us to distribute the highest term among the negative terms. Here, multi-

plying by 4, we can write the equation as foUows :
—

x^{x-i)+x^ix^-S) + x{x^-16) + x*-96 = 0,

and 4 is a superior limit. The general methods give 25.
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81. Proposition HI.—Any number which renders positive

the polynomialf {x) and allits derivedfunctions f[x), f[x), .../„(«)

is a superior limit of the positive roots of the equation f {x) = 0.

This method of finding limits is due to Newton. It is much

more laborious in its application than either of the preceding

methods ; but it has the advantage of giving always very close

limits ; and in the case of an equation all whose roots are real

the limit found in this way is, as will be subsequently proved,

the next integer above the greatest positive root.

To prove the proposition, let the roots of the equation

/(«) =0 be diminished by h; then x - h = y, and

If now h be such as to make all the coefficients

.f(h),f{h),f{li),...f,{h)

positive, the equation in y cannot have a positive root ; that is

to say, the equation in x has no root greater than /* ; hence h is

a superior limit of the positive roots.

Example.

f(x) = «< - 2*3 - 3*2- 15a: - 3.

In applying Newton's method of finding limits to any example the general mode

of procedure is as follows:—Take the smallest integral number which renders

fn-i («) positive ; and proceeding upwards in order to /i (x), try the effect of substi-

tuting this number for x in the other functions of the series. When any function

is reached which becomes negative for the integer in question, increase the integer

successively by units, tiU it makes that function positive ; and then proceed with

the new integer as before, increasing it again if another function in the series

should become negative ; and so on, till an integer is reached which renders all the

functions in the series positive. In the present example the series of functions is

/ (x) = a;* - 2a:' - 3a;2 - 13a: - 3,

/i(a:) = 4a;'-6a:2-6a:-15,

\Mx) = &x^-&x-3.

kMx) = ix-2,

-hMx) = 1.
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Here x = l makes /3(a;) positive. We try then the effect of the substitution a = 1

iaf%(x). It makes /3(«) negative. Increase by 1 ; and a; = 2 makes /2{a;) positive.

Try the effect of a; = 2 in fi(x) ; it gives a negative result. Increase by 1 ; and

a = 3 makes /i(a;) positive. Proceeding upwards, the substitution a; = 3 makes

f(x) negative ; and increasing agaia by unity, we find that x = i makes f(x) posi-

tive. Hence 4 is the superior limit required.

It is assumed in this mode of applying Newton's rule, that when any number
makes all the derived functions up to a certain stage positive, any higher number

will also make them positive ; so that there is no occasion to try the effect of the

higher number on the functions in the series below that one where our upward

progress is arrested. This is evident from the equation

<p(a + h) = <p(a) + <S,'(a)h + <p"(a) r-^ + • • •

(taking ^ (x) to represent any function in the series, and using the common notation

for derived functions), which shows that if (p [a), </>'(«), <P"{^), • are all positive,

and A also positive, <p{a + h) must be positive.

It may be observed that one advantage of Newton's method is that often, as in

the present instance, it gives us a knowledge of the two successive integers between

Vrhich the highest root lies. Thus in the present example, since f{x) is negative

for x = 3, and positive for x = i, we know that the greatest root of the equation

lies between 3 and 4.

82. inferior liimits, and Iiimits of the IVegative

Roots.—To find an inferior limit of the positive roots, the

equation must be first transformed by the substitution x =-.

Find then a superior limit h of the positive roots of the equation

in y. The reciprocal of this, viz. -, will be the required inferior

limit ; for since

^11. 1
i/<h, - > T) i-e. X >- •

To find limits of the negative roots, we have only to trans-

form the equation by the substitution x = - y. This transfor-

mation changes the negative into positive roots. Let the

superior and inferior limits of the positive roots of the equation

in «/ be A and //. Then - h and - li are the limits of the nega-

tive roots of the proposed equation.
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83. liimiting Equations.—Z/ all the real roots of the

equationf {x) = could be found, it would he possible to determine

the number of real roots of the equation f[x) = 0.

To proYe this, let the real roots of /'(«) = be, in ascending

order of magnitude, a', j3', y', ... X'; and let the following

series of values be substituted for x in /(a;) :

—

- 00 , a', /3', 7', ... X', + 00 .

When any successive two of these quantities give results

with different signs there is a root of f{x) =0 between them;

and by the Cor., Art. 71, there is only one; and when they

give results with the same sign there is, by the same Cor., no

root between them. Thus each change of sign in the results of

the successive substitutions proves the existence of one real root

of the proposed equation.

If all the roots of f[x) =0 are real, it is evident, by the

theorem of Art. 71, that all the roots of /'(«) = are also real,

and that they lie one by one between each adjacent pair of the

roots of /(a) = 0. In the same case, and by the same theorem,

it follows that the roots of f"(x) = 0, and of all the successive

derived functions, are real also ; and the roots of any function

lie severally between each adjacent pair of the roots of the

function from which it is immediately derived.

Equations of this kind, which are one degree below the

degi'ee of any proposed equation, and whose roots lie severally

between each adjacent pair of the roots of the proposed, are

called limiting equations.

It is evident that in the application of Newton's method

of finding limits of the roots, when the roots of f{x) = are

all real, in proceeding according to the method explained in

Art. 81, the function f{x) is itself the last which will be ren-

dered positive, and therefore the superior limit arrived at is the

integer next above the greatest root.
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ExAUFLES.

1. Prove that any derived equation/„ (a;) = cannot have more imaginary roots,

hut may have more real roots, than the equation f{x] = from which it is derived.

From this it follows that if any of the derived functions he found to have

imaginary roots, the same numher at least of imaginary roots must enter the

primitive equation.

2. Apply the method of Art. 83 to determine the conditions that the equation

2^ — ja; + r =

should have all its roots real.

3. Determine hy the same method the nature of the roots of the equation

a;" - nqx + (» — 1) r = 0.

Ans. When n is even, the equation has two real roots or none, according as

5"> or <r"-'.

When n is odd, the equation has three real roots or one, according as

}"> or <)»-'.

' i. The equation x"{x - 1)" = has all its roots real ; hence show, hy forming

the «"' derived function, that the following equation has all its roots real and

unequal, and situated hetween and 1 :

—

a:" - «— a^i-i + \ „
' —)- '- x"-^ - &c. = 0.

2« 1.2 2«(2«-l)

5. Show similarly hy forming the n"' derived of (a;' - 1)" that the following

equation has all its roots real and unequal, and situated hetween — 1 and 1 :

—

n(n-l) , «(«-!) n[n-l){n-2){n-S)
, „

xn - n i —ii?>-^-\ ^ ^^ — ~ -a;"-* — &c. = 0.
2«(2»-l) 1.2 2«(2»-l)(2»-2)(2«-3)

6. If any two of the quantities, I, m, n in the following equation he put equal

to zero, show that the quadratic to which the equation then reduces is a limiting

equation ; and hence prove that the roots of the proposed are all real :

—

{x-a)(x-l>){x-c)-Pix-a)-m''-{x-b)-n''{x-c)-2lmn = 0.

7. Discuss the nature of the I'oots of the equation

x^ + ix^ - Ix^ - 12a; -^ p = 0,

according to the different values of ^.

Apply Art. 83. When p is less than - 7, two roots are real and two imaginary
;

when;) lies between - 7 and 9, all the roots are real ; and whenjt) is greater than 9,

the roots are all imaginary. The equation has two equal roots when p = -1, and

two pairs of equal roots when^ = 9.



CHAPTER IX.

SEPARATION OF THE ROOTS OF EQUATIONS.

84. By the methods of the preceding chapter we are enabled to

find limits hetween which all the real roots of any numerical

equation lie. Before proceeding to the actual approximation

to any particular root, it is necessary to separate the interval in

which it is situated from the intervals which contain the remain-

ing roots. The present chapter will be occupied with certain

theorems whose object is to determine the number of real roots

between any two arbitrarily assumed values of the variable. It

is plain that if this object can be effected, it will then be possible

to tell not only the total number of real roots, but also the limits

within which the roots separately lie.

The theorems given for this purpose by Fourier and Budan,

although different in statement, are identical in principle. For

purposes of exposition Fourier's statement is the more con-

venient, while with a view to practical application the statement

of Budan will be found superior. The theorem of Sturm, although

more laborious in practice, has the advantage over the preceding

that it is unfailing in its application, giving always the exact

number of real roots situated between any two proposed quan-

tities ; whereas the theorem of Fourier and Budan gives only a

certain limit which the "number of real roots in the proposed

interval cannot exceed.

85. Theorem of Fourier and Budan.—Let two numbers

a and b, of which a is the less, be substituted in the seriesformed by

f{x) and its successive derivedfunctions, viz.,
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the number of real roots which lie between a and b cannot be greater

than the excess of the number of changes of sign in the series when

a is substituted for x, over the number of changes when b is sub-

stitutedfor X ; and ivhen the number of real roots in the interval

falls short of that difference, it will be by an even number.

This is the form in which Fourier states the theorem.

It is to be understood here, as elsewhere, that, when we

speak of two numbers a and b, of which a is the less, one or

both of them may be negative, and what is meant is that a is

nearer than 6 to — oo .

We proceed to examine the changes which may occur among

the signs of the functions in the above series, the value of x

being supposed to increase continuously from a to b. The

following different cases can arise :

—

(1). The value of x may pass through a single root of the

equation /(») = 0.

(2). It may pass through a root occurring r times in/(a;) = 0.

(3). It may pass through a root of one of the auxiliary

functions/m («) = 0, this root not occurring in either fm~i [x) =

or/m+i («) = 0.

(4). It may pass through a root occurring r times in fm [x) = 0,

and not occurring in/,„-i (a?) = 0.

In what follows the symbol x is omitted after / for con-

venience.

(1). In the first case it is evident, from Art. 75, that in

passing through a root of the equation f{x) = 0, one change

of sign is lost ; for / and f have unlike signs immediately

before, and like signs immediately after, the passage through

the root.

(2). In the second case, in passing through an r-multiple

root oif{x) = 0, it is evident that r changes of sign are lost

;

for, by Art. 76, immediately before the passage the series of

functions

ffff} • • •Jr-uJr

have signs alternately + and -, or - and +, and immediately

after the passage have all the same sign as f.
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(3). In the third case, the root of/„ {x) = must give to/^.i

and/m+i either like signs or unlike signs. Suppose it to give like

signs ; then in passing through the root two changes of sign are

lost, for before the passage the sign of/„ is different from these

like signs, and after the passage it is the same (Art. 76) . Sup-

pose it to give Tinlike signs ; then no change of sign is lost, for

hefore the passage the signs of /„j_i, /,„, fm-n must be either

+ + -, or - - +, and after the passage these become

+ - -, and - + +. On the whole, therefore, we con-

clude that no variation of sign can be gained, but two varia-

tions may be lost, on the passage through a root oifmix) = 0.

(4). In the fourth case x passes through a value (let us say o)

which causes not only/m but also/m+i,/m+2, • . •,/m+r-i to vanish.

It is evident from the theorem of Art. 76 that during the passage

a number of changes of sign will always be lost. The definite

number may be collected by considering the series of functions

Jm-uJmjJm-Hi • • • -t Jm^-\^ Jm-^v

We easily obtain the following results :

—

(a). When/„,.i(a) and/„+r(a) have like signs:

If r be even, r changes are lost.

If r be odd, r + 1 changes are lost.

(J). "When/,„_i(a) and/OT+r(a) have unlike signs:

If r be even, r changes are lost.

If r be odd, r -1 changes are lost.

We conclude, therefore, on the whole, that an even number
of changes is lost during the passage through an r-multiple root

of/»(«).

It will be observed that (1) is a particular case of (2), and

(3) of (4), i.e. when r = 1. Since, however, the cases (1) and (3)

are those of ordinary occurrence, it is well to give them a sepa-

rate classification.

Reviewing the above proof, we conclude that as x increases

from a to 6 no change of sign can be gained ; that for each
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passage through a single root of/ (a?) = one change is lost; and
that under no circumstances except a passage through a root of

f{x) =0 can an odd number of changes be lost. Hence the

number of changes lost during the whole variation of x from

a to 6 must be either equal to the number of real roots of

f{x) =0 in the interval, or must exceed it by an even number.

The theorem is therefore proved.

86. ApplicaUon of the Theorem.—The form in which

the theorem has been stated by Budan is, as has been already

observed, more convenient for practical purposes than that just

given. It is as follows :

—

Let the roots of an equation f(x) =

be diminished, first hy a and then by b, where a and b are any two

numbers of which a is the less ; then the number of real roots

between a and b cannot be greater than the excess of the number of

changes of sign in the first transformed equation over the number in

the second.

This is evidently included in Fourier's statement, for the

two transformed equations are (see Art. 33)—

fia) ^f{a)yJ^f + . . . + ^^^J^ = 0,

from which, assuming the results of the last Article, the above

proposition is manifest.

The reason why the theorem in this form is convenient

in practice is, that we can apply the expeditious method of

diminishing the roots given in Art. 33.

Examples.

1. Find the situations of tie roots of the equation

x^ - Zx* - 24a;3 + 95a;3 _ 46a; - 101 = 0.

Ve shall examine this function for values of x between the intervals

-10, -1, 0, 1, 10;

these numhers heing assumed on account of the facility of calculation. Diminution

N
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of the roots by 1 gives the following series of coefficients of the transformed

equation :

—

1, 2, -26, 15, 65, -78.

In diminishing the roots by 10, it is apparent at the very outset of the calcu-

lation that the signs of the coefficients of the transformed equation will be all

positive ; so that there is no occasion to complete the calculation in this case.

In diminishing the roots by - 10 and - 1, it is convenient to change the alter-

nate signs of the equation, and diminish the roots by + 10 and + 1 ;
and then in

the result change the alternate signs again. The coefficients of the transformed

equation when the roots are diminished by - 1 are

1, -8, -2, 139, -291, 60.

In diminishing by — 10 we observe in the course of the operation, as before,

that the signs will be all positive in the result, i.e. when the alternate signs are

changed they will be alternately positive and negative.

Hence we have the following scheme :

—

(-10) +- + - + -

(_]) +__ + _ +

(0) + — — + — —, the equation itself.

(1) + + - + + -

(10) + + + + + +

These signs are the signs taken by /(a;) and the several derived functions /i,/u,

/s, /4, /s on the substitution of the proposed numbers ; but it is to be observed that

they are here written, not in the order of Art. 85, but in the reverse order, viz.

/s, fit fs, fh /ll /•

From these we draw the following conclusions :—All the real roots must lie

between — 10 and + 10 ; one real root lies between — 10 and — 1, since one change

pf sign is lost ; one real root lies between - 1 and 0, since one change of sign is lost

;

no real root lies between and 1 ; and between 1 and 10, since three changes of sign

are lost, there is at least one real root ; but we are left in doubt as to the nature of

the other two roots : whether they are imaginary, or whether there are three real

roots between 1 and 10.

We might proceed to examine, by further transformations, the interval between

1 and 10 more closely, in order to determine the nature of the two doubtful roots

;

but it is evident that the calculations for this purpose might, if the roots were nearly

equal, become very laborious. This is the weivk side of the theorem of Fourier and

Budan. Both writers have attempted to supply this defect, and have given methods

of determining the nature of the roots in doubtful intervals ; but as these methods

are complicated, we do not stop to explain them ; the more especially as the theorem

of Sturm effiects fully the purposes for which the supplementary methods of Fourier

and Budan were invented.
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2. Analyse the equation of Ex. 1, p. 100, viz.,

a;' + K* - 2a; - 1 = 0.

The roots o£ this are all real, and lie between — 2 and 2 (see Ex. 5, p. 100). When-
ever the roots of an equation are all real, the signs of Fourier's functions determine

the exact number of real roots between any two proposed integers. We obtain the

following result :—-The roots lie in the intervals

(-2, -1); (-1, 0); (1,2).

3. Analyse the equation of Ex. 3, p. 100, viz.,

a;5 + a* - ix^ -Zx' + Zx+1 = 0.

Ans. Two roots in the interval (—2, — 1 ), and one root in each

of the intervals (- 1, 0) ; (0, 1) ; (1, 2).

4. Analyse the equation

x^ - 80«3 + 1998^:2 - 14937a; + 5000 = 0.

The equation can have no negative roots. Diminish the roots by 10 several times

in succession tiU the signs of the coefficients become all positive. We obtain the

following result :

—

+(0)
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values of x immediately before and immediately after that value

which causes the coefficient to vanish ; the whole interval being

so small that it may be supposed not to include any root of the

equation /(a;) = 0.

ExiMPlES.

1. Analyse tte equation

f{x) = a:* - ix^ -3x + 23 = 0.

We shall examine this function between the intervals 0, 1, 10. The transformed

equations are

A/i{0)** + 4/3(0)^' + i/2 (0) x^ +/i (0):!: +/{0) = 0,

A-/4{1) a;* + */3 (1):!;=' + iMl) x^ +/i (1) :k +/(1) = 0,

A-/4(10)a:* + i/3(10):.3 + 1/2(10):.' +/, (10) a: +/{10) = 0,

the first of these being the proposed equation itself.

Making the calculations by the method of the preceding Article, we find that

the coefficient/a (1) = 0, and we have the following scheme :

—

(0)
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Nov since a pair of changes is lost in the interval (- h, + h), and since the

equation has no real root between — A and + h, we have proved the existence of a

pair of imaginary roots. Two changes of sign are lost between \ + h and 10, so

that this interval either includes a pair of real roots, or presents an indication of a

pair of imaginary roots. Which of these is the case remains still doubtful.

2. If several coefficients vanish, we may be able to establish the existence of

several pairs of imaginary roots. This will appear from the following example :

—

a;6 - 1 = 0.

The signs corresponding to — A and + h are, by the theorem of Art. 76,

i-h) +_ + _ +

(+A) + + + + + + -

Hence, since no root exists between — h and + h, and since i changes of sign

are lost in passing from a value very little less than to one very little greater, we

are assured of the existence of two pairs of imaginary roots. The other two roots

are in this case plainly real (see Art. 14).

The number of imaginary roots in any binomial equation can be determined in

this way.

3. Find the character of the roots of the equation

x« + Wx^ + ic - 4 = 0.

In passing from a small negative to a small positive value of x we obtain the

following series of signs :

—

{-h) +- + - + + - + -

(0) +0000 + + -

(+h) + + + + + + + + -

Since six changes of sign are here lost, there are six imaginary roots. The

remaining two roots are, by Art. 14, real : one positive, and the other negative.

The negative root lies between - 2 and - 1, and the positive between and 1.

4. Analyse completely the equation

x^-Sx'-x+l = 0.

There are two imaginary roots. Whenever, as in the present instance, the roots

are comprised within small limits, it is convenient to diminish by successive units.

In this way we find here a root between and 1, and another between 1 and 2.

Proceeding to negative roots, we find on diminishing by — 1 that — 1 is itself a root,

and writing down the signs corresponding to a value a little greater than - 1, we

observe an indication of a second negative root between - 1 and 0.

5. Analyse the equation

x^ + x^ + x'- 15x - 36 = 0.

There are two imaginary roots ; one real positive root between 2 and 3 ; and

two real negative roots in the intervals (— 3, — 2), (- 2, - 1).
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88. Corollaries from the Theorem of Fourier and

Bndan.—The method of detecting the existence of imaginary

roots explained in the preceding Article is called The Rule of

the Double Sign. A similar rule, due to De Gua, was in

use before the discovery of Fourier's theorem. This rule and

Descartes' Mule of Signs are immediate corollaries from the

theorem, as we proceed to show.

Cor. 1.

—

De Gua's Buk for finding Imaginary Roots.

The rule may be stated generally as follows :— When 2m suc-

cessive terms ofan equation are absent, the equation has 2m imaginary

roots ; and when 2m + 1 successive terms are absent, the equation

has 2m + 2, or 2m imaginary roots, according as the two terms be-

tween which the deficiency occurs have like or unlike signs. This

follows, as in case (4), Art. 85, by examining the number of

changes of sign lost during the passage of x from a small nega-

tive value - A to a small positive value h.

Cor. 2.—Descartes' Rule of Signs.

When is substituted for x in the series of functions

/„(»),/„_!(«), . . •f{x),f{x),f{x), the signs are the same as the

signs of the coefEeients «oj «i, «2, . . . Wn-i, «„, of the proposed

equation ; and when + oo is substituted the signs are all positive.

Fourier's theorem asserts that the number of roots between

these limits, viz. the number of positive roots, cannot exceed the

number of variations lost during the passage from to + oo,

that is the number of changes of sign in the series cto, «i, fla • • • ««•

This is Descartes' rule for positive roots ; and the similar rule

for negative roots follows in the usual way by changing the

negative into positive roots.

Cor. 3.

—

Newton's Method offinding Limits.

When a number h has been found which renders positive

each of the functions fn{x), fn-i{x), . . .fix), f{x), f{x) ; since

+ 00 also renders each of them positive, it follows from Fourier's

theorem that there can be no root between h and + oo , that is to

say, A is a superior limit of the positive roots ; and this is

Newton's proposition (Art. 81).
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89. Sturm's Theorem.—"We have already shown (Art. 74)

that it is possible by performing the common algebraical opera-

tion of finding the greatest common measure of a polynomial

f{x) and its first derived polynomial to find the equal roots of

the equation /(a;) = 0. Sturm has employed the same operation

for the formation of the auxiliary functions which enter into

his method of separating the roots of an equation.

Let the process of finding the greatest common measure of

f{x) and its first derived be performed. The successive re-

mainders will go on diminishing in degree till we reach finally

either one which divides that immediately preceding without

remainder, or one which does not contain the variable at all,

i. e. which is numerical. The former is, as we have already

seen, the case of equal roots. The latter is the case where no

equal roots exist. It is convenient to divide the discussion of

Sturm's theorem into these two cases. We shall in the present

Article consider the case where no equal roots exist ; and pro-

ceed in the next Article to the case of equal roots. The per-

formance of the operation itself will of course disclose the class

to which any particular example is to be referred.

The auxiliary functions employed by Sturm are not the

remaiaders as they present themselves in the calculation, but

the remainders with their signs changed. In finding the greatest

common measure of two expressions it is indifferent whether the

signs of the remainders are changed or not : in the formation

of Sturm's auxiliary functions the change is essential. It is

convenient in practice to change the sign of each remainder

before making it the next divisor.

Confining our attention for the present, therefore, to the case

where no equal roots exist, Sturm's theorem may be stated as

follows :

—

Theorem.—Let any two real quantities a and b be substituted

for X in the series qfn + 1 functions

/(«), /i(«): f'{<^), /aW /«-! W> /« W»

consisting of the given polynomial f{x), its first derivedfi{x) , and
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the successive remainders [ivith their signs changed) in the process

offinding the greatest common measure off{x) andfi{x); then the

difference between the number of changes of sign in the series when

a is substituted for x, and the number when b is substituted for x

expresses exactly the number of real roots of the equation f{x) -

between a and b.

The mode of formation of Sturm's functions supplies the

following series of equations, in which qi, q-i, . . . q„.i represent

the successive quotients in the operation :

—

/(*) =qifi{^) -fix)j \

fi{x) =qif{ic) -f{x),

fr-lio^) =?»•/(«) -/r+l(«),

fn-ii'^) = q^nr^fn-A^) -fn[x).

(1)

These equations involve the theory of the method of finding

the greatest common measure ; for it follows from the first equa-

tion that if f{x) and /i (») have a common factor, this must be

a factor in /z (a?) ; and from the second equation it follows, by

like reasoning, that the same factor must occur 'va.fi{oc) ; and so

on, till we come finally to the last remainder, which, when/(it;)

and/i(a;) have common factors, will be a polynomial consisting

of these factors. In the present Article, where we suppose the

given polynomial and its first derived to have no common
factor, the last remainder /„ (a;) is numerical. It is essential for

the proof of the theorem to observe also, that in the case now
under consideration no two consecutive functions in the series

can have a common factor ; for if they had we could, by reason-

ing similar to the above, show from the equations that this fac-

tor must exist also in /(a;) and/i(a;) ; and such, according to our

hypothesis, is not here the case. In examining, therefore, what
changes of sign can take place in the series during the passage

of X from a to b, we may exclude the case of two consecutive

functions vanishing for the same value of the variable ; and the
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different cases in which any change of sign can take place are

the following :

—

(1). when X passes through a root of the proposed equation

f{x) = :

(2). when x passes through a value which causes one of the

auxiliary functions /i, /a, . . ./„_! to vanish:

(3). when x passes through a value which causes two or

more of the series /, /i, . . . /n.i to vanish together ; no two of

the vanishing functions, however, being consecutive.

(1). When X passes through a root oif{x) = 0, it follows from

Art. 75 that one change of sign is lost, since immediately before

the passage /(») and/i(a;) have unlike signs, and immediately

after the passage they have like signs.

(2j. Suppose x to take a value a which satisfies the equation

fr(x) = 0. From the equation

fr-l {X) = qrfrix) - fr^i (x)

we have /r.,(a) = -/r+i(a),

which proves that this value of a; gives to/,-_i(a;) and/„i(a;) the

same numerical value with different signs. In passing from a

value a little less than a to one a little greater, we can suppose

the interval so small that it contains no root oi/r-i{x) OTfr+i{x) ;

hence, throughout the interval under consideration, these two

functions retain their signs. If the sign oifr{x) does not change

(as will happen in the exceptional case when the root a is re-

peated an even number of times) there is no alteration in the

series of signs. In general the sign of fr (x) changes, but no

variation of sign is either lost or gained thereby in the group of

three ; because, on account of the difference of signs of the two

extremes /r.i(«) and/r+i(a;), there will exist both before and after

the passage one variation and one permanency of sign, whatever

be the sign of the middle function. If, for example, before the

passage the signs were +— ; after the passage they are + + -,

i. e. a variation and a permanency are changed into a perma-

nency and a variation ; but no variation of sign is lost or gained

on the whole.
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(3). Since the reasoning in the previous eases is founded on

the relations of the function to those adjacent to it only ; and

since those relations remain unaltered in the present case, be-

cause no two adjacent functions vanish together, we conclude

that if /(«) is one of the vanishing functions, one change of sign

is lost, and if not, no change is either lost or gained.

We have proved, therefore, that when x passes through a

root oif{x) = one change of sign is lost, and under no other

circumstances is a change of sign either lost or gained. Hence

the number of changes of sign lost during the variation of x

from fl! to J is equal to the number of roots of the equation be-

tween a and b*

Before proceeding to the case of equal roots, we add a few

simple examples to illustrate the application of Sturm's theorem.

It is convenient in practice to substitute first - co , 0, + oo in

Sturm's functions, so as to obtain the whole number of negative

and of positive roots. To separate the negative roots, the inte-

gers - 1, -2, - 3, &c., are to be substituted in succession till we

reach the same series of signs as results from the substitution

of - 00 ; and to separate the positive roots we substitute 1, 2, 3,

&c., till the signs furnished by + oc are reached.

Examples.

1 . Find the ninnter and situation of the real roots of the equation

/(«) s a;3 - 2a; - 5 = 0.

We find /i (x) = Zx^ - 2, /s {x) = ia; + 15, /a (a;) = - 643.

Corresponding to the values — <» , 0, + oo of a;, we have

(-<») - + - -

(0) - - + -,

(+«) + + + _.

Hence there is only one real root, and it is positive.

* The student often finds a difficulty in perceiving in what way a record is pre-

served in Sturm's series ofthe numher of changes of sign lost, since the only loss takes

place hetween the first two functions, f{z) and/i {x). It may tend to remove this

difficulty to ohserve, that as x increases from one root o of /(a;) = to a second /3,

although no alteration takes place in the number of changes of sign, the distribution

of the signs among /i {x) and the following functions alters in such a way that the

signs of f{x) and /i {x), which were the same immediately after the passage of x

through a, become again different before the passage through ;3.
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Again, corresponding to values 1,2, 3 of a;, we have

(1) - + + -,

(2) - + + -,

(3) + + + -.

The real root, therefore, lies between 2 and 3.

2. Find the number and situation of the real roots of the equation

a;3 - 7» + 7 = 0.

We easily obtain

/i W = Zx^ - 7,

fi [x) = Ix - 3,

whence
(_co) - + - +,

(0) + - - +,

(+00) + + + +.

Hence all the roots are real : one negative, and two positive,

"We have, further, the following results :

—

(-4)
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We obtain, removing the factor 2 from the derived,

/i {x) = 2x^ - 3«' - 3« + 5,

fi{x)=-Sx-^,

Mx) = -liZZ.

[N.B.—In forming Sturm's functions it is allowahle, as is evident from the

equations (1), Art. 89, to introduce or suppress numerical factors just as in the

process of finding the G. c. m. ; taking care, however, that these are positive, so that

the signs of the remainders are not thereby eiltered. ]

We have the following series of signs :

—

(-00) +_ + + _,

(0) - + + --,

(+ 00
) + + + _ _

Hence there are two real roots, one positive, and one negative, and two imaginary

roots. To find the positions of the real roots, it is sufficient to substitute positive

and negative integers successively inf[x) alone, since there is only one positive and

one negative root. We easily find in this way that the negative root lies between

— 2 and — 3, and the positive root between and 1.

90. Sturm's Theorem. Equal Roots. Let the opera-

tion for finding the greatest common measure oif[x) and /'(a;)

be performed, the signs of the successive remainders being

changed as before. The last of Sturm's functions will not now

be numerical, for since f{x) and/'(a;) are here supposed to con-

tain a common measure involving z, this will now be the last

function arrived at by the process. Let the series of functions

be:—

.m,fM,f{<«), ,fr{x).

During the passage of x through any value except a multiple root

of/(«) = 0, the conclusions of the last Article are still true with

respect to the present series, since no value except such a root

can cause any consecutive pair of the series to vanish. When x

passes through a multiple root of /(») = 0, there is, by the Cor.,

Art. 75, one change of sign lost between/and /i ; and we pro-

ceed to prove that no change of sign is lost or gained in the rest

of the series, viz. /„ /%,.... fr- Suppose there exists an m-mul-
tiple root a of /(«). It is evident from the equations (1) of Art. 89,
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that [x - a)""^ is a factor in each of the functions /i, fi,.... fr.

Let the remaining factors in these functions be, respectively,

^1, (p2, . . . . (pr- By dividing each of the equations (1) by

[x - a)"*"', we get a series of equations which establish by the

reasoning of the last Article that, owing to a passage through a,

no change of sign is lost or gained in the series 0i, ^j, . . . . ^r-

Neither, therefore, is any change lost ot gained in the series

/i> Aj • • fr ; for the effect of the factor x - a)"""^ in the passage

of X from a value a - A to a value a + hia either to change the

signs of all (when ni-\ is odd) or of none (when m - 1 is even)

of the functions <pi, <pz, . . . . (pr', and changing the signs of all

these functions cannot increase or diminish the number of

variations.

We have therefore proved that when x passes through a

multiple root of /(») = one change of sign is lost between/ and

/„ and none either lost or gained in any other part of the series.

It remains true, of course, that when x passes through a single

root of/(«) = a change of sign is lost as before. "We may thus

state the theorem as follows for the case of equal roots :

—

The difference between the number ofchanges ofsign when a and b

are substituted in the series

fjfifjif • • • try

the last of these being the greatest common measure offandf, is

equal to the number of real roots between a and b, each multiple root

counting only once.

Examples.

1. Find the nature of tlie roots of the equation

X* - 6^3 + 9a;2 - 7a; + 2 = 0.

We easily obtain

/i{s) = 4«3- I5a;2 + i8a;- 7,

Mx) = x'-2x+ 1;

fiix) divides fi(x) -without remainder; hence in this case Sturm's series stops at

fi{x), thus establishing the existence of equal roots.
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To find the number of real roots of the equation, we substitute - <» and + co

for X in the series of functions/, /i, /j. The result is

(-«=) + - +,

(+Q0) + + +.

Hence the equation has only two real distinct roots ; but one of these is a triple

root, as is evident from the form of /a («), -which is equal to [x - If.

2. Find the nature of the roots of the equation

x^ - 6x3 + i3a;2 - 12a; + 4 = 0.

Here
fi(x) = ix^ - 18a:2 + 26a; - 12,

/2(a;) = a:2-3a;+2;

fiix) is the last Stunnian function ; so the equation has equal roots,

(-co) + - +,

+ 00
) + + +.

There are only two real distinct roots. Infact, since /z (a;) = (a;- 1) (a; -2), each of

the roots 1, 2 is a double root.

3. Find the nature of the roots of the equation

x^ + 2x*-i- x^-x''-2x-\ = 0.

Here /i = Sa;* + Sx' + 3a:2 - 2a; - 2,

/a = 2a?> + Ix' + 12a; + 7,

/3 = - a;^ - 6a; - 5,

/i = - a; - 1,

/6=0.

Since /j = 0, a; + 1 is a common measure of/ and /i, and f{x) has a double root - 1 .

We have also

(_co) - + -_+,
(+co) + + + _-.

Hence there are two real distinct roots. The equation has, therefore, beside the-

double root, one other real root, and two imaginary roots.

i. Find the nature of the roots of the equation

a;6 - 7a;5 + 15a;* - 40a;2 + 48a; -16 = 0.

Here fi{x) = 6a;= - 35a;* + eOa;' - 80a; + 48,

f2{x) = 13a;* - 84a;3 + 192a:» - 176a: + 48,

Mx) = x' - 6a;' + 12a; - 8 = (a; - 2)'.

Ans. There are three real distinct roots, one of them being quadruple.
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91. Application of Sturm's Theorem.—In the case of

equations of high degrees the calculation of Sturm's auxiliary-

functions hecomes often very laborious. It is important, there-

fore, to pay attention to certain observations which tend some-

what to diminish this labour.

(1). In calculating the final remainder when it is numerical,

since its sign is all we are concerned with, the labour of the last

operation of division can be avoided by the consideration that

the value of x which causes /„_i to vanish must give opposite

signs to/„-j and/„. It is in general possible to tell without any

calculation what would be the sign of the result if the root of

/n-i(a^) = were substituted in/„_2(a;). Thus in Ex. 3, Art. 89, if
Q

the value - „, which is the root of /a (a?) = 0, be substituted
o

for X in 9a;' - 27a; + 11, the result is evidently positive ; hence

the sign of/„(«) is -, and there is no occasion to calculate the

value - 1433 given for/„(a;) in the example in question.

(2) . When it is possible in any way to recognize that all the

roots of any one of Sturm's functions are imaginary, we need

not proceed to the calculation of any function beyond that one

;

for since such a function retains constantly the same sign for all

values of the variable (Cor. Art. 12), no alteration in the number

of changes of sign presented by it and the following functions

can ever take place, so that the difference in the number of

changes when two quantities a and b are substituted is indepen-

dent of whatever variations of sign may exist in that part of

the series which consists of the function in question and those

following it. With a view to the application of this observation

it is always well, when we arrive at the quadratic function

{ax^ + bx + c, suppose), to examine, in case the term containing

x' and the absolute term have the same sign (otherwise the roots

could not be imaginary), whether the condition 4ac > 6' is ful-

filled; if so, we know that the roots are imaginary, and the

calculation need not proceed farther.

Similar observations apply to the case where one of the

functions is a perfect square, since such a function cannot

change its sign for real values of x.
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Examples.

1

.

Analyse the equation

«4 + 3a;' + 7a;2 + 10a: + 1 = 0.

"We find

/2(a;) = -29a;2- 78a; + 14,

Mx) = - 1086a; -481,

/4(^)= -
Here we see immediately that the value of a; given hy the equation /a (a:) = 0,

which differs Httle from -
J, makes fi{x) positive ; hence fi[x) is negative.

There are two real, and two imaginary roots. The real roots He in the intervals

{-2,-1}, {-1,0}.

2. Analyse the equation

a;4 - 4a;3 - 3a; + 23 = 0.

We find

/2(a;) = 12a;2+ 9a; - 89,

/3(a;) = - 491a; +1371,

/iW = -

TT ^, X n 1371 1371 „», 5 , 5 ,

Here /3{a;) = gives * = Toj" > 500" > ^'''' > q'
a; =- makes

fa[x) positive ; hence the root of/3{a;) makes it positive also.

There are two real and two imaginary roots.

The real roots Ue in the intervals {2, 3}, {3,4}.

3. Analyse the equation

2a:« - 13a;2 + 10a; - 19 = 0.

Here
/i(a;) = 4a;'-13a: + 5,

/2(a;) = 13a;2-15a; + 38.

Since 4 x 13 x 38 > 15*, the roots of /2(a;) are imaginary, and we proceed no

farther with the calculation of Sturm's remainders.

Substituting — 00 , 0, + 00
, we obtain

{-") + - +,

(0) - + +,

(+ M ) + + +.

There arc two real roots, one positive, the other negative.

4. Analyse the equation

/ (ic) = a;5 + 2a;* + a;' - 4a;' - 3a; - 6 = 0.

Here
fi(x) = 5x* + 8x^ + Zx^ - 8a; - 3,

/2{a:) = 6a;» + 66a;2 + 44a; + 119,

/3(a;) = - 116a;' - 57a; - 223.
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Since 4 x 116 x 223 > 57', we may stop the calculation here. "Wo find, on
Buhstituting — » , 0, + oo

,

(-«)
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9. Analyse the equation

«« - 6«* - 30a;« + 12* - 9 = 0.

"We find

and as this has plainly all imaginary roots, the calculation may stop here.

Am. Two real roots ; in the intervals {— 2, — 1 }, {6, 7 } -

10. Analyse the equation

2a;6 - 18*5 + 60:c4 - 120«' - SOs^ + 18» - 5 = 0.

We find

/2(») = 5a;« + 220a;2 + l;

and the calculation may stop.

Ans. Two real roots ; in the intervals {— 1, 0}, {5, 6}.

11

.

Examine how the roots of the equation

2a;3 + 15a;«-84a;- 190 =

are situated in the several intervals between the numbers — m
,
— 7, 6, + oo .

Here /i(a:) = »« + 5a - 14,

f2{x) = 27x+i0,

/3W = +.

The substitution of the above quantities gives

(-00)
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92. Cooditions for tbe Reality of the Roots of an
Equation.—The number of Sturm's functions, including

f{x), f(x) and the n -\ remainders, will in general he m + 1.

In certain cases, owing to the absence of terms in the proposed

function, some of the remainders will be wanting. This can

occur only when the proposed equation has imaginary roots ; for

it is plain that, in order to insure a loss of wchanges of sign in

the series of functions during the passage of x from - oo to + oo

(namely, in order that the equation should have all its roots

real), all the functions must be present. And, moreover, they

must all take the same sign when « = +(»; and alternating

signs when a; = - oo . Since the leading term of an equation is

always taken with a positive sign, we may state the condition

for the reality of all the roots of any equation (supposed not to

have equal roots) as follows :

—

In order that all the roots of an

equation of the w*'' degree should be real, the leading coefficients of

all Sturm's remainders, in number n - \, must be positive.

Examples.

1. Find the condition that the roots of the eq^uation

ax^ + 24» + c =
should be real and unequal.

Ana. b^ - ac> 0.

2. Find the conditions that the roots of the cubic

r' + ZHz + (? =

should be all real and unequal.

When this cubic has its roots all real, it is evident that the general cubic from

which it is derived (Art. 36) has also its roots all real ; so that in investigating the

conditions for the reality of the roots of a cubic in general, it is sufficient to discuss

the form here written.

We find

Mz) = z'' + H,

fi{z) = - 2m - G,

[In calculating these, before diTiding/i(«) hjfi{z), multiply the former by the

positive factor 2H^.']

Hence the required conditions are, B" negative and G' + iS' negative.

These can be expressed as one condition, viz., G' + iS^ negative, since this

implies the former (ef. Art. 43).

O 2
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3. Calculate Sturm's remainders for the biquadratic

z* + 6Sz^ + iGis+a'I- 3S^ = 0.

"We find

f2{z) = - ZHz^ - SGz - {an- 3S^),

f3{z) = - (2EI- ZaJ) z - &I,

fi{i)=P-27JK

These are obtained without much difficulty by aid of the identity of Art. 37.

Before dividing /i by /a, multiply by the positive factor 3S'' ; and when the re-

mainder is found, remove the positive factor a''. Before dividing/j by/3, multiply

by the positive factor {2III — 3a/)' ; and when the remainder is found, remove the

positive factor a'S^.

93. Conditions for tbe Reality of tbe Roots of a
Biquadratic.—In order to arrive at criteria of the nature of

the roots of the general algebraic equation of the fourth degree

by Sturm's method, it is sufficient to consider the equation of

Ex. 3 of the preceding Article. By aid of the forms of the

leading coefficients of Sturm's remainders there calculated, we
can write down the conditions that all the roots of a biquadratic

should be real and unequal in the form

H negative, 2HI - 3aJ negative, P - 27J^ positive.

It will be observed that the second of these conditions is

different in form from the corresponding condition of Art. 68.

To show the equivalence of the two forms it is necessary to

prove that whenS is negative and A positive, the further con-

dition 2SI - 3aJ negative implies the condition a'l - 12.ff^

negative, and conversely. From the identity of Art. 37,

written in the form - H^a'I - 12H^) s a^ {2EI - 3aJ) - 3G\
it readily appears that when H and 2]II - 3aJ are negative

a^I - 12H^ is necessarily negative. And to prove the converse

we observe that when aJ is positive 2SI - 3aJ is negative,

since I is positive on account of the condition A positive ; and
when aJ is negative 2EI - 3aJ is still negative, since the

negative part 2HI exceeds the positive part - 3aJ, as may be

readily shown by the aid of the inequalities 12S'^ > a^I and
r > 27J\

The student will have no difficulty in verifying, by means
of Sturm's functions, the remaining conclusions arrived at in

the different cases of Art. 68.
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Examples.

1. Apply Sudan's method to separate the roots of the equation

»* - 16a;3 + 69a;' - 70a; - 42 = 0.

Ans. Eoots in intervals {-1, 0|, {2, 3}, {4, 5}, {9, 10}.

2. Apply Sturm's theorem to the analysis of the equation

xi - ix^ + 7a;2 - 6a; - 4 = 0.

In analysing a biquadratic of this nature which has plainly two real roots, when

a Sturmian remainder is reached whose leading coefficient is negative, the calculation

may cease, since the other pair of roots must then be imaginary, and the positions

of the real roots can be readily found by substitution in the given equation.

Ans. Two roots imaginary ; real roots in intervals {—1,0}, {2,3}.

3. Analyse in a similar manner the equation

x^ - 5x' + 10a;2 - 6a; - 21 = 0.

Ans. Two roots imaginary ; real roots in intervals {-1,0}, {3,4}.

4. Apply Sturm's theorem to the analysis of the equation

a;* + 3a;' - a;2 - 3a; + 11 = 0.

Ans. Eoots all imaginary.

5. Find by Sturm's method the number and positions of the real roots of the

equation

a;5 - lOa:' + 6a; + 1 = 0.

Ans. Eoots all real ; one in the interval {- 4, - 3} ; two in the interval

{- 1, 0} ; and positive roots in the intervals {0, 1}, {3, 4}.

6. Calculate Sturm's functions for the following equation, and show that all the

roots are real :

—

x^ - 5x* + 5a;3 + Sa:^ - 6a; - 1 = 0.

7. Calculate Sturm's functions for the following equation, and show that four

roots are imaginary :

—

'

3a;5 + 5a;'' + 2 = 0.

This and the preceding example are instances in which, as the student will

easily see, there is a factor common to two of Sturm's remainders which are not

consecutive.

8. Calculate Sturm's functions for the following equation, and verify the con-

clusions of Ex. 23, p. 104, with regard to the character of the roots :

—

x^ - dpx^ + hfs + 2? = 0.
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9. Prove that -when all Sturm's functions are present, the numter of changes of

sign among the coefficients of the leading terms is equal to the number of pairs of

imaginary roots of the equation.

10. If the signs of the leading coefficients of the first two of Sturm's remaiaders

for a quiutio he - +, prove that the number of real roots is determined.

Ans. One real root only.

11. If ITand 7 are both positive, prove that all the roots of the biquadratic are

imaginary ; and that under the same conditions the quintic -written with binomial

coefficients has only one real root. Mr. M. Roberts, Dublin Exam. Papers, 1862.

12. Calculate the first two of Sturm's remainders for a quintic wanting the

second term, viz.

f{x.) = sfi + ax^ + bx'^ + cx + d=0.

Ana. JJi s - 2ax^ — Zix^ — icx — bd,

iJz s Ax' + Bx+C,
where

A^iOac-na^-\hh'^, B =5Qad -S a'b - GObc, Cm - ia'c -Ibid.

Eetainiug this notation, it is easy to calculate the coefficients D, E of the third

remainder JJ3 = Dx + .B in terms of a, b, e, d, A, B, G; and, finally, £i in terms

of A, B, C, D, E.

13. Remove the second term from the general quintic written with binomial

coefficients, and prove that the leading coefficients of the first two of Sturm's

remainders for the resulting equation are

-S, -6m+9aoJ.

14. Prove that, if c has any value except unity, the equation

c'x^ - 2c''i^ + 2:5 - 1 =

has a pair of imaginary roots.

16. Prove that the roots of the equation

x' - (a' + 42 + C2) a; - 2abc =

are all real, and solve it when two of the quantities a, b, e become equal.

16. Prove that when the biquadratic

f{x) = ax^ + 4{a;3 ^ q^^-i ^ j.^^ ^ ^

has a triple factor, it may be expressed in the form

d>f{x) = {ax + b + V-ir}!i {ax + b-3 V^B"}

.

17. Verify by means of Sturm's remainders the conditions which must be ful-

filled when the biquadratic of the previous example is a perfect square, and prove

in that case

d'/ix) m {{ax + b)> + SS}K
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18. If an equation of any degree, arranged according to powers of x, have three

consecutive terms in geometric progression, prove that its roots cannot he all real.

These three terms must he of the form hx' + Icaxf-'^ + kt^x'-^. Let the equation

be multiplied by a; - o. The resulting equation will have two consecutive terms

absent, and must therefore have at least two imaginary roots ; but all the roots of

this equation except a are roots of the given equation.

19. If an equation have four consecutive coefficients in arithmetic progression,

prove that its roots cannot be all real.

This can be reduced to the preceding example. Writing down four terms of the

proper form, and multiplying by a;— 1, it readily appears that the resulting equation

has three consecutive terms in geometric progression.

20. If all the roots of any equation /(«) = are real, prove that all the roots of

every one of Sturm's auxUiary functions are also real.

This can be established by reasoning similar to that of Art. 89. Consider the

4'* remainder Ei, and let its degree be m. This and the m functions which follow

constitute a series, of which no adjacent two can vanish together. "When a; =— oo

,

their signs are alternately positive and negative, and when a = + « , they are all

positive. There are, therefore, m changes of sign to be lost as x passes from - oo

to + 00
; and no change of sign can be lost except on the passage through a root of

& = 0, which equation must consequently have m real roots.

Since a value of x which causes any of the functions to vanish gives opposite

signs to the two adjacent functions, it is' easily inferred that any equation of the

series is a limiting equation with regard to the function which precedes it.

21. If the real roots of any one, fm{x), of the Sturmian auxiliary functions be

known, prove that the number and positions of the roots of the original equation

may he determined without the aid of the functions below /m(a;).

Let the real roots, in order of magnitude, of fm(x) = be o, fl, . . . ?;, 9 ; the

remaining roots being imaginary. As x varies from — co to a value a little less

than 9, the function /„(«) cannot change its sign; and therefore in examining

the roots of f{x) = which lie between these limits, the Sturmians which follow

fm{x) may be disregarded. The same holds true as x passes from a value a little

greater than 9 to one a little less than t) ; and similarly for the remaining intervals.

If therefore we examine separately the intervals {-oo,fl}, {9, jj}, ...{3, o},

{a, + 00 }, the number of roots of the original equation which lie in each of these

regions can be determined without the aid of the lower Sturmian functions.

22. If any one of Sturm's auxiliary functions has imaginary roots, the original

equation has at least an equal number of imaginary roots. (Mk. F. Puesbr.)

This can be inferred from the preceding example by examining the greatest

possible number of changes which can be lost in the series terminating with /m (a;),

during the passage of x from - oo to + oo
; remembering that, so far as the limited

series is concerned, a change of sign may be gained on the passage through each

real root of/m(a;) = 0.



CHAPTER X.

SOLUTION OF NUMEEICAL EQUATIONS.

94. Algebraical and Sfnmerical Equations.—There is

an essential distinction between the solutions of algebraical and

numerical equations. In the former the result is a general for-

mula of a purely symbolical character, which, being the general

expression for a root, must represent all the roots indifferently.

It must be such that, when for the functions of the coefficients

involved in it the corresponding symmetric functions of the

roots are substituted, the operations represented by the radical

signs Jv^ become practicable ; and when the square and cube

roots of these symmetric functions are extracted, the whole

expression in terms of the roots will reduce down to one root

:

the different roots resulting from the different combinations

± J of square roots, and J, w Ij, w^ ^J of cube roots. For a

simple illustration of what is here stated we refer to the case

of the quadratic in Art. 55. In Articles 59 and 66 we have

similar illustrations for the cubic and biquadratic. It is to be

observed also that the formula which represents the root of an

algebraic equation holds good even when the coefficients are

imaginary quantities.

In the case of numerical equations the roots are determined

separately by the methods we are about to explain ; and, before

attempting the approximation to any individual root, it is in

general necessary that it should be situated in a known interval

which contains no other real root.

The real roots of numerical equations may be either com-

mensurable or incommensurable; the former class including

integers, fractions, and terminating or repeating decimals which
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are reducible to fractions ; the latter consisting of interminable

decimals. The roots of the former class can be found exactly,

and those of the latter approximated to with any degree of

accuracy, by the methods we are about to explain.

We shall commence by establishing a theorem which reduces

the determination of the former class of roots to that of integral

roots alone.

95. Theorem.—An equation in which the coefficient of the

first term is unity, and the coefficients of the other terms whole

numbers, cannot hate a commensurable root which is not a whole

number.

For, if possible, let 7, a fraction in its lowest terms, be

a root of the equation

we have then

from which, multiplying by &""', we obtain

- ^ = j9i a"-' + p^ a"-^b + + iJ„.i ab»-' + p„ J"".

Now a" is not divisible by b, and each term on the right-hand

side of the equation is an integer. We have, therefore, a frac-

tion in its lowest terms equal to an integer, which is impossible.

Hence - cannot be a root of the equation. The real roots of

the equation, therefore, are either integers or incommensurable-

quantities.

Every equation whose coefficients are finite numbers, frac-

tional or not, can be reduced to the form in which the coefficient

of the first term is unity and those of the other terms whole

numbers (Art. 31) ; so that in this way, by the aid of a simple

transformation, the determination of the commensurable roots

in general can be reduced to that of integral roots.
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We proceed to explain Newton's process, called tlie Method

of Divisors, of obtaining the integral roots of an equation whose

coefficients are all integers.

96. ISewton's method of Divisors.—Suppose h to be an

integral root of the equation

ttaX" + Uix"-^ +.... + a„_i X + a„= 0. (1)

Let the quotient, when the polynomial is divided hj x - h, be

6o»""' + bix"-' +.... + b,t.iX + b„.i,

in which bo, Ji, &c., are plainly all integers.

Proceeding as in Art. 8, we obtain the following equations :

—

Uo = bo, ai = bi — hbo, a2= hi — hbi, ....

«»-2 = bn-i - hbn-3, ttn-i = 6n-i - /' 4,^-2, Cl„ = - kb„.i.

The last of these equations proves that a„ is divisible by h,

the quotient being - i„.,. The second last, which is the same as

proves that the sum of the quotient thus obtained and the se-

cond last coefficient is again divisible by h, the quotient being

- 6»_2 ; and so on.

Continuing the process, the last quotient obtained in this

way will be - bo, which is equal to - Ko-

If we perform the process here indicated with all the divi-

sors of a„ which lie within the limits of the roots, those which

satisfy the above conditions, giving integral quotients at each

step, and a final quotient equal to - Uo, are roots of the proposed

equation. Those which at any stage of the process give a frac-

tional quotient are to be rejected.

When the coefficient ao = 1, we know by the theorem of the

last Article that the integral roots determined in this way are

all the commensurable roots of the proposed equation. If Uo be
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not = 1, the process will still give the integral roots of the equa-

tion as it stands ; but to be sure of determining in this way all

the commensurable roots, the equation must be first transformed

to one which shall have the coefficient of the highest term equal

to unity.

97. Application of the Method of Divisors.—With a

view to the most convenient mode of applying the Method of

Divisors, we write the series of operations as follows, in a manner

analogous to Art. 8 :

—

ttn fl!n-i «n~i • • • Ctj tti Oo

- 6„_, - bn-i -h -hi -bo

- libn-ii - hbn-i - hhi - hbo

The first figure in the second line (- J„_i) is obtained by

dividing a„ by h. This is to be added to a„_i to obtain the first

figure in the third line (- hbn-i). This is to be divided by h to

obtain the second figure in the second line (- b„.i) ; this to be

added to ffl„.2 ; and so on. If h be a root, the last figure in the

second line thus obtained will be - «o.

When we succeed in proving in this manner that any integer

A is a root, the next operation with any divisor may be performed,

not on the original coefficients «„, a„-i, . . . . , but on those of the

second line with their signs changed, for these are the coefficients

of the quotient when the original polynomial is divided by x-h.

When any divisor gives at any stage a fractional result it is to

be rejected at once, and the operation so far as it is concerned

stopped.

The numbers 1 and - 1, which are always of course integral

divisors of «„, need not be included in the number of trial divisors.

It is more convenient before applying the Method of Divisors to

determine by direct substitution whether either of these numbers

is a root.
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Examples.

1. Find the integral roota of the equation

a;! _ 2a:3 _ 13^2 + 38a; - 24 = 0.

By grouping the terms (see Ait. 79) we obserre without difficulty that all the

roots lie between - 5 and + 5. The following divisors are possible roots :^

-4, -3, -2, 2, 3, i.

We commence with 4 :

—

-24 38 -13 -2 1

-6 8

32 - 5

The operation stops here, for since — 5 is not divisible by 4, 4 cannot be a root.

"We proceed then with the number 3 :

-24 38 -13 -2 1

- 8 10 -1 -1

30 - 3 -3 0;

hence 3 is a root ; and in proceeding with the next integer, 2, we make use, as

above explained, of the coefficients of the second line with signs changed

:

8-10 1 1

4 -3 -1

- 6 -2 0;

hence 2 also is a root ; and we proceed with — 2 :

-4 3 1

2

hence - 2 is not a root, for it does not divide 5. — 3 is plainly not a root, for it

does not divide — 4.

[We might at once have struck out - 3 as not being a divisor of the absolute

term 8 of the reduced polynomial. This remark will often be of use in diminishing

the number of divisors.]
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We proceed now to the last divisor, - 4.

-4 3 1

1 -1

4
Thus - 4 is a root.

The equation has, therefore, the iategral roots 3, 2, - 4 ; and the last stage of

the operation shows that when the original polynomial is divided by the binomials,

x-i, x — 2, x + ijthe result is a; - 1 ; so that 1 is also a root. Hence the original

polynomial is equivalent to

[x -l){x- 2) [x - 3) (a; + 4).

2. Find the integral roots of

Zx* - ISx^ + Zbx'^ + 31a; - 30 = 0.

The roots lie between - 2 and 8 ; hence we have only to test the divisors

2, 3, 5, 6.

We find immediately that 6 is not a root.

For 5 we have
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i. Find all the roots of the equation

«* - 2ap5 - 19a;' + 68a; - 60 = 0.

The roots lie between - 6 and 6.

We find that 2, 3, — 5 are roots, and that the factor left after the final division

is x — 2; hence 2 is a double root. The polynomial is therefore equivalent to

{x - 2)^x - 3) (x + 5).

In Art. 99 the case of multiple roots will be further considered.

98. Metbod of liiiniting the IVnmber of Divisors.—
It is possible of course to determine by direct substitution

whether any of the divisors of a„ are roots of the proposed equa-

tion; but Newton's method has the advantage, as the above

examples show, that some of the divisors are rejected after very

little labour. It has a further advantage which will now be

explained. When the number of divisors of «„ within the limits

of the roots is large, it is important to be able, before proceeding

with the application of the method in detail, to diminish the

number of these divisors which need be tested. This can be

done as follows :

—

If h is an integral root of f{x) = 0,f{x) is divisible hj x-h,
and the coefficients of the quotient are integers, as was above

explained. If therefore we assign to x any integral value, the

quotient of the corresponding value of /(a-) by the correspond-

ing value oi x-h must be an integer. We take, for convenience,

the simplest integers 1 and - 1 ; and, before testing any divisor h,

we subject it to the condition that /(I) must be divisible by
1 - h (or, changing the sign, by ^ - 1) ; and that/(- 1) must

be divisible hj-l-h (or, changing the sign, by 1 + A).

In applying this observation it will be found convenient to

calculate /(I) and/(- 1) in the first instance : if either of these

vanishes, the corresponding integer is a root, and we proceed

with the operation on the reduced polynomial whose coefficients

have been ascertained in the process of finding the result of

substituting the integer in question.
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Examples.

1. «5 - 23:!;* + 160:/? - iiW^- 257a; - 440 = 0.

The roots lie between - 1 and 24.

"We have the following divisors :

—

2, 4, 5, 8, 10, 11, 20, 22.

We easily find

/(I) = - 840, and /{- 1) = - 648.

We therefore exclude all the ahove divisors, which, when diminished by 1, do

not divide 840; and which, when increased by 1, do not divide 648. The first

condition excludes 10 and 20, and the second 4 and 22. Applying the Method of

Divisors to the remaining integers 2, 5, 8, 11, we find that 5, 8, and II are roots,

and that the resulting quotient is so^ + x+X. Hence the given polynomial is equi-

valent to

{x - 5) (a; - 8) (a - 11) (a;" + a; + 1).

2. »!= - 29a;* - 315;' + 31a;2 - 32a; + 60 = 0.

The roots lie between - 3 and 32.

Divisors: -2, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30.

/(I) = ; so 1 is a root.

/(- 1) = 124 ; and the above condition excludes all the divisors except - 2, 3, 30.

We easily find that — 2 and 30 are roots, and that the final quotient is a:* + 1.

The given polynomial is equivalent to (a; - 1) (a; - 30) [x + 2) [x' + 1).

99. Determination of Multiple Roots.—The Method

of DiYisors determines multiple roots when they are commen-

surable. In applying the method, when any divisor of «„ which

is found to be a root is a divisor of the absolute term of the re-

duced polynomial, we must proceed to try whether it is also a

root of the latter, in which case it will be a double root of the

proposed equation. If it be found to be a root of the next

reduced polynomial, it will be a triple root of the proposed ; and

so on. Whenever in an equation of any degree there exists only

one multiple root, r times repeated, it can be found in this way

;

for the common measure oif{x) and/'(*) will then be of the-

form {x -
aY''^, and the coefficients of this could not be com-

mensurable if a were incommensurable.
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Multiple roots of equations of the third, fourth, and fifth

degrees can he completely determined without the use of the

process of finding the greatest common measure, as will appear

from the following observations :

—

(I). The Cubic—In this case multiple roots must be com-

mensurable, since the degree is not high enough to allow of two

distinct roots being repeated.

(2). The Biquadratic.—In this case either the multiple roots

are commensurable or the function is a perfect square. For the

only form of biquadratic which admits of two distinct roots

being repeated is

{x - ay{x - /3)^

i. e. the square of a quadratic. The roots of the quadratic may

be incommensurable. If we find, therefore, that a biquadratic

has no commensurable roots, we must try whether it is a per-

fect square in order to determine further whether it has equal

incommensurable roots.

(3). The Quintic.—In this case, either the multiple roots are

commensurable, or the function consists of a linear commen-

surable factor multiplied by the square of a quadratic factor.

For, in order that two distinct roots may be repeated, the

function must take one or other of the forms

i^-ay{x-m'«-y), (^ -«)'(*- 13)=.

In the latter case the roots cannot be incommensurable ; but the

former may correspond to the case of a commensurable factor

multiplied by the square of a quadratic whose roots are incom-

mensurable. If then a quintic be found to have no commen-

surable roots, it can have no multiple roots. If it be found to

have one commensurable root only, we must examine whether

the remaining factor is a perfect square. If it have more than

one commensurable root, the multiple roots will be found among
the commensurable roots.
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Examples.

1

.

Find all the commensurable roots of

1ic^-Zlx'+ 112a; + 64 = 0.

The roots lie between the limits - 1, 16. The divisors are 2, 4, 8.

64 112 -31 2

8 15 -2

120 -16 0;

8 is therefore a root. Proceed now with the reduced equation :

-8 -15 2

- 1 -2

-16

8 is a root again, and the remaining factor is 2a; + 1.

Ans. f(x) s (2a; + 1) (a; - 8)«.

2. Find the commensurable and multiple roots of

a;* - a;3 - SOa;^ - 76a; - 56 = 0.

The roots lie between the limits —6, 12. (Apply method of Ex. 10, Art. 80).

Ans. f{x) s {x + 1Y[x-1).

3. Find the commensurable and multiple roots of

9a;* - 12a;' - 71a;2 - 40a: +16 = 0.

The roots lie between the limits - 2, 5.

The equation as it stands is found to have no integral root ; but it may still

have a commensurable root. To test this we multiply the roots by 3 in order to

get rid of the coefficient of a;'. We find then

a;4 - 4a;3 - Tla;^ - 120a; + 144 = 0.

Limits : —6, 15.

We find - 4 to be a double root of this, and the function to be equivalent

to (a;' - 12a; + 9) (a; + 4)^. The original equation is therefore identical with the

following :

—

(a;2 - 4a; + 1) (3a; + 4)^ = 0.

4. Find the commensurable and multiple roots of

a;« + 12a;3 + Z2x^ - 24a; + 4 = 0.

P
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The roots lie betTreen - 12 and 1. The only divisors to he tested are, therefore,

-4,-2,-1. "We find that the equation has no commensurahle root. We pro-

ceed to try whether the given function is a perfect square. This can be done by

extracting the square root, or by applying the conditions of Ex. 3, p. 125. "We find

that it is the square of a;' + 6a; - 2 (cf . Ex. 1, p. 163). Hence the given equation

has two pairs of equal roots, both incommensurable.

5. Find the commensurahle and miiltiple roots of

f{x) = ic* - »* - I2x' + 8a;2 + 28a; +12 = 0.

The limits of the roots are - 4, 4.

"We find that - 3 is a root, and that the reduced equation is

x^ -ix' + %x + i = 0,

and that there is no other commensurable root.

The only case of possible occurrence of multiple roots is, therefore, when this

latter function is a perfect square. It is found to be a perfect square, and we have

f{x) = (x^ -Ix- 2)2 {x + 3).

6. Find the commensurable and multiple roots of

f{x) =x^ - 8a:* + 11y? - 26a;2 + 21a: -18 = 0.

Ans. fix) = (a;3 + 1) (a; - 2) {x - 3)«.

7. The following equation has only two different roots : find them :

—

a:5 - 13a:* + BTa:' - ITla;^ + 216a; - 108 = 0.

In general it is obvious that if an integral root A occurs twice, the last coefficient

must contain A" as a factor, and the second last /( ; if the root occurs three times,

A' must be a factor of the last, A* of the second last, and h of the third last coef-

ficient. The last coefficient here = 2^ . 3'. Hence, if neither - 1 nor 1 is a root,

the required roots must be 2 and 3. That these are the roots is easily verified.

8. The equation

800a:4 - 102a:= - a: + 3 =

has equal roots : find all the roots.

In this example it is convenient to change the roots into their reciprocals before

applying the Method of Divisors.

Ans. f{x) = {\Qx - 3) (5a; - 1) (4a; + 1)'.

100. ISfewton's Method of Approximation.—Having

shown how the commensurable roots of equations may be ob-

tained, we proceed to give an account of certain methods of

obtaining approximate values of the incommensurable roots.

The method of approximation, commonly ascribed to Newton,*

which forms the subject of the present Article, is valuable as

* See Note B at the end of the volume.
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being applicable to numerical equations involving transcendental

as well as those involving algebraical functions only. Although

when applied to the latter class of functions Newton's method is,

for practical purposes, inferior in form to Horner's, which will

be explained in the following Articles, yet in principle both

methods are to a great extent identical.

In all methods of approximation the root we are seeking is

supposed to be separated from the other roots, and to be situated

in a known interval between close limits.

Let/(«) = be a given equation, and suppose a value a to

be known, differing by a small quantity h from a root of the

equation. We have then, since a + A is a root of the equation,

f{a + A) = ; or

f{a) +na)hJ-^h^ +.... = Q.

Neglecting now, since h is small, all powers of h higher than the

first, we have

,f{a) +f{a)h = 0,

giving, as a first approximation to the root, the value

Eepresenting this value by b, and applying the same process a

second time, we find as a closer approximation

b-m
fib)-

By repeating this process the approximation can be carried

to any degree of accuracy required.

Example.

Find an approximate value of the positive root of the equation

a;' - 2a; - 5 = 0.

The root lies hetween 2 and 3 (Ex. 1, Art. 89). Narrowing the Kmita, the root is

found to lie between 2 and 2'2. W^ take 2- 1 as the quantity represented by a. It

cannot differ from the true value + A of the root by more than 0-1. We find

easily

/W^/(2 )^j061_^^.^^g^3_
/'(») /'( ) 11-23

p2
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A[first approximation is, therefore,

2-1 - 0-00543 = 2-0946.

Taking this as b, and calculating the fraction ttttti we obtain

b- •— = 2-09455148

for a second approximation ; and so on.

The approximation in Newton's method is, in general, rapid.

When, however, the root we are seeking is accompanied by

another nearly equal to it, the fraction ,
is not necessarily

small, since the value of either of the nearly equal roots reduces

./' («) to a small quantity. A case of this kind requires special

precautions. We do not enter into any further discussion of

the method, since for practical purposes it may be regarded as

entirely superseded by Horner's method, which will now be

explained.

101. Horner's metbod of Solving IVumerical Equa-
tions.—By this method both the commensurable and incom-

mensurable roots can be obtained. The root is evolved figure

by figure : first the integral part (if any), and then the decimal

part, till the root termiAates if it be commensurable, or to any

number of places required if it be incommensurable. The pro-

cess is similar to the known processes of extraction of the square

and cube root, which are, indeed, only particular cases of the

general solution by the present method of quadratic and cubic

equations.

The main principle involved in Horner's method is the suc-

cessive diminution of the roots of the given equation by known
quantities, in the manner explained in Art. 33. The great

advantage of the method is, that the successive transformations

are exhibited in a compact arithmetical form, and the root

obtained by one continuous process correct to any number of

places of decimals required.

This principle of the diminution of the roots will be illus-

trated in the present Article by some simple examples. In the
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following Articles we shall proceed to certain considerations

whicli tend to facilitate the practical application of the method.

Examples.

1 . Find the positive root of the equation

2*3 - 85x2 - 85a; - 87 = 0.

The first step, when any numerical equation is proposed for solution, is to find the

firstfigure of the root. This can usually be done by a few trials ; although in cer-

tain cases the methods of separation of the roots explained in Chap. IX. may have

to be employed. In the present example there can be only one positive root ; and

it is found by trial to lie between 40 and 50. Thus the first figure of the root is 4.

We now diminish the roots by 40. The transformed equation wiU have one root

between and 10. It is found by trial to lie between 3 and 4. "We now diminish

the roots of the transformed equation by 3 ; so that the roots of the proposed equa-

tion will be diminished by 43. The second transformed equation will have one root

between and 1. On diminishing the roots of this latter equation by •5,^we find

that its absolute term is reduced to zero, i.e. the diminution of the roots of the pro-

posed equation by 43'6 reduces its absolute term to zero. We conclude that 43"5

is a root of the given equation. The series of arithmetical operations is represented

as follows :

—

-85
80
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is the equation whose roots are each less by 40 than the roots of the given equation,

and whose positive root is found to lie between 3 and 4. If the second transformed

equation had not an exact root -5
; but one, we shall suppose, between -5 and -6, the

first three figures of the root of the proposed .equation would he 43-5
; and to find

the next figure we should proceed to a further transformation, diminishing the roots

by -5; and so on.

2. Find the positive root of the equation

4«3 - 13ic2 - 31a; - 275 = 0.

We first write down the arithmetical wort, and proceed to make certain observations

on it :

—

(6-25-13
24
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the process ia continued as before. To illustrate this we repeat the above operation,

omitting the decimal points. In all subsequent examples this simplification will be
adopted :

—

13

24
31

66
275
210

(6-25

11

24
35

210
65000
51392

35

24
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102. Principle of the Trial-divisor.—We have seen in

Art. 100 that when an equation is transformed by the substitution

oi a+ h for x, a being a number differing from the true root by

a quantity h small in proportion to a, an approximate numeri-

cal value of h is obtained by dividing /(a) by /'(a). Now the

successive transformed equations in Horner's process are the

results of transformations of this kind, the last coefficient being

f{a), and the second last /'(a) (see Art. 33). Hence, after two

or three steps have been completed, so that the part of the root

remaining bears a small ratio to the part already evolved, we

may expect to be furnished with two or three more figures of the

root correctly by mere division of the last by the second last

coefficient of the final transformed equation. We might there-

fore, if we pleased, at any stage of Horner's operations, apply

Newton's method to get a further approximation to the root.

In Horner's method this principle is employed to suggest the

next following figure of the root after the figures already

obtained. The second last coefficient of each transformed equa-

tion is called the trial- divisor. Thus, in the second example of

the last Article, the number 5 is correctly suggested by the

trial-divisor 2690800. In this example, indeed, the second

figure of the root is correctly suggested by the trial-divisor

of the first transformed equation ; although, in general, such

is not the case. In practice the student will have to estimate

the probable effect of the leading coefficients of the transformed

equation ; he will find, however, that the influence of these

terms becomes less and less as the evolution of the root

proceeds.

Examples.

1. Find the positive root of the equation

a:3 + a;2 + a; - 100 =

correct to four decimal places.

It is easily seen that the root lies hetween 4 and 5. "We write down the work,

and proceed to make observations on it :

—
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1

20

- 100

84
(4-2644

5

4
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and this will Bhow itself in the 'work by the change of sign in the absolute term.

In the above work it is evident, without performing the fifth transformation, that

the corresponding figure of the root is 4, so that the correct root to four decimal

places is 4-2644.

2. The equation x* + ix^ - 4a!2 - 11k + 4 =

has one root between 1 and 2 ; find its value correct to four decimal places.

11

1

4
10

(1-6369

1040
3

1043
3

1046
3

1049
3

10520
6

10526
6

10532
6

10538

10544

311867
3147

31S01400
63156

31564556
63192

31627748
63228

31690976

25544941824

5

1
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"We see without completiog the fifth transformation that 9 is the next figure of

the root. The root is, therefore, 1-6369 correct to four decimal places.

The trial-divisor becomes effective after the second transformation, suggesting

correctly the number 3, and all subsequent numbers. The first transformed equation

has its last two terms negative. We may expect, therefore, that the influence of

the preceding coefficients is greater than that of the trial-divisor, as in fact is here

the case. The number 6, the second figure of the root, must be found by substitu-

tion. We have to determine what is the situation between and 10 of the root of

the equation

»* + 80^3 + 1400a:2 - 3000;!; - 60000 = 0.

A few trials show that 6 gives a negative, and 7 a positive result. Hence the

root lies between 6 and 7 ; and 6 is the number of which we are in search. In the

subsequent trials we take those greatest numbers 3, 6, 9, in succession, which allow

the absolute term to retain its negative sign. In the first transformation, diminishing

the roots by 1, there is a change of sign in the absolute term. The meaning of this

is, that we have passed over a root lying between and 1, for gives a positive

result, 4 ; and 1 gives a negative result, - 6. In all subsequent transformations,

so long as we teep below the root, the sign of the absolute term must he the same

as the sign resulting from the substitution of 1. This supposes of course that no

root lies between 1 and that of which we are in search. This supposition we have

already made in the statement of the question. In fact the proposed equation can

have only two positive roots ; one of them lies between and 1, and therefore only

one between 1 and 2.

When two roots exist between the limits employed in Horner's method, i.e. when

the equation has a pair of roots nearly equal, certain precautions must be observed

which will form the subject of a subsequent Article.

3. Find the root of the preceding equation between and 1 to four decimal

places. Commence by multiplying by 10. The coefficients are then

1, 40, -400, -11000, 40000;

the trial-divisor becomes efi'ective at once in consequence of the comparative sraall-

uess of the leading coefficients. The positive sign of the absolute term must be

preserved throughout. Ans. •3373.

4. Find to three places of decimals the root situated between 9 and 10 of the

equation

a:* - Zx^ + Ibx - 10000 = 0.

[Supply the zero coefficient of x^.'\ ^«»- 9'886.

In the examples hitherto considered the root has been found

to a few decimal places only. We proceed now to explain a

method by which, after three or four places of decimals have

been evolved as above, several more may be correctly obtained

with great facility by a contracted process.
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103. Contraction of Horner's Process.—In the ordi-

nary process of contracted Division, when the given figures are

exhausted, in place of appending ciphers to the successive divi-

dends, we cut off figures successively from the right of the

divisor, so that the divisor itself becomes exhausted after a

number of steps depending on the number of figures it con-

tains. The resulting quotient will differ from the true quotient

in the last figure only, or at most in the last two figures. In

Horner's contracted method the principle is the same. We
retain those figures only which are effective in contributing to

the result to the degree of approximation desired. When the

contracted process commences, in place of appending ciphers to

the successive coefiicients of the transformed equation in the

way before explained, we cut off one figure from the right

of the last coefficient but one, two from the right of the last

coefficient but two, three from the right of the last coefficient

but three; and so on. The effect of this is to retain in their

proper places the important figures in the work, and to banish

altogether those which are of little importance.

The student will do well to compare the first transformation

by the contracted process in the first of the following examples

with the corresponding step in the second example of the last

Article, where the transformation is exhibited in full. He will

then observe how the leading figures (those which are most

important in contributing to the result) coincide in both cases,

and retain their relative places ; while the figures of little

importance are entirely dispensed with.

In addition to the contraction now explained, other abbre-

viations of Horner's process are sometimes recommended ; but

as the advantage to be derived from them is small, and as they

increase the chances of error, we do not think it necessary to

give any account of them. The contraction here explained is

of so much importance in the practical application of Horner's

method of approximation that no account of this method is

complete without it.
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Examples.

1. Find the root between 1 and 2 of the equation in Ex. 2 of the last Article

correct to seven or eight decimal places.

Assuming the result of the Example referred to, we shall commence the con-

tracted process after the third transformation has been completed. The subsequent

work stands as follows :

—

n\% 3150X^
6
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This equation can have only two positive roots : one lies between and 1, and

the other between 2 and 3. For the evolution of the latter we have the following :

—

12

- 4
24

(2-0472755671

100000000
83891456

4

2
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104. Application of Horner's method to Cases where
Roots are nearly Equal.—We have seen in Art. 100 that

the method of approximation there explained fails when the

proposed equation has two roots nearly equal. Examples of

this nature are those which present most difficulties, both in

their analysis (see Ex. 7, Art. 91) and in their solution. By
Horner's method it is possible, with very little more labour

than is necessary in other cases, to effect the solution of such

equations. So long as the leading figures of the two roots are

the same certain precautions must be observed, which will be

illustrated by the following examples. After the two roots

have been separated, the subsequent calculation proceeds for

each root separately, just as in the examples of the previous

Articles. It is evident, from the explanation of the trial-

divisor given in Art. 102, that for the same reason as that

which explains the failure of Newton's method in the case

under consideration (see Art. 100), it wiU not become effective

till the first or second stage after the roots have been separated.

Examples.
1. The equation

x^-lx + l =

has two roots between 1 and 2 (see Ex. 2, Art. 89) ; find each of them to eight

decimal places.

Diminishing the roots hy 1, we find that the transformed equation (after its

roots are multiplied by 10), viz.

a;3 + 30a;2 _ 400a: + 1000 = 0,

must have two roots between and 10. We find that these roots lie, one between

3 and 4, and the other between 6 and 7. The roots are now separated, and we

proceed with each separately in the manner already explained. If the roots were

not separated at this stage, we should find the leading figure common to the two,

and, having diminished the roots by it, find in what intervals the roots of the

resulting equation were situated ; and so on.

Ans. 1-35689584, 1-69202147.

2. Find the two roots of the equation

a;3 _ 49a;2 + 658^! - 1379 =

which lie between 20 and 30.

"We shall exhibit the complete work of approximation to the smaller of the two

roots to seven places ; and then make certain observations which wiU be a guide to

the student in all cases of the kind.
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-49
20
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us to find ty mere substitution tlie interval within which the two roots lie. If we

diminish the roots of x^ + Wx^ — 102a; + 181 = by 4, the resulting equation is

x^ + 23«- + 34a; +13 = 0, which has no change of sign. Hence the two roots must

lie between and 4. If we diminish its roots by 3, the resulting equation (as in

the above work) has the same number of changes of sign as the equation itself.

Hence the two roots lie between 3 and 4. They are, therefore, not yet separated;

and we proceed to diminish by 3. The next transformed equation

x^ + 200a;2 - 900a; + 1000 =

is found in the same way to have both its roots between 2 and 3 : the diminution by

2 leaving two changes of sign in the coefficients of the transformed equation (as in

the above worli), and the diminution by 3 giving all positive signs. So far, then,

the two roots agree in their first three figures, vir. 23 '2. We diminish again by 2.

The resulting equation a:'+ 2060a;'- 8800a; + 1261000 = has one root only between

1 and 2 ; 1 giving a positive, and 2 a negative result : its other root lies between 2

and 3 ; 3 giving a positive result. The roots are now separated. We proceed, as in

the above wort, to approximate to the lesser root, by diminishing the roots of this

equation by 1 ; the trial divisor becoming effective at the next step. To approxi-

mate to the greater root, we must diminish by 2 the roots of the same equation,

taking care that in the subsequent operations the negative sign, to which the pre-

viously positive sign of the absolute term now changes, is preserved. The second

root will he found to be 23-2295212.

So long as the two roots remain together, a guide to the proper figure of the root

may be obtained by dividing twice the last coefficient by the second last, or the

second last by twice the third last. The reason of this is, that the proposed equation

approximates now to the quadratic formed by the last three terms in each transformed

equation, just as in previous cases, and in Newton's method, it approximated to the

simple equation formed by the last two terms, this quadratic having the two nearly

equal roots for its roots ; and when the two roots of the equation ax^ + hx + c —
— 2c —b

are nearly equal, either of them is given approximately by -— or —-. Thus, in the

,, 2 xl81 , , , „, 2x1000
above example, the number 3 is suggestedby , and the number 2 by .

i-yjji y Uu

In this way we can generally, at the first attempt, find the two integers between

which the pair of roots lies. We shall have also an indication of the separation of

the roots by observing when the nimibers suggested in this way by the last three

2c b
coefficients become diflferent, i. e. when — suggests a different number from —

.

b 2iti

3. Calculate to three decimal places each of the roots lying between 4 and 5 of

the equation

a;* + %x^ - 70a;2 - 144a; + 936 = 0.

Ans. 4-242; 4-246.

4. Find the two roots between 2 and 3 of the equation

64a;3 - 592a;2 + 1649a; - 1445 = 0.

Am. The roots are both = 2-126,

Q
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Here we find that the two roots are not separated at the third decimal place.

When we diminish hy 5 the absolute term vanishes, showing that 2'125 is a root

;

and proceeding with this diminution the second last coefficient also vanishes. Hence

2'126 is a double root.

When an equation contains more than two nearly equal

roots, they can all be found by Horner's process in a manner

similar to that now explained. Such cases are, however, of

rare occurrence in practice. The principles already laid down
will be a sufficient guide to the student in all cases of the kind.

105. liagrange's metbod ofApproximatioa.—Lagrange

has given a method of expressing the root of a numerical equa-

tion in the form of a continued fraction. As this method is, for

practical purposes, much inferior to that of Horner, we shall

content ourselves with a brief account of it.

Let tbe equation f[x) = have one root, and only one root,

between tbe two consecutive integers a and « + 1. Substitute

a + - for X in the proposed equation. The transformed equation

in y has one positive root. Let this be determined by trial to

lie between the integers h and b + I. Transform the equation

in y by the substitution y = b + -. The positive root of the

equation in z is found by trial to lie between c and o + l. Con-

tinuing this process, an approximation to the root is obtained

in the form of a continued fraction, as follows :

—

1
a +

6 + 1

c + 1... .

Examples.

1. Find in the form of a continued fraction the positive root of the equation

dc^ -ix- 5 = 0.

The root lies between 2 and 3.

To make the transformation » = 2 + -, we first employ the process of Art. 33

diminishing the roots by 2. We then find the equation whose roots are the reci-

procals of the roots of the transformed.
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The ecuiation in y is in this way found to he

J/'
- Wy^ _ 6j^ - 1 = 0.

This has a root between 10 and H.

Make now the suhstitution y = 10 H
z

The equation in z is

61z3-94a«-20»- 1 = 0.

This has a root between 1 and 2. Take z = 1 H
»

The equation in « is

64m'' + 25m2 - 89« -61 = 0,

which has a root between 1 and 2 ; and so on.

We have, therefore, the following expression for the root

a: = 2 +

-^.,.
2. Find in the form of a continued fraction the positive root of

a;3 _ 6« - 13 = 0.

Ans. 3 +

106. SiTniiierical Solution of the Biquadratic.—It is

proper, before closing the subject of the solution of numerical

equations, to illustrate the practical uses which may be made of

the methods of solution of Chap. VI. Although, as before

observed, the numerical solution of equations is in general best

effected by the methods of the present chapter, there are cer-

tain cases in which it is convenient to employ the methods

of Chap. VI. for the resolution of the' biquadratic. When a

biquadratic equation leads to a reducing cubic which has a

commensurable root, this root can be readily found, and the

solution of the biquadratic completed. We proceed to solve a

few examples of this kind, using Descartes' method (Art. 64),

which will usually be found the most convenient in practice.

Q 2
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Examples.

1. Resolve the quartic

a:* - 6x> + Zx' + 22a; - 6

into quadratic factors.

Making the assumption of Art. 64, we easily ohtain

J) +/ = - 3, q + q' + ipp' = 3, pq' + p'q =11, qq' = - 6.

Also <t>=-^- PP =
J

(« + ? - 1),

and, calculatiag I and /, the equation for <p is

, , 111 225 „

Multiplying the roots by 4, we have, iii(p = t,

i3_ lllil- 450 = 0.

By the Method of Divisors this is easily found to have a root - 6 ; hence

^=--, giving PP' = 2, 2 + ?' = -5.

From these, combined with the preceding equations, we get

p = -2, p =-1, q = l, q' =-6.

When the values of q und q' are found, the equation giving the value of pq' +p'q

determines which value of q goes with p, and which with p', in the quadratic

factors. The quartic is resolved, therefore, into the factors

{x''-ix+ l){x--2x-6).

By means of the other two values of ^ we can resolve the quartic into quadratic

factors in two other ways ; or we can do the same thing by solving the two

quadratics already obtained.

2. Eesolve into factors the quartic

f{x) a «* - 8x3 _ I2x^ ^ 6Q3. + 03

The equation for <p is

4(^3 - I95(j, - 476 = 0,

which is found to have a root = - 5.

Am. f{x) = {x' -2x- 3)(«» - 6a; - 21).
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3. EeBolve into factors

f{x)=x*-nx^-2Qx-&.

The reducing cubic is found to be

^ , 217 3185 „

^ 12 *^ 216

or, multiplying the roots by 6,

4<3-651« + 3185 = 0.

7
This has a root = 7 ; hence <b = -•

6

Ans. f{x) 3 (a;2 + 4:!; + 2) [x^ -ix-Z).

4. Resolve into factors

f{x) =x*- 6x^ - 9^2 + 66a: - 22.

The reducing cubic is

, 335 897 „

3
hence "(• = " 5

•

Ans. f(x) = [x^ - n){x^ -6x + 2).

5. Eesolve into factors

f{x) = «4 - 8a;3 + 21a;2 - 26a; + 14.

Ans. f{x) = (a;2 - 2a; + 2) {x^^ - 6a; + 7).

6. Eesolve into factors

X* + 12a; + 3.

Ans. (a;2 - x^ + 3 + V6){x'^ + a;V6 + 3 - V6).

7. Find the quadratic factors of

X* - 8a;3 - 12a;''= + 84a; - 63 = 0,

and solve the equation completely (see Ex. 18, p. 34).

Am. {a;2 - 2a; (2 + V7) + 3 V?} {a:" - 2a; (2 - Vf) - 3 Vf}.
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Miscellaneous Examples.

1. Find the positive root of

a;3 - 6a; - 13 = 0.

Am. 3-1768U393.

2. Find the positive root of

a;3 - 2a; - =

correct to eight or nine places. ^«». 2-094551483.

3. The equation

2x^ - 650-8a;2 + bx - 1627 =

has a root between 300 and 400 : find it.

Ans. Commensurable root, 325'4.

4. Find the root between 20 and 30 of the equation

ix^ - 180a;2 + 1896a; - 457 = 0.

Ans. 28-52127738.

5. Find to six places the root between 2 and 3 of the equation

a;3 - 49*2 + 658a; - 1379 = 0.

Ans. 2-667351.

6. Find to six places the root between 2 and 3 of the equation

a;* - 12a;2 + 12a; - 3 = 0.

Ans. 2-858083.

7. Find]the positive root of the equation

a;3+2a;2-23a;- 70 =

correct to about ten decimal places. Ans. 5-13457872528.

8. Find the cube root of 673373097125. Ans. 8765.

9. Find the fifth root of 537824. Ans. 14.

10. Find all the roots of the cubic equation

a;3 - .3a; + 1 = 0.

The equation a;6 + a;' + 1 = 0, of Ex. 7, p. 100, reduces to this.

Ans. -1-87938, -34729, 1-53209.

The smaller positive root gives the solution of the problem—To divide a hemi-

sphere whose radius is unity into two equal parts by a plane parallel to the base.

11. Find all the roots of the cubic

x^ + x^ - 2x - 1 = 0.

(See Ex. 1, p. 100.) ^«». -1-80194, --44604, 1-24698.
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12. Find to five decimal places the negative root between - 1 and (see Ex. 3,

p. 100) of the equation

x^ + x^ - ix^ - Sic^ + 3.5 + 1 = 0.

Am. --28463.

13. Solve the equation

x^ - 316a;2 - 19684a; + 2977260 = 0.

"We here fi.nd that a root exists between 70 and 80. By Homer's process it ia

found to be 78. The depressed equation furnishes two roots, which, increased by

78, are the other roots of the cubic.

Ans. 78, 347, -110.

14. Find the two real roots of the equation

a;*- 11727^ + 40385 = 0.

Ans. 3-46592, 21-43067.

This equation is given by Mr. G. H. Darwin in a Paper On the Precession of a

Viscous Spheroid, and on the Remote Sistory of the Earth. Fhil. Trans., Part ii.,

1879, p. 508. The roots are "the two values of the cube root of the earth's rota-

tion for which the earth and moon move round as a rigid body."

15. Find all the roots of the cubic equation

20a;3 - 24*2 + 3 = 0.

Ans. -0-31469, 0-44603, 1-06865.

This equation occurs in the solution by Professor Ball of a problem of Professor

Townsend's in the Educational Times of Dec, 1878, to determine the deflection of a

beam uniformly loaded and supported at its two ends and points of trisection.

16. Find the positive root of the equation

14a:3 + \2x^ - 9a; - 10 = 0.

Ans. 0-85906.

The eqiiations of this and the following example occur in the investigation of

questions relative to beams supported by props.

17. Find the positive root of the equation

tx^ + 20«3 + 3a;2 - 16a; - 8 = 0.

Ans. 0-91336.

18. Find to ten decimal places the positive root of the equation

x^ + 12a;' + 59a;3 + \50x' + 201a; - 207 = 0.

Ans. -6386058033.
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19. Find all the commensurable roots of

f{x) s «= + 2a;4 - 36«3 _ I49a:2 - 232a; - 336 = 0,

and solve the equation completely.

Am. f(x) s (a;2 + « + 3) (« + if (x - 7).

20. Solve similarly the equation

f{x) s a;5 - 32a;* + 1162.-3 - 116a;2 + H5a; - 84 = 0.

Am. f(x) = (a;' + 1) (a; - 1) (x - 3) (a; - 28).

21. Apply the method of Ex. 21, p. 199, to the analysis of the equation of

Ex. 1, Art. 91.

Disregarding the two lowest Sturmian remainders, we have

f{x) = x*+ 3x^ + 1x^ + 10a; + 1,

f{x) = ix^ + 9a;2 + lix + 10,

JJi = - 29a;2 - 78a; + 14.

The roots of the equation JJi = are easily seen to lie in the intervals (- 3, — 2)

and (0, 1). The equation f{x) = has two imaginary roots, since the coefficient

of x'' in jffii is negative. The real roots, if any, must be negative. The three

functions ahove written are sufficient to determine the existence and situations of

roots in the intervals (-oo, -3) and (—2, 0). It is at once seen that two real

roots of the original equation are situated in the latter interval.

It will he found possible in many examples to avoid in this way the calculation

of the last two Sturmian remainders ; and it will be observed that it is not neces-

sary to know the actual roots of the quadratic function, but only the intervals in

which they are situated.

22. In the application of Sturm's theorem, if any function be reached whose

signs are all positive or all negative, the number and situations of the positive

roots of the original equation can be examined without the aid of the lower

Sturmians ; and if a function be reached whose signs are alternately positive and

negative, the negative roots of the original equation may be discussed in a similar

manner.

23. Find the condition that the quadratic Sturmian remainder of Ex. 3, Art. 92,

should have its roots imaginary.
Ans. SI + 3aJ positive.

This condition is fulfilled when S and / are both positive (since then I must

be positive, by the identity of Art. 37). It is, therefore, easily inferred that the

biquadratic has no real roots when iZ"and / are both positive (cf. Ex. 11, p. 198).

24. When the biquadratic has two roots equal to o, prove

-GI
aa. + b —

2SI - 3aJ

25. If the equation f{x) = has all its roots real, prove that the equation

/(*) /"(*) ~ [/' (*)]' = " ^^^ ^^ '*5 roots imaginary.
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26. Calculate the leading coefficients of the first two Sturmian remainders for

an equation of the «" degree wanting the second tei-m, viz.

X" + ax"-'' + bx"-^+ ex"-* + &c. = 0.

No coefficients heyond those here given will enter into the required values ; we
readily find

Sis- 2ax"-- - 3bx"-^ - icx"-* - &c.

£i = - {i{n-2)a^- Snac + 9nb'} x"-' + &c.

(cf. Ex. 12, p. 198.)

27. Remove the second term from the general equation of the n"' degree written

with binomial coefficients, and prove that the leading coefficients of the first two
Sturmian remainders of the resulting equation are

-M, - nSI+ 3 (« - 2) aoJ.

These expressions are easily derived from the preceding example by aid of the

transformation of Art. 35 ; the values of A2, A3, Ai being given by the equations

«o^2 = S, ao'^Ai = G, ao^Ai = ao^I- 3H\

G^ being replaced by its value from the identity of Art. 37, and positive multipliers

omitted (cf. Ex. 13, p. 198).

28. Calculate Sturm's functions for Euler's cubic (see Art. 61).

We find, after some reductions, and omitting positive factors,

/ {x) =x^ + 3Sx^ + 3 (fl-2 _ -^\-aiJ) x-iG\

f'{x)=x^ + IKx + 52 - -ho?I,

iJi s llx + 1RI - 3fl/,

-ffz = 73 _ 27/2.

All the conditions of Art. 68, with respect to the nature of the roots of the

biquadratic, may be derived from these results, by the aid of Ex. 4, p. 125. And

it will be observed that the conditions for reality of all the roots as given in

Art. 93, as well as in the article already referred to, are both obtained here

together ; for, in order that Euler's cubic should have all its roots real and positive,

the substitution of for x must give three changes of sign, and this requires that

aH- 12ja"2 and 1SI - 3aJ should be both negative.



CHAPTER XI.

COMPLEX NUMBERS AND THE COMPLEX VARIABLE.

107. Complex Sfnmbers—Ciraptaic Representation.

—In the foregoing chapters many examples have been met with

of the occurrence among the solutions of numerical equations of

quantities of the form a + bj - 1, involving the extraction of

the square root of a negative number. Such an expression,

consisting of a positive or negative real units and b positive or

negative imaginary units, is called a complex number (see Art.

15). The imaginary unitJ- 1 is denoted for brevity by i.

Eeal and purely imaginary numbers are both included in the

expression a + ib, the former being obtained vrhen 6 = 0, and the

latter when a = 0. Complex numbers may be submitted to all

the ordinary rules of arithmetical calculation ; and in the result

of any such calculation integral powers of i beyond the first can

always be reduced by the relation «^ = - 1.

We proceed to explain a mode of representing complex

numbers geometrically, which will be found very convenient in

the treatment of functions involving quantities of this kind.

The expression a + ib may be written in the form

ju(cos a + i sin a),

where

n.—12" ^ • i
i"=J«+o, eosa = -, sma = -.

The quantity fi is called the modulus, and the angle a the

argument of the complex number a + ib. The modulus is always
taken positively, the negative sign of the radical corresponding

to an increase of the argument by w.
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Let rectangular axes OX, OY (fig. 7) be taken ; and a

point A such that

XOA=a,a,udiOA = n.

We have then OM
= ju cos a = «, and AM
= n sin a = I. The

expression a + ih may
therefore be repre-

sented graphically by

the right line drawn

from to a point in

a plane whose co-ordinates referred to the fixed axes are a, b
;

the distance OA of this point from the origin being equal to

the modulus, and the angle XOA equal to the argument of

the complex number.

The magnitude of a complex quantity is estimated by the

magnitude of its modulus. When the complex quantity

vanishes (that is, when a and I separately vanish) its modulus

vanishes ; and, conversely, when the modulus vanishes, since

then a* + fi^ = 0, a and b must separately vanish, and therefore

the complex quantity itself. Two such quantities, a + ib and

a' + ib', are equal when a = a' and b = b', i.e. when the moduli

are equal and when the arguments either are equal or differ by

a multiple of 27r.

In what follows we shall for brevity represent, the modulus

and argument of « + ib by the notation

mod. {a + ib), arg. {a + ib).

108. Complex Hirumbers.—Addition and Subtraction.

—Let a second complex number a' + ib' be represented by the

right line OA', so that

OA' = mod. («' + ib'), XOA' = arg. {a' + ib').

We proceed to determine the mode of representing the sum

a + ib + a' + ib'.
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Writing this sum in the form a + a' + 4 (6 + h'), we observe,

in accordance with the convention of Art. 107, that it will he

represented by the line drawn from the origin to the point

whose co-ordinates are a \- a,h + b'. To find this point, draw

AB parallel and equal to OA'; since AP, BP, are equal to

a, h', B is the required point, and we have

OB = mod. [a + a' + i{b + b')
]

, XOB = arg. {a+a'+i{b + b')}.

To add two complex numbers, therefore, we draw OA to

represent one of them ; and, at its extremity, AB to represent

the second (that is, so that its length is equal to the modulus,

and the angle it makes with OX equal to the argument, of the

second) ; then OB represents the sum of the two complex-

numbers.

Since OB is not greater than OA + AB, it follows that the

modulus of the sum of tieo complex numbers is less than [or at

most equal to) the sum of their moduli.

This mode of representation may be extended to the addition

of any number of such quantities. Thus, to add a third a"+ ib",

represented by OA", we draw BG parallel and equal to OA",

and join OC. Then 00 represents the sum of the three, OA,

OA', OA". It is evident also that we may conclude in general

that the modulus of the sum of any number of complex quantities

is less than (or at most equal to) the sum of their moduli.

Subtraction can be represented in a similar way. Since OB
represents the sum of OA and OA', OA will represent the dif-

ference of OB and OA'. To subtract two complex numbers,

therefore, we draw at the extremity of the line representing the

first a line parallel and equal to the second, but in an opposite

direction [i.e. a direction which makes with OX an angle greater

by TT than the argument of the second). We join to the

extremity of this line to find the right line which represents the

difference of the two given complex numbers.

109. aiultiplicatioii and Division.—To multiply the

two complex numbers a + ib, a' + ib', we write them in the form

« + «"& = ju (cos a + « sin a) , a' + ib' = fi'{oo&a' + i sin a)

.
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We have then, by De Moivre's theorem,

(a + ib) {a + ih') = fifi {
cos (a + o') + i sin (a + a')\,

which proves that the product of two complex numhers is a com-

plex number, wJiose modulus is the pt-oduct of the ttoo moduli, and
whose argument is the sum of the two arguments.

In the same way it appears that the prodtict of any number
of such factors is a complex quantity, whose modulus is tlie

product of all the moduli, and whose argument is the sum of

all the arguments.

To divide a + ib by a' + ib', we have similarly

a + ib ji , .

-. —, - -, cos (a - a ) + » sm (a - a ) ,

a +10 ft

which proves that the quotient of two complex numbers is a com-

plex number, whose modulus is the quotient of the two moduli, and

whose argument is the difference of the tico arguments.

It was assumed in the proof of the theorem of Art. 16 that

when a product of any number of factors (real or imaginary)

vanishes, one of the factors must vanish. This is evident when

the factors are all real. From what is above proved the same

•conclusion holds when the factors are complex ; for, in order

that the modulus of the product may vanish, one of its factors

must vanish, and therefore the complex quantity of which that

factor is the modulus.

110. Other Operations on Complex IVnmbers.—From
the foregoing propositions it follows that any integral power of

a complex number, e.g. (a + ib)"\ can be expressed in the form

A + iB, where A and B are real. And, more generally, if in

any rational integral function

whose coefficients are complex (including real] numbers, a
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complex quantity a + ib be substituted for %, the result can be

expressed in the standard form A + iB.

It is not proposed in the present chapter to discuss any

functions of complex numbers beyond the rational integral

function of the kind hitherto treated in tliis work. It is easy,

however, to show, by the aid of De Moivre's theorem, that

the remaining processes of numerical calculation—powers with

fractional or complex exponents, logarithms, and powers whose

base and exponent are both complex—reproduce in every case a

complex number as result. This is expressed by saying that

complex numbers form a system or group complete in them-

selves.

111. The Complex Variable.—In the earlier chapters of

the present work the variation of a polynomial was studied cor-

responding to the passage of the variable through real values

from - 00 to + 00 ; and the mode of representing by a figure

the form of the polynomial was explained. Such a mode of

treatment is only a particular case of a more general inquiry.

Given a polynomial, rational and integral in z, whose coeffi-

cients are numbers real or complex, viz.

f{z) sfljoz" + Wis"-! + ffjz"-^ + . . . + a„_i2 + «„,

we may study its variations corresponding to the different values

of s, where s has the complex form x + iy, and where x and y
both take all possible real values. This form x + iy is called the

complex variable. All possible real values of the variable are of

course included in the values of a; + iy, being those values which

arise by varying x and putting y = 0. In accordance with the

principles of Art. 107 we may represent the complex variable

X + iy by the line OP (fig. 8) drawn from a fixed origin to

the point whose coordinates are x, y. Or we may say, x + iy \b

represented by the point P. Thus all possible values oix + iy

will be represented by all the points in a plane. Since for any

particular value of s,/{z) takes the form A + iB (Art. 110), the

values of/(s) may be represented in a similar manner by points
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in a plane. We confine ourselves in the present Article to the

representation of the variable

X + iy itself. We conceive the

variation oi x + iy to take place

in a continuous manner; for ex-

ample, by the motion of the

point X, y, along a curve. If OP
and OP" represent two consecu-

tive values of the variable, we

write the corresponding values

X + iy, x' + iy', as follows :

—

Fig. 8.

z = x + iy = r (cos % + i sin 9), z =x' -^ iy' = r (cos 0' + i sin W).

Since OF represents the sum of OP and PP' (Art. 108), it

follows that PP' represents the increment of z ; and if s'= s + ^,

h may be written in the form

A = jO (cos ^ + ? sin0),

where p = PP', and ^ is the angle PP' makes with OX
The variation of the modulus of z is OP' - OP or r' - r ; the

variation of the argument of z is P'OP or 6' - 9; the variation

of z itself is h or p (cos <(> + i sin ^], as just explained.

Let the point be supposed to describe a closed curve. When
it returns to its original position P, the modulus takes again its

original value ; and the argument takes its original value if the

point is exterior to the curve, or is increased by 2ir if is

interior to the curve.

If the complex variable describes the same line in two oppo-

site directions, the variations of its argument are equal and of

opposite signs, i.e. the total variation is nothing. From this we

can derive a property of the variation of the argument of the

complex variable, which will be found of importance in our

succeeding investigations.

Let a plane area be divided into any number ofparts by lines

BB, AF, EC, &c. (fig. 9) ; then the variation of the argument
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relatively to the perimeter of the whole area is equal to the sum

of its variations relatively to

the perimeters of the partial

areas : all the areas being

supposed to be described by

the variable moving in the

same sense. This is evident;

for when the point is made

to describe all the partial

areas in the same sense, Fig- 9-

each of the internal dividing lines will be described twice, the

two descriptions being in opposite directions ; and the exter-

nal perimeter will be described once ; hence the total variation

of the argument relatively to the dividing lines vanishes, and

the variation relatively to the external perimeter alone remains.

Take, for example, the areas ABF, AFD in the figure. When
the point describes these areas in the sense indicated by the

arrows, the total variation relatively to the line AF vanishes.

112. Continuity of a Function of the Complex
Variable.—Suppose the complex variable s, starting from

a fixed value 2o, to receive a small increment /* = p (cos <j) +i sin <p) ;

we have then, if /(z) be the given function, replacing « by s in

the expansion of Art. 6,

f{z) =/(.„ + h) =/(.,) +f"{Zo) hJ^ h' + &c.,

and the increment of /(s), being equal tof{zo + h) -/(zo), is

/(
,,/^,.^.r:w,,,&.

1.2 1.2.3

In this expression the coefiScients of the powers of h are all

•complex expressions of the usual form ; and if their moduli be

a, b, c, &c., the moduli of the successive terms are ap, hp^, cp^, &c.

;

and since, by Art. 108, the modulus of a sum is less than the

sum of the moduli, it follows that the modulus of the increment

of/(z) is less than

ap + bp^ + cp' + &c.
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Now a value may be assigned to p (Art. 5), such that for it

or any smaller value, the value of this expression will be less

than any assigned quantity. It follows that to an infinitely

small variation of the complex variable (viz. one whose modulus

is infinitely small) corresponds an infinitely small variation of

the function ; in other words, the function varies continuously/ at

the same time as the complex variable itself.

113. Variation of the Argument of/(s) corresponding

to tbe description of a small Closed Curve by the Com-
plex ITariable.—Corresponding to a continuous series of values

of z we have a continuous series of values of /(z), which can be

represented, like the values of z itself, by points in a plane.

We represent these series of points by two figures (fig. 10) side

Fig. 10.

by side, which, to avoid confusion, may be supposed to be drawn

on different planes. To each point P, representing x + iy, cor-

responds one determinate point P' representing /(z). When P
describes a continuous curve, P' describes also a continuous

curve ; and when P returns to its original position after

describing a closed curve, P' returns also to its original

position.

Our present object is to discuss the variation of the argument

of/(z) corresponding to the description of a small closed curve

by P. Let A be any determinate point whose co-ordinates are
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Xo, yo, i.e. z„ = iSo + ii/o- We divide the discussion into two

cases :

—

(1). When Xo + iy<i is not a root oi,f{z) = 0, i.e. when/(zo)

is different from zero.

(2). When Xa + iya is a root of/(s) = 0, ot:j{%^ = 0.

(1). In the first case, to the point A corresponds a point A
representing the value of /(Sq), and CfA' is different from zero.

Let 2 = Zq + A, where h = p (cos + ^ sin ^) ; and suppose P, which

represents s, to descrihe a small closed curve round A. Let P'

represent /(z) ; then AP represents the increment oif[z) cor-

responding to the increment AT of %. By the previous Article

it appears that values so small may be assigned to p, that the

modulus of the increment of/(n), namely ^'P', may he always

less than the assigned quantity O'A; hence P may he supposed

to describe round A a closed curve so small that the correspond-

ing closed curve described by P' will be exterior to O . It

follows, by Art. Ill, that corresponding to the description by P of

a small closed curve, which does not contain a point satisfying the

equation f{z) = 0, the total variation of the argument of f{z) is

nothing.

(2). In the second case, suppose x^ + iy^ is a root of the equa-

tion /(s) = repeated m times, and let

f[z)^{z-Zo)'"^p{z)^,

then

f{z) = A"*!// (s) = p'" (cos OT^ + i sin m(f) ip (s).

In this case O'A' = ; and when P describes a closed curve

round A, P' returns to its original position, and the argument

of /(a) will be increased by a multiple of 27r, which may be

determined as follows :—From the above equation we have

arg.f{z) =m^ + arg. ^p{z)

;

and the increment of arg. f{z) will be obtained by adding the

increment of w^ to the increment of arg. i^ [z) . Now the latter
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increment is nothing by (1), since the curve described byP may-

be supposed to contain no root of i//(s) = ; and since the incre-

ment of ^ is 27r in one revolution of P, the increment of ot0

is 2m7r. It follows that ichen P describes a small closed curve

containing a root of the equation f{z) = 0, repeated m times, the

argument offiz) is increased hy 2mTr.

114. CaucUy's Tbeorem.—When z describes the same

line in a plane in two opposite directions, f[z) describes the cor-

responding line in its plane in two opposite directions, and the

arg. f{z) undergoes equal and opposite variations. It follows

that if any plane area be divided into parts, as in Art. Ill, the

variation of the arg. f{z) corresponding to the description in the

same sense by z of all the partial areas, is equal to the varia-

tion of arg. f[z) corresponding to the description by z of the

external perimeter only. Now let any closed perimeter in the

plane XI^ be described ; and suppose in the first place, that it

contains no point which satisfies the equation /(s) = 0. It can

be broken up into a number of small areas, with respect to each

of which the conclusions of (1) Art. 113 hold ; and by what has

been just proved it follows that the

variation of arg. f{z) corresponding

to the description by z of the closed

perimeter is nothing. Supposein the

second place, that the closed perime-

ter contains a point which is a root

of the equation f{z) = repeated m
times. Let a small closed curve

PQBS be described round this ^ig- H-

point. The variation of arg.f[z), corresponding to the descrip-

tion by z of the whole perimeter, is equal to the sum of its

variations corresponding to the description of the areas

ABCP8B, CDARQP, PQRS. The two former variations

vanish by what is above proved ; and the latter is, by (2),

Art. 113, equal to 2mir. The total variation, therefore, of /(g)

is 2»«7r. Similarly, if the area includes a second, third, &c.,

points, which represent roots repeated m', m", &c., times, the

r2
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total variation = 2{m + m' + m" + &c.) tt. Hence we derive the

following theorem due to Cauchy :

—

The number of roots ofany polynomial, comprised within a given

plane area, is obtained hy dividing hy 2it the total variation of the

argument of this polynomial corresponding to the complete descrip-

tion ly the complex variable of the peritneter of the area.

115. IVumber of Roots of the Cceneral Equation.—
We are enabled by means of the principles established in the

preceding Articles to prove the theorem contained in Arts. 15

and 16 ; namely, Every rational and integral equation of the w**

degree has n roots real or imaginary.

Let

be a rational and integral function of z. Without making any

supposition as to the existence of roots of / (s) =0 further than

that f{z) cannot vanish for any infinite values of the variable,

we can suppose z to describe in its plane a circle so large that

no root exists outside of it. If, then,

f{z) = 2"{a„ + a,z' + a^z" +... + «" /"}

= s" ^ {z'), where z' = -,
z

z', whose modulus, is the reciprocal of the modulus of z, will

describe a small circle containing a portion of the plane cor-

responding to the part outside of the circle described by z ; and

no root of ^ {z') = will be included within this small circle.

Hence, corresponding to the description of the whole circle by z,

the variation of arg. <j, [z') = 0, and, therefore,

variation of arg.f{z) = variation of arg. z";

and if z = r (cos 9 + i sin 6), or z" = r'" (cos nd + i sin nd),

6 is increased by 2jr, and, therefore, arg. z" is increased by
2mr.

It follows from Oauchy's theorem, Art. 114, that the number
of roots comprised within the circle described by z, i.e. the total
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number of roots of the equation /(z) = 0, is n ; and the theorem

is proved.

The proposition whose proof was deferred in Art. 15 is thus

shown to he an immediate consequence of Oauchy's theorem,

which may therefore be regarded as the fundamental proposi-

tion of the Theory of Equations. It is proper to observe, how-

ever, that the theorem of Art. 15, viz., that every numerical

equation has a numerical root, can be proved directly, and

independently of Cauchy's theorem, by aid of the principles

contained in Art. 112 and the preceding Articles, as we proceed

now to show.

116. Second Proof of Fundamental Theorem.—If

possible let there be no value of z which makes /(s) vanish ; and

let the value z,,, represented by A, fig. 10, correspond to the

nearest possible position. A' , of P' to the origin 0'. It is

proposed to show that such a direction may be given to the

increment h as to bring P' into a position nearer to the origin

than A' . We have the following expansion (Art. 112) :

—

/(«o + h) =/W +/(.„) h/-^ h? + ...+a,h\

By hypothesis /(zo) does not vanish; but one or more of the

derived functions, /'(So), &c., may do so. Let the first of these

which does not vanish be/m(zt,), and let us suppose

- jUm (cos am + « Sm a^),
1 . 2 . 3 . . . m

with corresponding expressions for the coefficients which follow.

Collecting all the terms which contain powers of h beyond hr

into one complex expression, we may write

/(so + h) =f{z,] + nm p'" {cos {m<t> + a„) + i sin (hj.^ + ««)

)

+ ju(eos? + ^"sin|),

where, by the proposition of Art. 108,

A«
< fJim^i

p""" + ;"™+2 /o"" + ••+;"» p"-
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It is easily inferred from the theorem of Art. 5 that such a

value may be given to p as to make fj,<fim p"*- Now the direc-

tion of the increment h can be so selected, viz. from the equation

m(j, + am = X'O'A' + TT (fig. 10), as to bring P', in virtue of the

second expression in the value of /(s„ + h), through a distance

fimf}'" nearer to the origin in the direction A' (7. Let S be the

point on the line O'A' to which P' is brought in this way. The

effect of the last expression in the value of / {z„ + h) is to move

P' from S to a point T at a distance ST = fx ; and whatever the

direction of this movement, i. e. whatever the argument |, (XT

is < O'A', since ST< 8A'. We have proved, therefore, that A'

is not the nearest possible position of P' with reference to the

origin ; and in the same manner it may be shown that no

other value different from zero can be the least possible value

of the modulus of /(s).

In the proof here given it is only shown that the equation

must have a root, and the precise number of roots is not deter-

mined, as it is in the proof derived from Gauchy's Theorem

;

but when it is proved that one root at least must exist, the

proof can be easily completed by the method of Art. 16.

It is important to observe that when f'{z„) does not vanish,

for any particular point Zo the limiting value of the ratio of the

increment oi/{z„) to A is the constant /'(So) = /xi (cos ai +«sinai).

It is easily inferred that the two increments are inclined at a

constant angle, and their moduli are in a constant ratio. This

is usually expressed by saying that the figures described by P
and P' are similar in their infinitely small parts.

The student is referred to Note at the end of the volume

for some further observations on the subject of this Article.



CHAPTER XII.

DETERMINANTS.

117. £leinentary Wotions and nefinitions.—This

chapter will be occupied with a discussion of an important class

of functions which constantly present themselves in analysis.

These functions possess remarkable properties, by a knowledge

of which much simplification may be introduced into many
mathematical operations.

The function flj hi + a.,, bi, of the four quantities

ffi, bi,

ch, b%,

is obtained by assigning to a and h, written in alphabetical order,

the suffixes 1, 2, and 2, 1, corresponding to the two permutations

of the numbers 1, 2 ; and adding the two products so formed.

Similarly the function

ttib-iCz + Uib^Ci + a^biCi + UibiCi + UsbiCi + a^hci, (1)

of the nine quantities

dij bi, Ci,

a^, bi, d,

(^3f bs, Cs,

is obtained by adding all the products abc which can be formed

by assigning to the letters (retained in their alphabetical order)

suffixes corresponding to all the permutations of the numbers

1, 2, 3. The whole expression might be represented by {abc),

or any other convenient notation, from which all the terms could

be written down.
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The notation {ahcd) might he employed to represent a

similar function of the 16 quantities fli, bi, Ci, di, a,, &c., con-

sisting of 24 terms, which can all be written down by the aid

of the 24 permutations of the numbers 1, 2, 3, 4.

And, in general, taking n letters a,h,c,... I, we can write

down a similar function consisting of w (w - 1) (w - 2) .... 3. 2.

1

terms, this being the number of permutations of the first n num-

bers 1, 2, 3 . . . n.

Now the functions above referred to, which are of such

frequent occurrence in mathematical analysis, differ from those

just described in one respect only, namely : of the 1. 2. 3 ... «

(which is an even number) terms, half are affected with posi-

tive, and half with negative signs, instead of being all positive,

as in the functions above given.

We shall now give some instances of the functions which

will be discussed in this chapter. They occur most frequently

as the result of elimination from linear equations. If, for

example, x and y be eliminated from the equations

ttix + hiy = 0,

a^x + b^y = 0,

the result is a^b^ ~ a^b^ = 0.

Again, the result of eliminating x, y, z from the equations

UiX + biy + CiZ = 0,

a^x + bty + CzZ = 0,

a^x + b^y + c,z = 0,

is, as the student will readily perceive by solving from two of

the equations and substituting in the third,

aib^Cz-aibiCi + a^bsCi- azJiCs + ffaftiCz-as^jCi = 0; (2)

and this function differs from (1) written on the preceding page
only in having three of its terms negative, instead of having
the six terms positive.
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Similarly the process of elimination from four linear equa-

tions gives rise to a function of the sixteen quantities

«!, hi, Gi, di, a^, bi, &c.,

which differs from the function above represented by {ahcd) only

in having twelve of its terms negative.

Expressions of the kind here described are called Determi-

nants* The notation by which they are usually represented was

first employed by Cauchy, and possesses many advantages in the

treatment of these expressions. The quantities of which the

function consists are arranged in a square between two vertical

lines. For example, the notation

«i bi

tti bi

represents the determinant a-^hi - a^bi.

Similarly, the expression on the left-hand side of equation (2)

is represented by the notation

«! bi Ci

di "2 ^2

«3 ^3 C,

And, in general, the determinant of the n' quantities

fli, ii, Ci . . . It, tti, bi, &o., is represented by

(3)

By taking the n letters in alphabetical order, and assigning

to them suffixes corresponding to the n [n - 1)(« - 2) ... 3. 2. 1

permutations of the numbers 1, 2, 3, ... «, all the terms of the

«!
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determinant can be written down. Half of the terms must

receive positive, and half negative signs. In the next Article

the rule will be given by which the positive and negative terms

are distinguished.

The individual letters Ui, b^, Ci, . . . ai, . . . &c., of which a

determinant is composed, are called constituents, and by some

writers elements.

Any series of constituents such as Ui, Ji, c,, . . . li, arranged

horizontally, form a row of the determinant ; and any series such

as «j, tti, Os, . . . ttn, arranged vertically, form a column.

The term line will sometimes be used to express a row or

column indifferently,

118. Rule -witli regard to Signs.—It is evident from

the preceding Article that each term of the determinant will,

since it contains all the letters, contain one constituent (and only

one) from every column ; and will also, since the suflQxes in each

term comprise all the numbers, contain one constituent (and only

one) from every row. We may thus regard the square array

(3) of Art. 117 as the symbolical representation of a function con-

sisting in general of n[n - 1) (w - 2) ... 3. 2. 1 terms, comprising

all possible products which can be formed by taking one con-

stituent, and one only, from each row ; and one constituent, and

one only, from each column. All that is required to give perfect

definiteness to the function is to fix the sign to be attached to

any particular term. For this purpose the following two

rules are to be observed :

—

(1). The term aih^d . . . In, formed hy the constituents situated

in the diagonal drawn from the left-hand top corner to the right-

hand bottom corner is positive.

This is called the leading ox principal term. In it the suffixes

and letters both occur in their natural order ; and from it the

sign of any other term is obtained by means of the following

rule :

—

(2) . Any interchange of two suffixes, the letters retaining their

order, alters the sign of the term.
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This rule may te otherwise expressed thus :

—

Amj interchange

of iwo letters, the suffixes retaining their order, alters the sign of a

term. For if two letters be interchanged, and the two corre-

sponding constituents then interchanged, the entire process is

equivalent to an interchange of suffixes. If, for example, in

ttihCidiei the letters b and e be interchanged, we get aie.iC^dibi,,

which is equal to aib^c^diei, and this is derived from the given

term by an interchange of the suffixes 2 and 5.

In applying this rule it is evident that an even number of

interchanges will not alter the sign of a term, and that an odd

number will.

Examples.

1. What sign is to be attaclied to tlie term azbiCid^ei in the determinant of the

fithorder?

The question is, How many interchanges will change the order 12345 into 34261 ?

Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead-

ing place, the order hecoming 31245. Again, the interchange in 31245 of 4 with

2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1

gives the order 34215 ; and finally the interchange of 5 with 1 gives the required

order 34251. Thus there are in aU six intej-changes ; and therefore the required

sign is positive.

The general mode of proceeding may plainly be stated as follows:—Take the

figure which stands first in the required order, and move it from its place in the

natural order 1234 . . . into the leading place, counting one displacement for each

figui'e passed over. Take then the figure which stands second in the required order,

and move it from its place in the natural order into the second place ; and so on. If

the number of displacements iu this process be even, the sign is positive ; if it be

odd, the sign is negative.

2. What sign is to be attached to the term oihcedseifiiiz in the determinant of

the 7th order ?

Here two displacements bring 3 to the leading place ; five displacements then

bring 7 to the second place ; four then bring 6 to the third place ; tliree then bring

5 to the fourth place ; the figure 1 is in its place ; and finally, one displacement

brings 4 into the sixth place. Thus there are in aU fifteen displacements ; and the

required sign is therefore negative.

3. Write down all the terms of the determinant

ai b\ ci di

fl2 ^2 Ci dz

«3 ^3 ^3 dz

ai hi ci di
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The six permutations of suffixes in which the figure 1 occurs first are

1234, 1243, 1324, 1342, 1423, 1432.

The six corresponding terms are, as the student will easily see by applying the

Eule (2), as in the previous examples,

ttiizozdi — ailiCidi + ail^cid^ — aib^Cidi + ailiCidi — aibiCzdi.

The other eighteen terms, corresponding to the permutations in which the figures

2, 3, 4, respectively, stand first, are as follows :—

OibiCidi — a^biCidi + aibacidt — aib^Cidi + a^b^C3dl — aibiCidz

+ a^biCidi — a^biCidz + a^b^Cidi — a^bzcidi + a^biCidz-*- a^biCzdi

+ OibiC^dz — a^biczds + aib^cidz — a^bzCzdi + aib^c^di — a^bscidz.

It will be observed here that the number of positive terms is equal to the number

of negative terms. The same must be true in general ; for, corresponding to any

positive term there exists a negative term obtained by simply interchanging the last

two suffixes.

4. Show that if any two adjacent figures be moved together over any number

m of figures, the sign is unaltered.

For if they be moved separately, the whole process is equivalent to a movement

over 2m figures.

5. Determine the sign to be attached to the second diagonal term, viz.

t>nbn-\ Cn.% . . hih, in the determinant of the m"* order.

Here the number of displacements required to change the natural order to the

required order is plainly

(„-l) + („-2) + («-3)+... + 2 + l = "^"^"^*
.

Hence the required sign is (- 1) 2 .

119. In the Propositions of the present and following

Articles are contained the most important elementary properties

of determinants which, by the aid of Cauchy's notation ahove

described, render the employment of these functions of such

practical advantage.

Prop. I.

—

If any two rous, or any two columns, of a determi-

nant he interchanged, the sign of the determinant is changed.

This follows at once from the mode of formation (Eule (2),

Art. 118), for an interchange of two rows is the same as an
interchange of two suffixes, and an interchange of two columns
is the same as an interchange of two letters ; so that in either

case the sign of every term of the determinant is changed.
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By aid of this proposition the rule for obtaining the sign of

any term may he stated in a form which is usually more
convenient for practical purposes than that already given. It

will readily be perceived that the general mode of procedure

explained in Ex. 1, Art. 118, is equivalent to the following :

—

Bring, hy movements of rows {or columns), the constituents of the

term tvhose sign is required into the position of the leading diagonal.

The sign of the term will he positive or negative according as the

number of displacements is even or odd.

Example.

What sign is to be attached to the term Kfinx in the' determinant

a b c X

a ^ J y

I m n z

K fi V

Here a movement of the fourth row over three rows (i. e. three displacements)

brings A. into the leading place. One displacement of the original second row

upwards brings into the required place in the diagonal term. And one further

displacement of the original third row upwards effects the required arrangement,

bringing \0nx into the diagonal place. Thus the number of displacements being

odd, the required sign is negative.

120. Prop. II.— Whenever, in any determinant, two rows or

two columns are identical, the determinant vanishes.

For, by Prop. I., the interchange of these two lines ought

to change the sign of the determinant A ; but the interchange

of two identical rows or columns cannot alter the determinant

in any way ; hence A = - A, or A = 0.

121. Prop. III.

—

The value of a determinant is not altered if

the rows be written as columns, and the columns as rows.

For all the terms, formed by taking one constituent from

each row and one from each column, are plainly the same in

value in both cases ; the principal term is identically the same

;

and to determine the sign of any other term (by Prop. I.) the
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number of displaoements of rows necessary to bring it into the

leading diagonal in tbe first case is the same as the number of

displaoements of columns necessary in the second case.

Example.

oi ^1 C\ d\

02 iz C2 ^2

«3 ^3 "3 <^3

ai hi a di

(Jl 02 tiS ^i

bi bi bz bi

Cl Cz C^ Ci

di dz di di

Here the sign of any term, e.g. azhfids, is the same in both determinants. For

three displacements of rows are required to bring this term into the leading position

in the first determinant ; and the same number of displaoements of columns is

required to bring the same constituents into the leading position in the second

determinant.

122. Prop. IV.

—

If every constituent in any line he multiplied

hy the same factor, the determinant is multiplied by that factor.

For every term of the determinant must contain one, and

only one, constituent from any row or any column.

Cor. 1. If the constituents in any line differ only by the

same factor from the constituents in any parallel line, the

determinant vanishes.

Cor. 2. If the signs of all the constituents in any line be

changed, the sign of the determinant is changed. For this

is equivalent to multiplying by the factor - 1.
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3. Show that the following determinant vanishes :

—

3 16 2

2
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It is evident that a similar process may be employed in general to reduce any

determinant to one in whicll all the constituents of any selected row or column shall

be units.

8. Eeduce the following determinant to one in which the first row shall consist

of units :

—

10

3

6

8

Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply

the columns in order by 5, 10, 4, 2; we thus obtain



Development of Determinants. 257

It is evident that a similar proof shows in general that the value of the deter-

minant of this form, constituted by the n quantities a, B, y . . . K, is the product of

the \n {n - 1) dififerences which can be formed with these n quantities.

123. Minor Determinants. Definitions.—Wlien in a

determinant any number of rows, and tlie same number of

columns, are suppressed, the determinant formed by the

remaining constituents (maintaining their relative positions) is

called a minor determinant.

If one row and one column only be suppressed, the corre-

sponding minor is called a first minor. If two rows and two

columns be suppressed, the minor is called a second minor; and

so on. The suppressed rows and columns have common con-

stituents forming a determinant ; and the minor which remains

is said to be complementary to this determinant. The minor

complementary to the leading constituent a^ is called the leading

first minor, and its leading first minor again is the leading second

minor of the original determinant.

It is usual to denote a determinant in general by A. We
shall denote by A„ the first minor obtained by suppressing in A
the row and column which contain any constituent a ; by A^,^

the second minor obtained by suppressing the two rows and two

columns which contain a and j3 ; and so on. Thus A^^ repre-

sents the leading first minor, and A„^,s^ or Ao^,s^ the leading

second minor.

The determinant A, formed by the constituents a-i, hi, Ci, &c.,

is often denoted for brevity by placing the leading term within

brackets, as follows: A = (fti&zCs In)- The notation

2 ± fli^zCa . . . 4 is also used to represent A ; this expressing its

constitution as consisting of the sum of a number of terms

(with their proper signs attached) formed by taking all possible

permutations of the n suffixes.

124. Development of Determinants.—Since every term

of any determinant contains one, and only one, constituent from

each row and from each column,, it follows that A is a linear and

homogeneous function of the constituents of any one row or any one

s
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column. Thus we may write

A = UiAi + aiA.i+ azAi+ &c.,

A = 61-Si + 1^3% + biBi + &c.

;

or, again, A = aiAi + b^Bi + c^Oi + &c.,

A = ctiAi + biBi + dd + &c.

The student, on referring to Ex. 3, Art. 118, will observe

that the determinant of the fourth order there written at length

is constituted in the way here described, namely,
,

A = fl!i

We proceed to show that in the general case, writing A in

the form
A = a^Ai + a^A^i + a^A^ + . . . + ff„.4„,

the coefficients Ai, A., A3, &c., are determinants of the order

n-1.

In effecting all the permutations of the suffixes I, 2, 3 .... n,

suppose first 1 to remain in the leading place, as in the example

referred to ; we then obtain 1. 2 . 3 .... (m - 1) terms which liave

rti as a factor, and

a, A, = WiS + biC, . . . ln\

hence

bi Ci . . . I2

bi C2 di
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Thus we conclude that, in general,

A = «iAaj - «2Aa, + rtsAa^ - a!4Aa. + &0.

Similarly, we can expand A in terms of the constituents of

any other column, or any row. For example,

A = «iAa^ - 6, Aj^ + CiAci - &c.

If it he required to obtain the proper sign to be attached to

the minor which multiplies any constituent in the expanded

form, we have only to consider how many displacements would

bring that constituent to the leading place. For example, sup-

pose the determinant {aib^c^die^ is expanded in terms of its

fourth column, and that it is required to find what sign is to be

attached to ^^A^^. Here two displacements upwards, and after-

wards three to the left, will bring ^3 to the leading place ; hence

the sign is negative. This rule may be stated simply as follows :

—

Proceedfrom a^ to the constituent under consideration along the top

row, and down the column containing the constituent ; the number

of letters passed over before reaching the constituent tvill decide the

sign to be attached to the minor. In the example just given,

beginning at a^, we count Ui, ii, c„ di, d^, i.e. five ; and this number

being odd, the required sign is negative.

It will be found convenient to retain both notations here em-

ployed for the development of a determinant. The expansion in

terms of the minors, with signs alternately positive and negative,

is useful in calculating the value of a determinant by successive

reductions to determinants of lower degree. For some purposes,

as will appear in the Articles which follow, it is more convenient

to employ the notation first given, in which the signs are all

positive (whatever the row or column under consideration),

and the coefiicient of any constituent represented by the cor-

responding capital letter. By substituting for the capital letter

the corresponding minor with the proper sign, determined in

the manner above explained, the latter notation is changed into

the former.

s 2
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Examples.

ffi h\ Ci

rt2 ^S C2

as ^3 ^3
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6, Expand c b d

e Q u e

b a a f

d e f a

Ans. a^d^ + fe'^ + fip - Ibcef - Icafd - labde.

7. Prove

1 a

- o 1

-j8 -y'

y

- y fi' -a

8. Expand

= 1 + a^ + ,8' + 7^ + a'H $'' + y'^ + {aa + /3j8' + 77')'.

- a
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125. liaplace's Uevelopinent of a Beterminaiit.—
The expansion explained in the preceding Article is included

in a more general mode of development given by Laplace.

In place of expanding the determinant as a linear function

of the constituents of any line, we now expand it as a linear

function of the minors comprised in any number of lines.

Consider, for example, the first two columns (a, h) of any

determinant; and let all possible determinants of the second

order {cipbq), obtained by taking any two rows of these two

columns, be formed. Let the minor formed by suppressing

the Op and bq lines be represented by A^, q ; then the deter-

minant can be expanded in the form S + [op bq) Ap, q, where

each term is the product of two complementary determinants

(see Art. 123). To prove this, we observe that every term of

the determinant must contain one constituent from the column

a and one from the column b. Suppose a term to contain the

factor Upbq, there must then (interchanging^ and q) be another

term differing only in the sign and the interchange of these

suffixes ; hence, the determinant can be expanded in the form

S {up bq) Ap, q ; and Ap, q is plainly the sum of all the terms

which can be obtained by permuting in every possible way

the n - 2 suffixes of the letters c, d, e, &c., viz. + Ap, q, the

sign being determined in any particular instance by the rule

of Art. 118. This reasoning can easily be extended to the

general case. Let any number p of columns be taken, and all

possible minors formed by taking 2^ rows of these columns.

Each of these minors is to be then multiplied by the comple-

mentary minor, and the determinant expressed as the sum of

all such products with their proper signs.

Examples.

1. Expand the determinant {aibiCzdi) in terms of the minors of the second order

formed from the first two columns.

Employing the bracket notation, we can write down the result as follows :

{aibi) {C3cli) - {aA) {cidt) + {aibt) (cjrfa) + (02*3) [cidi] - (a^bi) {cids) + (aabi) (adi) ;

where the sign to be attached to any product is determined by moving the two rows
involved in the first factor into the positions of first and second row. Thus for
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exiimple, since tliree displacements are required to move the second and fovirth rows

into these positions, the sign of the product [a^bt] [cidz) is negative.

2. Expand similarly the determinant (axhczdiei).

Ans. (aih) (ctdiCi,) — {aih) (ca^i^s) + ("ih) («2<^3«5) - («i*6) (carfs^i)

+ {"ih) {eidiCi) - {aibij (ci(?3«6) + (njis) {oidset) + (azh) {oidtes)

- («3*6) (cidiet) + (aih) {c]dies).

3. Prove the identity

«] h ci di ei /i

az lf2 cz dz sz fi

as *3 c% da e^ /a

ai ;8i 71

aa ;83 72

03 iSa 73

fli bi C\

02 bz Cz

«3 h 03

ai fii 71

02 ^2 72

03 j83 73

This appears by expanding the determinant in terms of the minors formed from

the first three columns, for it is evident that all these minors vanish (having one row

at least of ciphers) except one, viz. {a\bzcz).

In general it appears in the same way that if a deteimihant of the 2m"' order

contains in any position a square of m? ciphers, it can he expressed as the product

of two determinants of the )»" order.

4. Expand the determinant

h

b

f

in powers of o, y3, y, where

o = fiv — /aV, j8 = vK' — v'\j 7 = A/i' — A'/i.

Ans. ao? + bp,'^ + cy'^ + 2/j87 + 25^70 4 2Ao;3.

6. Verify the development of the present Article by showing that it gives in the

general case the proper number of terms.

Consider the first r columns of a determinant of the «"' order. The number of

minors formed from these is equal to the number of combinations of n things taken

r together. This number multiplied by 1 . 2 . 3 . . . r (the number of terms in each

minor), and 1 . 2 . 3 . . . ?i - r (the number of terms in each complementary miu(jr),

will be found to give 1.2.3.. . n, viz. the number of terms in the determinant.
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126. Development of a Determinant in Products

of the leading Constituents.—In this and the next fol-

lowing Articles will be explained two additional modes of

development which will he found useful in the expansion of

certain determinants of special form. The application which

follows will he sufficient to show how any determinant may

be expanded in products of the leading constituents

—

It is required to expand the determinant of the fourth order

A b\ ci di

«2

«3

«1

B

h

h

C

dz

D

according to the products oi A, £, C, D. In order to give prominence to the

leading constituents we have here replaced ai, ij, cs, di hy A, B, G, B. When
the expansion is effected it is plain that the result must he of the form

A = Ao + txA + 2A.'^-B + ABCB,

where Ao consists of all the terms in which no leading constituent occurs ; %\A is

the sum of all the terms in which one only of these constituents occurs ; 2A.'^-B,is

the sum of all in which the product of a pair of the leading constituents is found

;

and ABCD, the leading term, is the product of all these constituents. It will be

observed that the expansion here written contains no terms of the form )\!'ABG, and

t is evident in general that the expanded determinant can contain no terms in

which products of all the leading constituents but one occur, since the coefiBcient

of any such product is the remaining diagonal constituent. It only remains to see

what is the form of Ao, and of the undetermined coefficients X, ii, . . . \', fi, •• &c.

Putting A, B, G, JD all equal to zero in the identity above written, we have

h

«3
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minor complementary to B ; and so on. To ottaiu \', let C and D be made zero
;

the coefficient of AB in the resulting determinant is plainly the second minor

«4

The coefficient of any other product is obtained in a similar manner. Finally,

the expansion of A may be written in the form

«4

h

h

h

di

dz

dz

VA

+ AB

C2

h

^4 Ci

+ .B

ci di
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Let this be denoted by A', and its leading first minor

(flSiSzC, . . .) I^y tbe usual notation A. The determinant A' may-

be said to be derived from A by bordering it, horizontally with

the constituents cto, a, /3, 7, . . . , and vertically with the consti-

tuents «„, a, j3', 7', . • . When A' is expanded, all the terms

which contain «„ are included in ffjA. In addition to this, the

expansion will consist of the product of every other constituent

of the first column by every other constituent of the first row,

every such product of two being multiplied by its proper factor.

What this factor is in the case of any product is easily seen.

Let the coefiioients of a„ bi, c„ . . . a^, b^, . . . &c., in the expan-

sion of A be Ai, Bi, . . . A^, £2, . . . , according to the notation

explained in Art. 124. It is plain that the factor which multi-

plies any product, for example aa, in the expansion of A', is the

same as the factor which multiplies a^Ui with sign changed, viz.

-All similarly the factor which multiplies a'/3 is the factor witli

sign changed of a^bi, viz. - i?i ; and so on. To obtain the factor

of any such product the rule plainly is

—

Find the fourth consti-

tuent completing the rectangle formed by the leading term a^ and

the two constituents which enter into the product: the required

factor is obtained by substituting for the constituent of A so found

the corresponding capital letter with the negative sign. It appears

therefore finally that the expansion of A' may be written in the

following form :

—

A'=a„A-^iaa'-^ij3a'-C,7a'- . . .

-^.a/3'-^,/3/3'-C^7i3'-. . .

-^307'- -B3/37'- C377'- • • •

- &c.

Examples of the utility of this mode of expansion will be

found under a subsequent Article.

128. Addition of Heterminants. Pkop. Y.—If every

constituent in any line can be resolved into the sum of two others,

the determinant can be resolved into the sum of two others.
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Suppose the constituents of the first column to he ai + <ii,

fij + as, fflj + 03, &c. Suhstituting these in the expansion of

Art. 124, we have

A = («i + oi) Ai + {(h + 02) Ai + [ch, + 03) Ai + &c.

= ttxA-i, + a^Ai + a-iA,, + . . &c. + oi^i + 03^2 + 03^3 + &c.

;

or,

«1 + Oi
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And, in general, if one column consists of the algebraic sum of

m others, a second column of the sum of n others, a third of the

sum of ^ others, &c., the determinant can be resolved into the

sum of mnp . . . , &c., others.

Similar results plainly hold with regard to the rows, which

may be substituted for columns in the proof just given.

129. Prop. YI.—If the constituents of one line are equal to

the sums of the corresponding constituents of the other lines multi-

plied by constant factors, the determinant vanishes.

For it can then be resolved into the sum of a number of

determinants which separately vanish. For example.

mai + nbi
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Examples.

1. Show that the following determinant vanishes :

—

/3 + 7 a 1

7 + a

a +

;8

Adding the constituents of the second column to those of the first, we can take

out a + ^ + 7 as a factor, and two columns then become identical.

2. Find the value of the determinant

1 2 4

7

10

Subtracting the constituents of the first column from those of the second, and
three times the constituents of the first column from those of the third, we obtain

which vanishes identically.

1

1

1 - 1

1
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7



Examples. 271

8. Calculate the determinant formed by the first twenty-five natural numbers

arranged in a magic square :

10
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Adding tlie last column to eacli of the others, we ohtain

« {J + c) c? a'

ab
!>> b{c + a) b'

2ab

= 2

a{b + c) a'

J2 b{c + a)

iah

b + c a

b c+ a

- 2abc{a+ b + e).

Hence, A = A' (a + 5 + c)^ = 2abc (o + i + of.

11. Prove the identity

1 1 1

;8 E(/3-7)(7-a)(a-;8)(a+/3 + 7).

Subtracting the first column from each of the others, fi — a and y — a become

factors. In the reduced determinant, subtract the first row multiplied by o^ from

the second row.

12. Eesolve into simple factors the determinant1111
a ^ 7 5

o- |82 72 82

ct* J3« 7* 5*

Proceeding as in Ex. 11, we easily find that (;8 — a) (7 — a)
(

and that the reduced determinant is

o) is a factor,

1

l + a

1

B + <

1

7 +

5'+;8'a + ;3a2+n5 j^ + y''a + jc^ + a? S^ + S^a + Sa^ + o'

Subtracting the first column from each of the others, (7 — ;8)(5 — ^) comes out

as a factor, and the remaining factor is easily found to be (8 — 7) (a + ;8 + 7"+ 8).

Hence, finally,

A=-(5-7)(o-8)(7-a)(/3-8)(a-;8)(7-S)(a + ;8 + 7 + S).

13. Eesolve into linear factors the determinant

A =

Multiply the second column by a, and the third by co^ ; and add to the first.

The factor «+ mS + co'cmay then be taken offthe first column (since tD^= 1), leaving

the constituents 1, a, a'. Adding then the second and third rows to the first, the

factor a + i + c may be taken out ; and the remaining determinant is easily found

to be equal to a + w'-b + ac. Hence we have

A s (« + i + c), (a + 0)5 + M^c) (a + a^b + ae).
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H. Resolve into linear factors the determinant

fjL h c d

The result is as follows :

—

A=- (« + * + <; + rf)(J + c-a-(i)(« + a-*-rf) (« + }-(!-<?),

since each of the factors here written is a factor of the determinant ; for example,

« + *-<;-«? is shown to he a factor hy adding the second column to the first, and

suhtracting the third and fourth. By comparing the sign of fl* it appears that the

negative sign must he attached to the product.

It may he observed that the determinant of Ex. 9 is a particular case of the

determinant here considered, viz. that ohtained hy putting a = 0, as will appear

hy comparing the equivalent forms of Ex. 9, Art. 124.

131. Multiplication of Determinants.—Prop. YIII.—
The product of two determinants ofany order is itself a determinant

of the same order.

We shall prove this for two determinants of the third order.

The student will observe, from the nature of the proof, that it

is equally applicable in general. We propose to show that the

product of the two determinants {aib^Ci), (oijSzys) is

ttiai + Ji/3i + Ci7i aioi + ftj/Ba + Ciji aiUi + JijSs + C,y3

Ozui + hfii + Ciji 0^02 + hifii + C272 «203 + bifSi + C2J3

flaOi + b-ijii + Ciji a-iOi + hi^i + C372 ajos + is/Ss + Ca-ys

whose constituents are the sums of the products of the con-

stituents in any row of (ai^jCs) by the corresponding constituents

in any row of (aijSzys)-

Since each column consists of the sum of three terms, this

determinant can be expanded into the sum of 27 others (Art.

128). Now it will be observed that when any one of these

is written down, a common factor can be taken ofE each column

;

and that several of the partial determinants wiU, when these

factors are removed, have two (or more) columns identical. The

determinants which do not vanish in this way can be easily

selected. Taking, for example, the first vertical line of the first
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The product of the two determinants {a\ iiCi), (81,8273) is (see Ex. 3, Art. 126)

plainly equal to the determinant

«1
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Examples.

1. Show that the product of the two determinants

a + ij c + id a' — ib' e' — id'

— c+id a — ib —c' — id' a' + ib'

where i = V— 1, may he written in the form

D-iO B-iA

B -iA D + iG

where

A = be' — b'e + ad' — a'd, B = ca' — e'a + bd' — b'd,

= ab' — a'b + cd' — e'd, D s aa' + bb' + cc' -r dd';

and hence prove Euler's theorem

{a? + S2 + <;2 + d') (a'2 + b'' + e'^ + d"')

s {aa' + bb' + e(f + dd'f + {be' - Ve + ad' - a'dy

+ [ca' - e'a + bd' — b'dy + [aV — a!b + cd' — e'd)'',

viz. the product of two sums each offour sqicares can ie expressed as the sum offour

2. Prove the following expression for the sc[uare of a determinant of the third

order :

—

2 (ae - b') ac' + a'c — IbV ac" + a"e — 2bb"

ac' + a'c - 2bb' 2 (a'c' - i'2) a'c" + a"e'- ib'b"

ad'-^ a"e - IbV afe" + a"c' - Ib'b " 2 («"«" - b'"')

a
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This may be readily proved by multiplying together the two equivalent deter-

minants
-a c h

i . Show that two determinants of different orders may be multiplied together.

For their orders maybe made equal ; since the order of any determinant can be

increased by adding any number of columns and the same number of rows consisting

of units in the diagonal, and all the rest zero constituents. For example,
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and performing on these a process similar to tliat employed in

multiplying two determinants, we obtain the determinant

«iai + Ji]3i + Ciyi + «?iSi a^ai + &ij32 + C172 + d-^i

flaOi + ^2^1 + Cjyi + C^sS] fljaa + JzjSa + 6272 + cfzSz

The value of this is easily found to he

(«i J2) (01)32) + (fliCi) (0172) + (ai«^2) (aiS2) + (J1C2) (/3i72)

+ (M2) (13,82) + M2)(7iS0.

i.e. the sum of the products of all possible determinants which can

beformedfrom one array {by taking a number of columns equal to

the number of rows) multijylied by the corresponding determinants

formedfrom the other array.

Another proof of this proposition, analogous to the treat-

ment of multiplication of determinants in Art. 132, is given in

the sixth of the following examples ; and either of these proofs

can be easily generalised.

(2). When the number of rows exceeds the number of columns

the resulting determinant vanishes.

Take, for example, the two arrays,

«i bi \ oi /3i \

a^ b,
j

(1), 02 i32 ! (2).

«3 ^3 ' 03 i33 /

Performing the process of multiplication, we have

«iai + 6i]3i ^102 + 5,/32 flSios + Ji/Sa

ffaOi + ^2^1 O-iO-T. + ^2)82 «f2a3 ^ b^fii

«3ai + bijBi ffaOz + bs(32 ffsOa + Js/Sa

It will be observed that this determinant is the same as would

arise if a column of ciphers were added to each of the given

arrays, and the determinants so formed then multiplied. It

follows that the determinant vanishes.

A similar proof applies in general. It is only necessary in

any instance to add to each array columns of ciphers, so as to

make the number of columns equal to the number of rows, and

then multiply the two determinants.
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Examples.

1 . From the two arrays

1 1 1

a /8 7
(1),

1 1 1

a P y
(2);

prove

3 a + (3 + 7

o + )3 + 7 02 + 5^ + 72

2. From the two arrays

fi, b c

a' b' c'

s(a-j8;2 + (a-7)2+(;3-7)2.

(1).

c —lb a

c' — 2b' a'

(2),

prove

4 (an - ¥) [a'c' - b'^) - [ac' + a'c - 2bb'f = i {bo' - b'c) {aV - a'b) - {ac' - a'cf

3. By squaring the array

a b c

a' V c'

prove

(«' +AH ip-) {a"> + J'2 + c'2) = [cut" + bb' + cc'f + {bo' - b'cf + [ca' - c'af + {aV - a'bf.

4. Verify, by squaring the array

a b e d \

a' b' c' d' )

the result of Ex. 1, Art. 132.

0. Prove the determinant identity

(«i-4if [ai-b^Y {ai-bif {ai-b,f

{ai-bif {(H-bif Ifli-bif [Oi-bif

{03 -biY- [az-bif {os-biY [o^-biY

{ai-bif {ai-bif {ai-b^Y [ai-bif

This can be proved by multiplying the two arrays

sO.

«l'
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6. Find the value of the following determinant, and hence derive another proof

of the property of arrays of the first kind

—

ai
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Multiply the first equation by A^, the second by A,, and the

third by A^ ; and add. The coefficients of y and' 2 vanish, in

virtue of the relations above proved, and we obtain

(ffi^i + a^Ai + a-iAi) x = miAi + nhA^ + nhA^,
or

nil bi Ci

Ax = Mt bi Ci

nh b, C3

where A represents the determinant formed from the nine con-

stituents «!, bi, Ci, &c.

Similarly, multiplying by ^i, B., B^, we obtain

{biBi + b^B^ + b-^Bi) y = miBi + m^Bi + m-^B^,

«i nil C:

Ay = «2 m^ Ci

03 nh C3

where the determinant on the right-hand side is what A becomes

when Ml, nii, 7/13 are substituted for the constituents of the second

column. Similarly, we obtain for s

Oi bi mi

Az = fla bi nil

«3 bs nis

These values may be written more compactly, as follows :

—

Ax = (mibiCs), Ay = {aim^c^), As = (aibojUi).

In general, the values of x, y, z, &c., may be written as

follows :

—

{nil bid.. . k) (ffi niibs... l„) (fli b, ni, ... 4) *
„

{aibiC . . . l„y {aibiC3 . . . In)' {aibiC, . . .
Q'

where, to obtain the value of any unknown, the known quanti-

ties nil, nii, &c., on the right-hand side of the given equations

are to be substituted in A for the coefficients of the required

unknown, and the determinant so formed to be divided by A.



282 Determinants.

135. liiiiear Homogeneous Equations.—When w - 1

linear homogeneous equations between n variables are given, the

ratios of the variables can be determined by bringing any one of

them to the right-hand side of the equations, and solving as in

the previous Article ; or we may determine these ratios more

conveniently, as follows. "We take the particular case of three

equations between four quantities x, y, z, lo, which will be

sufficient to illustrate the general process :

ttix + hiy + CiZ + dxW = \

a.iX + hiy + c,s + diw = >

.

(1)

«3« 4- h^y + C3Z + d^%o = /

To these may be added a fourth equation whose coefficients

are undetermined, viz.

a^x + h^y + OiS + di^w = A. (3)

Calling {a^htC^d^ as usual A, and solving from these four

equations by the method of the last Article, we obtain, since

m, = 0, OT2 = 0, OT3 = 0, irii. = A, the following values :

—

A« = AJ4, A?/ = A^4, As = AC4, Ate = AA,
or,

X y z w _\ ,„,

'jr B^ or B^ '^'

The first three of these equations express the ratios of x, y,

z, w in terms of the coefficients in the three given equations.

And, in general, the variables are ^proportional to the coefficients

in the expansion of A of the constituents of the w'* row supposed

added to the n-1 rows resulting from the given equations.

We can now express the condition that n linear homogeneous

equations should be consistent with one another ; for example,

that the equation (2) should, when A = 0, be consistent with the

equations (1). We have only to substitute in (2) the ratios

derived from (1), when we obtain

UiAi + biBi + C4C4 + diDi = 0,

or

A = 0.
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The same thing appears from the equations (3) ; for if A = 0,

and if x, y, g, w do not all vanish, A must vanish.

What has been proved may be expressed as follows :

—

The

result of eliminating n quantities between n equations linear and

homogeneous in these quantities is the vanishing of the determinant

formed by the coefficients of the given equations.

136. Reciprocal Ueterminants. — The quantities

Ai, Bi, d . . . As, Bi, &c. (Art. 124), which occur in the ex-

pansion of a determinant (^. e. the first minors with their proper

signs), may be called inverse constituents ; and the determinant

formed with them the inverse or reciprocal determinant. We
proceed to prove certain useful relations connecting the two

determinants.

(1). To express the reciprocal in terms of the given determinant.

Let the reciprocal of A be denoted by A', and multiply the two

determinants

A^

«! il C,

flj b-^ Ci

a^ 0^ C3

A'-

A, B, C,

A, B, ft

A3 Jj3 O3

All the constituents of the resulting determinant except those

in the diagonal vanish (Art. 134) ; and the result is

whence

AA' =

A

A

A

A' = A^

= A'

The process here employed in the particular case of two de-

terminants of the third order is equally applicable in general

;

giving A A' = A", or A' = A""'. Hence the reciprocal determinant

is equal to the {n - ly^ power of the given determinant.
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(2) To express any minor of the reciprocal determinant in terms

of the original constituents.

We take, for example, the determinant of the fourth order

and proceed to express the first minors of its reciprocal. Multi-

plying the two determinants on the left-hand side of the follow-

ing equation, and employing the identical equations of Art. 134,

we obtain
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The method of proof above given can be generalized. In

the case of a determinant of the fifth order, for example, the

student will easily verify the following expression for a minor

of the third order :
—

If the original determinant A vanishes, it is plain that not

only the reciprocal determinant itself, but also all its minors of

any order vanish. The vanishing of the minors of the second

order may be expressed in the following useful form :

—

When a

determinant vanishes, the constituents of any roio of its reciprocal

are proportional to those of any other row, and the constituents of

any column to those of any other column.

137. Symmetrical Determinants.—Two constituents of

a determinant are said to be conjugate when one occupies with

reference to the leading constituent the same position in the

rows as the other does in the columns. For example, di and

bi are conjugates, one occupying the fourth place in the second

row, and the other the fourth place in the second column.

Each of the leading constituents is its own conjugate. Any
two conjugate constituents are situated in a line perpendicular

to the principal diagonal, and at equal distances from it on

opposite sides.

A symmetrical determinant is one in which every two con-

jugate constituents are equal to each other. For examples of

such determinants the student may refer to Art. 124, Exs. 2, 9,

10, and Art. 125, Ex. 4.

In a symmetrical determinant the first minors complemen-

tary to any two conjugate constituents are equal, since they

differ only by an interchange of rows and columns. The

corresponding inverse constituents are also equal, the signs

to be attached to the minors being the same in both cases.

It follows that the reciprocal of a symmetrical determinant is

itself symmetrical.

The leading minors are all symmetrical determinants.
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The mode of expansion of Art. 127 is especially useful in

the case of symmetrical determinants, as will appear from the

examples which follow.

Examples.

1 . Form the reciprocal of the symmetrical determinant

u h g

As b

f

f

Using the capital letters to denote the reciprocal constituents as explained in

Art. 124, so that A may he expanded in any one of the forms aA + hB + gG,

hS+iB+fF, gG +fF+ cG, we may write the reciprocal determinant A' as

follows :

—

A

S
G

S
B

F

fg -ch

hf-bg

'I. Form similarly the reciprocal of

Q

F

C

fg -eh

gh- af

hf-bg

gh-af

ab - 7(2

b

f

9

f

Using a notation similar to that of the preceding example, so that A may be

expanded indifferently in any of the forms

aA + hlI+ gG + XL, hS + bB +/F + mM, &o.,

the reciprocal determinant A' is obtained by replacing in A the Constituents by the

corresponding capital letters. The student will find no difficulty in writing out, if

necessary, the expanded form of any of the reciprocal constituents ; for example, F
is the minor complementary to/ with its proper sign (the negative sign in this case)

,

and F is therefore obtained from the expansion of

9 J

I m

3. Expand the determinant A of Ex. 10, Art. 124, by the method of Art. 127,

Bringing the last row and last column into the positions of first row and first
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column, and using the notation of Ex. 1 for the inverse constituents of the leading

minor, the result can be written down at once in the form

- A = Ak^ + Bii? + Cv« + IFiiv + 'iGvK + 2B\^.

Since a determinant is unaltered when hoth rows and columns are written in

reverse order, if the expansion of a determinant be required in terms of the last row

and last column (as in the present example), it is not necessary to move them in the

first instance into the positions of first row and first column. The expansion can be

written down from the determinant as it stands, replacing in the rule of Art. 127

the leading constituent and its minor by the last diagonal constituent and its

complementary minor.

4. Expand the detenninant A of the above Ex. 2, in terms of the last row and

column, by the method of Art. 127.

Attending to the remark at the end of the preceding example, and vising

A, B, C, F, G, S, to represent the same quantities as in Exs. I and 3, the result

may be written down as follows :

—

h g

i f

f

-Al^- Bnfi - Cn^ - iFmn - 2Gnl - 2mm.

When a symmetrical determinant of any order is bordered symmetrically {i.e. by

the same constituents horizontally and vertically) the result is plainly a symmetri-

cal delerminant of the next higher order. The result of Art. 127 shows in general

that the expansion of the bordered determinant consists of the original determinant

multiplied by the constituent common to the added row and column, together with

a homogeneous function of the second degree of the remaining added constituents.

6. Expand the determinant

a h, g I a

As

a ;8 -y S

This is the determinant of Ex. 2, bordered symmetrically, the common consti-

tuent of the added lines being zero. The result is plainly a homogeneous function

of the second degree of a, $, j, S ; and, by aid of the notation of Ex. 2, the value

of - A may be written down at once in the form

Aa' + JB^^ + C-f + Bh"- + iF&'t + 2(?7a + 1Sa.& 4 2iaS + 2if05 + 2iVV5.

6. Prove by means of the Proposition of Art. 131, that the square of any deter-

minant is a symmetrical determinant.

7. The product of two reciprocal determinants is the reciprocal determinant of

the product of the two original determinants.

h
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138. JSkew-Stymmetric and Skefv Determinants.

—

A skew-si/mmetrio determinant is one in which every constituent

is equal to its conjugate with sign changed. Since each leading

constituent is its own conjugate, it follows that in such a deter-

minant all the leading diagonal constituents are zero.

A determinant in which all except the leading constituents

are equal to their conjugates with sign changed is called a shew

determinant. Thus, while a skew-symmetric determinant is

zero-axial, a skew determinant is not. The calculation of a

skew determinant may plainly be reduced to that of skew-

symmetric determinants by the method of Art. 126.

The remainder of this Article will be occupied with the proof

of certain useful properties of skew-symmetric determinants.

(1). A skew-symmetric determinant of odd order vanishes.

For any skew-symmetric determinant A is unaltered by
changing the columns into rows, and then changing the signs

of all the rows. But when the order of the determinant is odd,

this process ought to change the sign of A ; hence A must in

this case vanish. For example,

a b

A - a

h -c

- 0.

(2). The reciprocal of a skew-symmetric determinant of the n^'^

order is a symmeti-ic determinant when n is odd, and a skew-symmetric

determinant when n is even.

In any skew-symmetric determinant the minors correspond-

ing to a pair of conjugate constituents differ by an interchange

of rows and columns, and by the signs of all the constituents.

Hence the two minors are equal when their order is even,

namely when n is odd ; and equal with opposite signs when n is

even. In the former case, therefore, the reciprocal determinant
is symmetric ; and in the latter case it is skew-symmetric, its

leading diagonal constituents all being skew-symmetric deter-

minants of odd order.
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(3). A skew-symmetric determinant of even order is a perfect

square.

This follows from the principles established in Art. 136.

Take, for example, the determinant of the fourth order
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2. Expand in powers of x the aiew determinant

V.
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0, - («i«2) - (cirfa), - (fli hi) - [cids), -{aih)- {ci di),

(«i ^2) + («i <fe) , 0, - (ffl2 iz) - (cidi), - (b2 h) - (fidi),

{a\h) + (cidi), (a2is) + M3), 0, - {a^h) - (adi),

(31*4) + («i<?4), [azii) + (fiidi), {ath) + {^adi), 0,

which is a skew-symmetric determinant.

5. Form the reciprocal of a skew-symmetric determinant of the third order.

Using for A the form in (1) of the present Article, the result is easily found

to he the symmetric determinant

C2
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In general the reciprocal of a skew-symmetric determinant of any odd order

2)» + 1 is of a form similar to that just written, the diagonal constituents being the

squares, and the remaining constituents the products in pairs, of 1m + 1 functions,

each of the bj"" degree in the original constituents.

139. Theorem.—We conclude the present chapter with

an important theorem relating to a determinant whose leading

first minor vanishes. Adopting the notation of Art. 127, we

regard A as the Yanishing determinant, and state the theorem to

be proved as follows :

—

If a determinant A, whose value is zero,

be bordered in any manner, theproduct of the determinant so formed

by the leading first minor of A is equal to the product of two linear

homogeneous functions of the added constituents.

Eetaining the notation of Art. 127, we shall prove that the

product of A' and Ai may be expressed in the form :

—

^1A'= - {A,a + Bfi + 0,y + . . .){A,a' + Afi' + A,y' +...).

This follows at once from (2) of Art. 136 by considering in

the determinant reciprocal to A' the values of the constituents

inverse to «o «> a'j «i ; and expressing in terms of the original

constituents the determinant of the second order formed by

these four. Another proof of this result may be readily derived

from the expansion of Art. 127, by the aid of the property of

the reciprocal of a vanishing determinant (Art. 136), viz. that

in the determinant formed by A^, S„ Ci, &c., the constituents

in any line are proportional to those in any parallel line.

If the determinant A is symmetrical, and the bordering also

symmetrical, the two factors on the right-hand side of the above

equation become identical, and the theorem takes the following

form :

—

If a symmetrical determinant, whose value is zero, be bor-

dered symmetrically, the product of the determinant so formed by

its leading second minor is equal to the square with negative sign of

a linear homogeneous function of the bordering constituents.

Eegarding A' as the original determinant, the following

useful statement may be given to the theorem just proved :

—

If
in any symmetrical determinant the leading first minor vanish, the

determinOint itself and its leading second minor have opposite signs.
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Examples.

1 . If a skew-symmetric determinant A of odd order 2m + 1 be tordered in

any manner, the resulting determinant a' is equal to the product of two rational

functions each containing the added constituents in the first degree, and the original

constituents in the m"" degree.

"Writing, according to the result of Ex. 7, Art. 138, the reciprocal of the given

skew-symmetric determinant in the form

^201 <pi^ <pi^i

and applying the theorem of the present Article, we find

^i«A' = - (^I'o + ^i<t>2$ + <|>i^37 + . . .) {<p\^a + <?>2</>i3' + <(>3<()17' + •••)>

or A' = - (</)ia + <p%$ + (pay + .) {(pia' + ip2$' + ^37' + ...).

It may be observed that if in this result a', J3', y, &c., be made equal to - o, -jS,

-7, &c., respectively, we fall back on the theorem (3) of Art. 138.

2. If a skew-symmetric determinant of even order 2m be bordered in any

manner, the resulting determinant is equal to the product of two rational functions,

one of the m"", and the other of the (m + l)"" degree in the constituents.

This may be derived immediately from the last example by making therein aU

the added constituents a', $', 7', &o., equal to zero, except the last, which is to

be made = 1. The determinant then reduces to one of the (2»m + l)"" order of the

kind here considered, the bordering constituents forming the top row and the last

column. It appears also that the factor of the m'* degree in the result is the square

root of the given skew-symmetric determinant of order 2m.

3. Prove

a $

0'

,-(aa + be + cy){aaf+ b$' + ey')

.

4. Eesolve into its factors

)3' -<! (

7' b —I

Ans. (flx + by + cs) {x{Py')-\-y{ya) + z{o.^') + a{oS') + J(^8') + c{yi')}.
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MlSCEtLAJTEOirS EXAMPLES.

1. Prove

^J,

ao
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5. Prove

j8V + a'5' j37 + aS 1

7»o2 + ff^S^ 7a + ;8S 1

c?0^ + 7^52 o^ + 7S 1

s(3-7)(a-S)(7-«){3-S)(a-)3)(7-S).

Add the last column multiplied by 2a;875 to the first. The determinant becomes

then of the form of Ex. 9, Art. 122.

6. Prove

(j8 + 7 - o - S)« {;8 + 7 - o - 8)2 1

{7+o-;8-S)* (7 + o-)3-5)2 1

(a + i8-7-S)l (o 4/3-7-8)2 1

7. Prove

a b ax + b

b e Ix + c

mc+b ix + c

Subtract from the third row the second row plus the first multiplied by x.

8. Prove similarly

a b c ax' + 2tx + c

b e d bx' + icx + d

e d e ex'' + 2dx + e

ax^ + 2bx + e bx^ + 2cx + d ex' + 2dx + e

64(3-7){«-8)(7-o)(i8-8)

(a-/3)(7-8).

~-{ac-b''){ax' + 2bx+ c).

(a«* + ib^ + Gex'^ + idx + e).

9. Given

/i (x) = aix" + Zbix'^ + SoiX + di,

fi(x) = a^x^ + Zbix'' + 3czx + d2,

fzW = «3a;' + Zbzx'' + Scaa; + <?3 ;

prove the identity

/iW /I'W /i"W

/aW /2'(^) fi'k'o)

/»(^) /a'W /3"W
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The first determmant reduces easily (omitting a factor) to the following :

—

a\x + hi l\x + ci c\x + di

a^x + h hx + C2 cix + di

OiX + h hx + cs C3X + dz

"We have seen (Ex. 4, Art. 132) that the order of a determinant may be increased

without altering its value. By a suitable selection of the added constituents the

calculation of a determinant may often be simplified by bordering it in this way.

The determinant last written is plainly equal to

1
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12.
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and then remo^ving the factor (/3 - 7) (7 - a) {a - $) from both sides of the equation,

the value of A is easily expressed as follows :

—

A^{a- 0) (3 - 7') (7 - «') + («' - P) iP' - 7) (7' - a)-

This result may also be derived from the determinant of Ex. 13, whose vanishing

expresses the general homograpHc relation between two sets of four points.

16. Expand the determinant

x
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19. Eesolve into factors the determinant

A^ (;8-a')3 {0-0)

(7-a')= (7-/87

Multiplying the two rectangular arrays

(!)•

o"
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This can be derived from the preyious example, or proved independently in a

similar -way. As in the last example, the determinant of this form of the Ji'* degree

can be similarly expressed.

22. Each of the coefficients of any equation can be expressed in terms of the

roots as the quotient of two determinants.

The student can easily extend to any degree the following application to the

equation of the third degree.

From Ex. 10, Art. 122, we have

l,&-y){y-a)(a-ff){x-a)(x-ffl{x-y).

a? x^ -X 1

a' a^ a 1

P^ &• » \

7^ 7^ 7 1

Expanding the determinant, this identity can he written

o'
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24. Find the condition that a biquadratic should be capable of being expressed

as the sum of two fourth powers ; and, expressing it in the form

ax^ + ibx^ + Qcx^ vidx + esl{x-^-ef + m {x + (|>)S

find the quadratic whose roots are 9 and <p.

From this identity we have the following equations :

—

I + m = a,

le + mip = b,

le"- +m<j>'' = c, )- (1)

18^ + mp^ = d,

le* + m<l>* = e.

Assuming K + liX + vx' = ajs the equation whose roots are 6 and <j>, we easily

obtain the three equations

Ka + ij.h + vo = 0,

Kb + nc + vd= 0,

\e + jjid + ve = 0,

from which we have at once the required condition / = ; and from the first two,

along with the assumed equation, we obtain the following quadratic whose roots

are 6 and :

—

1 X a;2

bed
0.

If it were required to express a cubic as the sum of two cubes, in the form

i{x + dY + m{x + <py, the first four of the above equations (1) would lead to the

same quadratic for 6 and (p.

25. For the biquadratic

A{x + a)*+ S{x + P)*+ C{x + y)* + D{x + S)* = 0,

prove

S= 2AB {a - B,f,

J = SABC{a - 0f (a - yf {$ - yf.

These expressions are true for a biquadratic written as the sum of any number

of fourth powers. If it can be written as the sum of two only, /= 0, since only

A and JB remain ; and if it reduces to one fourth power, S, I, T all vanish—results

already obtained by other methods.

26. Discuss the determinant of the fourth order, whose constituents (o - «')*>

(a — )3')', &c. are arranged as in Ex. 19, p. 299 ; and if a, (3, y, S, a, $', y', S'

are the roots of two given biquadratic equations, show that the value in terms of

the coefficients contains as a factor

ae' + a'e — i {id' + b'd) + Geo .

When the two biquadratics are identical, this factor becomes 21.
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11. Find the condition that the homogeneous quadratic function of three

yariables

ax^ + h'jp' + «s2 + 2/y« + Igzx + Ihxy

should he resolvahle into two factors.

Equating the given function to the product of the factors

{aii + Pt/ + yz) {a'x + ffy + y'z),

we readily find

a' o

3 j8'

7 y'

a h
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By the preceding example A must contain (x — «)»-! aa a factor ; and by adding

all the columns we see that it must also oontaiu a; + (« — 1) a as a factor. Hence A
can differ hy a numerical factor only from the product of these ; and by comparing

the product with the leading term we find

A = (a; - o)"-i {x + [n- 1) a}.

This result can readily be proved directly without the aid of Ex. 29.

31. The determinant

/l(a) /2(«) /3(a)

/l(/3) Mfi) Mff)

My) My) My)

in which /i, /j, /s are any rational integral functions, contains the diflerence-

produot {;8 - 7) {7 - o) (a — ff) as a. factor.

This appears readily by reasoning similar to that of Ex. 29. Determinants of

this nature, in which the constituents of any column (or row) are functions of the

same form, and the constituents of any row (or column) involve the same quantity,

are called alternants. It is plain that the result is general, and that the alternant

of any order contains as a factor the difEerence-product of aU the quantities involved.

The determinants of Exs. 9, 10, Art. 122, and Exs. 11, 12, Art. 130, are alternants

of the simplest form.

32. Express in the form of a determinant the quotient of the alternant in the

preceding example by the difference-product.

Assuming, to fix the ideas, that the functions involved are each of the fifth

degree (which wiU include lower degrees by making some coefficients vanish), we

may write

/i(a) s aia? + biofi + Cia' + dia^ + «jo +/i,

M") - '^"^ + *2'''' + '^2«' + ^'"'^ + '^2" +M
/3(a) s a^a^ + ha^ + Cia? + dia? + eza -V fz.

Now taking a, P, y to be the roots of the equation

x^ + px' + qx + r = 0,

and forming the product of the following determinants :

—

a"
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33. Resolve the folio-wing determinant into linear factors :

—

ai
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By aid of this equation the calculation of any determinant is reduced to that of

the two next inferior to it in the series A,„ A„-i, A„-2, . . . Au, Ai ; and the values

of Ai and A2 are plainly ai and aioi + h^, respectively.

Dividing the equation just given by A„-i we have

An 5n

Ari-2

replacing by a similar value the quotient of An-i by A„-2, and continuing the pro-

cess, it appears that the quotient of any determinant by the one next below it in

the series can be expressed as a continued fraction in terms of the given consti-

tuents. On account of this property determinants of the form here treated are

called continuants. When each of the constituents b„, 4„-i, ... S3, Sa (in the line

above the diagonal) is equal to + 1 the resulting determinant is a simple continuant.

36. Calculate the determinant of the «" order

A„ =

.» 1

$ a 1

a I

)3 « 1

whose only constituents which do not vanish are u, B, 1, occupying the diagonal

and the lines adjacent and parallel to it as here represented.

The calculation is readily effected for any particular value of », in a manner

similar to that of the last example, by aid of the equation

An = aAn-l - ;8An-2,

the values of Ai and A2 being a and a? — 0, respectively.

By examining the formation of the successive values of A, the student will

readily observe that the terms contained in the result are

o"^, a' -2^, a^'-W . . . a'0'-\ 0-,

when n is even and of the form 2r ; and

a^*\ 0'''-% a^-V, o'/S'- a/3'.

when n is odd and of the form 2r + 1.

For the purposes of a subsequent investigation, in which the results just stated

will be made use of, it is not necessary to know the general forms of the numerical

coefficients which enter into these expressions ; but such forms can be arrived at

without difficulty, and the following general expression obtained for A„ :

—

An = a"-{n- 1)0"-'$ +
(»-3)(n-2)^„.,^,_ (»-5)(«-4)(«-3)

^„_,^3^ ^^
1.2

'an-4^2.

X

1.2.3
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37. "When a polynomial U is divided by another U' of lower dimensiona, the

coefficients of the q^uotient, and of the remainder, can be expressed as determinants

in terms of the coefficients of Z7and V
The method employed in the following particular case is equally applicable in

general. Let U be of the fifth, and W of the third degree ; the quotient and

remainder can then be represented as follows :

—

Q = qox^ + qix + J2, R = rax^ + nx + ri.

Also, let

{7= aox^ + aix^ + a^x^ + a^x^ + a^x + as, V = a^'x^ + ai'x'^ + a^x + as'.

From the identity UsQU'+ B,

we have the following equations :

—

Oo = g'oao',

ai = ffoai' + ffiao',

a2 = Jooa' + ?iai' + JzOo',

as = ^oaa' + Ji"^' + JaSi' + »"o,

at, = giai + yaoz' + n,

li = qias + n.

Solving by Art. 134
; qo, Ji, ?2 are expressed as determinants by means of the

first three of these equations ; and taking the first three with each of the others in

succession, we determine ro, n, r^. For example, to find ro we have, from the first

foui
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the upper or lower sign to be used according as r is even or odd. To obtain the

coefficients of the remainder, we have the equations

3?2m-3 + 0?2m-2 + ^O = «2m-l,

j8y2m-2 + ri = aim.

Expressing the values of j2m-s, ?2m-2 by the formula just proved, and attending

to the results of Ex. 36, we derive the following general forms for >-o and ri

:

rn = Aim-l + Aim-3P + Aim-sff^ + . . . + ^a/S"'-^ + Ai0<»-\

r\ = (Hm. + -B2„-2j3 + ^Zm-lS^ + . . . + ^uyS""-! + 5ofl"',

in which the coefficients A, B are aU functions of o, the highest power of a in any-

coefficient A OT B being represented by the suffix attached to the coefficient.

39. If the leading constituents of a symmetric determinant be all increased by
the same quantity x, the equation in x, obtained by equating to zero the determinant

80 formed, has all its roots real.

Let the determinant of the «" order under consideration be denoted by A, and

written in the form

a + X h g

A„i
h b + X f

9 f e + X

Let the determinant obtained from this by erasing the first row and first column,

i.e. the leading first minor of A,,, be denoted by An-i ; again, the leading first minor

of An-i by A,i-2 ; and so on, the last function Ai obtained in this way being of the

form 1 + X. To these we add the positive constant Ao = 1, which may be regarded

as completing the series of minors and obtained by the same process, since A„ is not

altered by affixing a last row and a last column consisting entirely of zero-elements,

with the exception of the constituent + 1 in the leading diagonal. We have now
a series of » + 1 functions

—

An, A„-i, A„-2, . . . A2, Ai, Ao,

whose degrees in x are represented by the suffixes. "When + oo is substituted for x
the signs are all positive, and when — oo is substituted, the signs (beginning with

Ao) are alternately positive and negative. Hence, if x be regarded as increasing

continuously, n changes of sign must be lost in this series during the passage

from - 00 to + 00 . Now it appears by the theorem of Art. 139, that a value of x

which causes any function (excluding A„, Ao) in this series to vanish gives opposite

signs to the functions adjacent to it on either side. Ao retains its sign throughout.

It follows, exactly as in (2), Art. 89, that a change of sign can never be lost except

when X passes through a real root of An = 0. There must, therefore, exist n real

roots of this equation in order that « changes may be lost during the passage of x

from — 00 to + 00 .

x2
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Any equation in tie series, being of the same form as A„ = 0, has all its roots

real. It is plain also that each of these equations is a limiting equation (see Art. 83)

with reference to the equation next above it in the series ; since, in order that a

change of sign may be lost between A,, and A„-i at the passage through each of

two consecutive roots of the former, the value of A,i-i must change sign between

these two values of x. The equation A„ = may have equal roots, and by what

has been just proved it appears that when this equation has r roots equal to o, the

equation An-i = has r - 1 roots equal to a, the equation A,i-2 = has r - 2 roots

equal to o, and so on.

The determinant here discussed occurs in several investigations in pure mathe-

matics and physics. The proof here given of the property above stated is taken

from Salmon's Higher Algebra (Art. 46), to which work the student is referred for

other proofs of the same theorem.

40. If the determinant of the preceding example have r roots equal to o ;
prove

that every first minor has r -\ roots equal to o ; every second minor r - 2 roots

equal to o, and so on.

Employing the notation A, JS, G, . . . for the elements of the reciprocal deter-

minant, we have the equation

AB-S^ = A„-2A„.

Now it is easily seen by proper transpositions of rows and columns that every

leading first minor contains the multiple root f — 1 times. It follows from the

equation just written that the minor S must contain this root »• — 1 times ; and S
may be taken to represent any first minor.

41. Find the conditions that the equation

a + X h g

h b + x f

g f e + X

should have equal roots.

Since each first minor must contain the double root, we readily derive the

required conditions in the following form:

—

f ff h

[This and the preceding example are taken from Routh's Dynamics of a System

of Rigid Bodies, Part ii.. Art. 61.]

42. Any symmetrical determinant can be altered so as to have any selected

pair of conjugate constituents each zero, the determinant remaining symmetrical.

Consider, for example, the determinant obtained by putting a; - in the pre-

ceding example, and suppose it is required to remove the constituent g. Multiply
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each constituent of the third column by a (dividing the whole determinant hy a at

the same time), and suhtract from the constituents so altered those of the first

column multiplied by g. Treat now the two corresponding rows in the same way

;

the resulting determinant is symmetrical, and in it g is replaced by zero. This

process may be applied to a determinant of any order, to remove in succession all

the conjugate constituents of the first row and column, and afterwards of the

remaining rows and columns, so as to reduce the determinant finally to one, all of

whose constituents vanish except those in the leading diagonal.

43. Reduce the following determinant, of any order, to a form in which x will

appear in the leading constituents only :

—

aix + a\ bix + hi cix + ci

aix + «a' iiX + h' c^x + ca'

asx + as' hx + h' o^x + ca

Multiply hy the determinant reciprocal to (aiiiCs ... 4). If the given deter-

minant is symmetrical, the determinant derived from it in this way will not be

symmetrical ; but a different process may be used to reduce it iu that case to

a symmetrical determinant which will have x present in the leading constituents

only, viz. by removing the coefficients of x from all pairs of conjugate constituents

in succession by a process exactly analogous to that of the preceding example. If

the coefficients of x in the leading constituents of the reduced determinant should

all have the same sign, it may be proved, just as in Ex. 39, that the corresponding

equation wiU have all its roots real.

44. Let a determinant of the «"> order be divided into two rectangular arrays,

one containing ^ rows, and the other c rows (where /t + v = w), and let iiv sums of

products be formed by operating with one array on the other as in the multipli-

cation of determinants ; if then such relations exist among the constituents that

all these sums of products separately vanish, the determinants of order /i formed

from the first array are proportional to determinants of order v formed from the

complementary constituents of the second.

To fix the ideas, we take a determinant of the fifth order, but the mode of proof

is perfectly general. Let the determinant

«!
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be split horizontally into two arrays, one of three, and the other of two rows ; and

let the following six relations exist :

—

2aia;i = 0, 'S.aiyi = 0, 'S.hxi = 0, 25iyi = 0, 'icixi = 0, 2«iyi = 0.

If now A be expanded by Laplace's theorem, and the minor determinants so taken

(as can readily be done) that the expansion is written with all positive signs, e. g.

in the form :

—

A s [aihcij [xiy^) + [aihzCi) {x2yt) + {aibiCi) {xst/sj + {aihcs) {xsyi) + Sec,

it is proposed to prove that each minor determinant of the third order formed from

the first array is proportional to its factor in the expansion of A so written.

We use for convenience the following notation for the expansion last written

—

A s ii' + MM' + iViV' + JPJ>' + &c.

Squaring the determinant A, making use of the above relations, replacing by their

values the determinants obtained by squaring separately each of the component

arrays, and equating the two values of A* thus obtained, we have

(Zr + MM'+ NN-' -i- &c Y = {Z^ + M^ + N'' + &c...){Z"^ + M'^ + N"' + &c
),

whence

{ZM' - Z'Mf + (ZN' - Z'NY + (MN' - M'M)'' + &c. . . . = 0,

from which we have at once

Z__ ^_N_ _P__ .

z'~ m'~Y'~'f'~
°'

45. "Write down the relations which exist among the minors of the second order

• formed from a determinant of the fourth order divided equally into two rectangular

arrays in the manner of the last example, like conditions being fulfilled.

We take the general determinant of the fourth order

<Jl
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By the preceding example, we have at once the relations

(iici) _ (ciag) _ (aih) _ (a\d^) _ {tvh) _ (oid'i)

{a^di) (bidi) (c^di) (bzci) {ctat) {azbi)'

provided the following four equations hold :

—

2«ia3 = 0, Siiffi = 0, ^a^ai = 0, Saiai = 0.

"What is here proved has an important application in geometry of three dimen-

sions, with reference to the six co-ordinates of a right line. (See Salmon' b Analytic

Geometry of Three Dimensions, 4th ed.. Art. 57 b.)

It may he remarked here that it will be found convenient to write uniformly

with positive signs the expansion of a determinant of the third order, which occurs

so often in practical questions. Taking, for example, the determinant obtained by

erasing the last row and last column of A, we write its expansion as follows, the

three letters being taken in circular order :

—

(aiijcs) = ailfiiCs) + bi{eitt3) + ^(aais).

46. Derive the equations (3) of Art. 136, for obtaining the ratios of n variables

from « — 1 linear homogeneous equations, from the proposition of Ex. 44.

47. Express by determinants the values of the unknown quantities derived

from a set of given linear equations by the Method of Least Squares.

The given equations, which are greater in number than the unknown quantities,

are supposed to have been obtained as the result of observation or experiment ; and

the numerical coefficients which enter into them, being consequently Uable to

errors of observation, are not known with certainty. In such cases the most

reliable values of the unknown quantities are obtained in the manner about to be

explained by what is called the " method of least squares." Take, for example,

five equations of the form a\x + biy + cm = mi, a^x + bit/ + ciz = mz, &c., between

three unknown quantities x, y, z. Multiply them respectively by «i, az, «3, «4, «6,

and add ; again by bi, bt, bs, bi, bs, and add ; and again by ci, c^, ci, a, cs, and

add. In this way the following three equations are obtained :

—

a:2«i2 + y'Za\bi + z2,a\ci= Saimi,

x'S.aibi + 2/2 ii*+ z2,b\c\ = 'Sfiimi,

xtaici + y'S.bici + z%c\^ = Scimi

;

from which we have without difficulty

{aib^ez) {mibjCs) + {aib2Ci) {miiiCj) + ...+ {ashes) {mzbjCs)

{aibica)^ + (aibiCi)^ +....+ {aibiCs)^

with corresponding values for y and z, each of these values containing ten terms in

the numerator and ten in the denominator.

48. Show that the value of x given in the preceding example can be obtained

by first eliminating y and s from every set of three of the five given equations, and

then applying the method of least squares to the ten equations in x alone which

result from the elimination.



CHAPTER XIII.

SYMMETRIC FUNCTIONS OF THE ROOTS.

140. Sfewtou's Theorem on the Snms of tbe Powers
of tbe Roots.—We now resume the discussion of symmetric

functions of the roots of an equation, of which a short account

has heen previously given (see Art. 27) ; and proceed to prove

certain general propositions relating to these functions :

—

Prop. I.

—

The sums of the similar powers of the roots of an

equation can be expressed rationally in terms of the coefficients.

Let the equation be

/(«) 3 a;" +piOif^^ +^22!™-^ + . . . +Pn

= {x- oi) {x - ai) {x-as) . . .{x- a„) = 0.

We proceed to calculate Sa'*, 2a', . . . So™; or, adopting

the usual notation, Sj, S3,

Pi, P2, . Pn.

We have, by Art. 72,

X~ai x — ai

Sm, in terms of the coefficients

/W
X— On

= nx"-^ + {n- l)pix"-' + {n- 2)^2»"-' + . . . +2^„-2a' + Pn-i ;

and we find, dividing by the method of Art. 8,

X- a

+Pi + Pia

+ Pi

' + a^

+ pia^

+ P2a

+ Pi

. + a":'

+ Pla"-^'

+ j92a"-»

+ . . .

+ Pn-i a

+ Pn-i'
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If in this equation we replace a by each of the quantities

ai, 02, ... a„ in succession, and put Sp =^dP = oi^ + a/ + . . . + a/,

we have, by adding all these results, the following value for

f\xy.-

+ npi

X"-' + Si
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to the sums of all positive powers of the roots, viz. «„, s„+i) • •
*'»>•

For this purpose we have

Replacing, in this identity, a; hy the roots oi, oz, . . . a„, in succes-

sion, and adding, we have

Now, giving m the values w, n + 1, n + 2, &c., successively,

and observing that So = n, we obtain from the last equation

s„ + pis„.i + p2S„^i + . . . + np„ =0,

Sn+i + i'lSn + PiSn-i + . . • + PnSi = 0,

Sn+2 + i'lSn+i + P2^n + . . . + PnSi = 0, &C.

Hence the sums of all positive powers of the roots may be

expressed by integral functions of the coefficients. And by

transforming the equation into one whose roots are the reci-

procals of oi, 02, 03, . . . a„, and applying the above formulas,

we may express similarly all negative powers of the roots.

141. Prop. II.

—

Every rational symmetric function of the

roots of an algebraic equation can be expressed rationally in terms

of the coefficients.

It is sufficient to prove this theorem for integral functions

only, since fractional symmetric functions can be reduced to a

single fraction whose numerator and denominator are both

integral symmetric functions. Every integral function of oi,

«2, 03 . . . . On is the sum of a number of terms of the form

Nui^ oa* a/ . . . , where iV is a numerical constant ; and if this

function be symmetrical we can write it under the form

iVSo/ 02* 03'' ... , all the terms being of the same type. There-

fore, if we prove that this quantity can be expressed rationally

in terms of the coefficients, the theorem will be demonstrated.

We shall first establish the following value of the symmetric

function Sai^oa' :

—

Sai^ajS = Vs - V?- (1)
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To prove this, we multiply together .s^ and Sj, where

Sp = a/ + a/ + ajP + . . . a/,

Sg = a,« + a2« + 03* + . . . a„«

;

whence

SpSg = a/^« + a/+« + . . . + a„P+« + a^a^^ + oi^a/ + &C.,
'

or

SpSg=Sp^g + Sttl^'aj',

which expresses the double function So/ oj* in terms of the

single functions Sp, Sg, Sp^g, in the form above written.

We proceed now to prove a similar expression for the triple

function, i.e.,

^(X\ tt2 O3 — SpSqSf Sq^fSp Sj^^pSq Sp^qS^ + ^Sp^qj^f \^)

Multiplying together Soi^ 03* and Sr, where

Sa/az* = ai^az' + ai«a/ + 0/03* + . . .

•V = Oi'' + 02'' + 03*" + . . . + a/,

we obtain an expression consisting of three different parts, viz.

terms of the form Soi^^aj*, ^a^^^^a/, and 20/02*03''.

Hence

•VSo/oj* = SaiP+'-flj* + Sai«^''a2'' + Soi^oj'oj'',

a formula connecting double and triple symmetric functions.

But, by (1),

^Oi''^ Oj* = Sp+rSq — Sp+j+r,

^tti Osf — Sq^-fSp Sp^g+rj

Soi^Oz* =SpSj -Sp+!7-

Substituting these values, we find the triple function

201^02*03'' expressed as above in terms of single functions in

the series Si, Sj, S3, &c.

In the same manner the quadruple function Soi*'aj*a3''a/
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can be made to depend on the triple function Sai*" oa' 03'', and

ultimately on Si, s^, S3, &o. ; and so on. Whence, finally, every

rational symmetric function of the roots may be expressed

in terms of the coefficients, since, by Prop. I., Si, Sj, S3, &c.,

can be so expressed.

The formulas (1) and (2) require to be modified when any

of the exponents become equal.

Thus, ii p = q, ai^Oi^ = a/ai«, and the terms in (1) become

equal two and two ; therefore Sai^'az* = 2^a/a/ ; whence

Similarly, ii p = q = r in Soi^a^'as'', the six terms obtained

by interchanging the roots in a/aa^os'' become all equal ; hence

SaiPazPa/ = ^-^ (s/ - dSpSip + 2s3p).

And, in general, if t exponents become equal, each term is

repeated 1.2.3 . . . t times.

Examples.

1. Prove

iaiPai^as''ai' = SpSqSrS, - SspSgSr+j + 22SpSg+r+, 4 SsptqSrt-s — 6sp+5ti-«-

2. Prove

242oi'»a2'»a3'"a4"' = s„* - 6Sm=S2m 4 8s„S3„ 4 3su„' - 6s4„.

142. Prop. III.

—

The value of Sr, expressed in terms of

Ph Pii • • -Pn, is the coefficient of y^ in the expansion, by ascending

powers of y, of-r log y^'fi-y

Since

iU" +piX''-^ +p,X''-^ + ...+Pn^{x-ai){x-ai) . . .\x-an),

itting - for X in this identical equation, we find

l+Piy+ P^y'' +p^y^ + ... +Pny'' - (1 - a,y) (1 - a^y) . . . (l - a„y)

.
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Now, taking the Napierian logarithms of both sides,

PiV+Pi

-\p.'

f+pi
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which becomes by expansion

1



Examples. 319

Performing tlie division, and retaining only the remainders on toth sides of this

equation, we have

JJoa;"-! + Rix"-'^ + ...+ Rn-i <p (ai) <p (02)
,

, <p (a„)

7-r\
= T h . .

.
+

;

/(a;) x-a\ x-ai a;-o»
whence

i?o«"-i + R\X^^ + . . . + Bn-i = 20 (01) {x - az) (a; - 03) ... (3; - On) ;

and, comparing the coefficients of «"-' on both sides of this equation,

-So = 2<^ (tti).

2. Prove that Sp is the coefficient of—j in the quotient of the division of/'(a;)

by /(a;) arranged according to negative powers of x.

3. Prove that s.j, is the coefficient (with sign changed) of as>-' in the same quo-

tient arranged according to positive powers of x.

4. If the degree of ^ (a;) does not exceed « — 2, prove

r=n

where 2 denotes the sum obtained by giving r all values from 1 to » inclusive.

r-l

We have, by partial fractions,

<|) {x) _ Al Ai An

f(x) x—ai x — ai
"' x — a,,'

and, multiplying across by/(a;), and putting x equal to ai, aj, . . . in succession,

<t>{x) _ (pjcn) _} <t>{a2) _J ^ » (g») 1 .

f{x)~f'{a\)x-a\ f'(ai)x-ai '" jf'[an)x-a„'

whence
x<i>{x)

When <p [x) is of the degree « - 2 ; expressing the first side of the equation as a

function of -, it readily appears that there is no term without - as a multiplier.
X X

We have, therefore, comparing coefficients.

As <p may be any rational and integral function of degree not higher than « - 2,

we have the following particular cases which are worthy of special notice :

—
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5. Given the following » — 2 equations between n variatles xi, Xz, . . . x,, :

—

r=n r=n r=n

2 «r = 0, 2 "rXr = 2 ar«-^Xr=0,

express tie n variables in terms of two new variables Xi, X2.

^ Xl + Or X2
Ans. X, = —T77—T—

6. Prove that the sum of all the homogeneous products n,, of the r*^ degree, of

the quantities 01, aj, . . . an, is equal to

"We have, putting y = -,

^ /'(«)

f[x) (\ - aiy){\ - my) . . . {I - a„y)

= (1 + aiy + a,2(/' + . . .)(1 + «2y+ a2^y'^ + . . .) . . .{\ + onV + an^y'^^--- )

si + ni!/ + n2y2+ ... + nr«/'- + ...

[The quantities Hi, TI2, . . . U,, are defined by the identity last written. It will

be observed that the coefficient of each symmetric function which enters into any

one of them is unity.]

a?*~i a"~^ 1We have also — = 2 .

and therefore

X" o""' 1 0"+''"'

whence, comparing coefficients of y in these two expansions,

„..+r-l

7. To express the coefficients of an equation in terms of the homogeneous pro-

ducts of the roots, and vice versd.

From the equation of the preceding example

(l-a.^)(l-«.'2.)...{l-a„y) = l + "'^+"^^'+---'

we have

(1 +pi.y + P2y'^ + . . . +p„y«) (1 + Uiy + n^y^ + . . .) = 1,

which gives the following relations :

—

i)i + ni=o,

Pi + Hi + piTii = 0,

i'3 + n3+^in2+j)2ni = 0, &c.

These equations (in which pi, pt . . . p„, and Hi, n2, . . . n„ are interchange-
able) determine pi, pi . . . p„m terms of Hi, Hj, . . . n„, and vice versa.
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By means of this and the preceding example the values of the following symme-
tric functions may be found in terms of the coefficients :

—

a""' o" 0"+'

/(a) / («) /(a)

8. To express Ilr by the sums of the powers of the roots.

Representing by - the product (1 - a\y) (1 - 02^) ... (I - a„y), and differentiat-

ing, we find

1 da a
-— = 2 = si + Say + i3 2^2 + . . .

;

udy 1 -ay

also » = 1 + riiy + 112 y^ + . . .

We have, therefore,

(\ + niy + n%y''+...)(si + siy + s3y''+. . .)sni + 2n2^ + 3n3y2+ . .

.

Now comparing the several coefficients of the different powers of y, we have a

number of equations by means of which the sums of the homogeneous products

III, n2, 113, .. . may be expressed in terms of «i, S2, S3, &c.

9. Prove the following formula for calculating the sums of the homogeneous

products in terms of the coefficients :

—

_— = _ (r + t) m.
dp,-

Differentiate both sides of equation (1) in Art. 143, and introduce IIi, 112, &c., by

the equation of Ex. 7.

10. To find a general expression for Sm in terms of the coefficients pi, P2 Pn,

of an equation of the «'* degree.

We have

- log, (1 +piy +p,y' +... +pnyn) = 2 ^=^'' '^^ V+P^y'+ +?« r'Y

= siy +- Sty'' + -S3y^ + .. + - smy"+.. .

Z o ™

Now, making use of the known form of the coefficient of y™ in the expansion of

(piy + Piy'^ + . . . + pny"Y by the multinomial theorem, and comparing coefficients

of y" in the above equation, we find

„ (-l)'-OTr(n + ''2+-
• • + »») , ,

-- = S r(n + i)r(.2+i)...r(.„+i)
^'^^^'"---^""'

in which
ri + ri + r3 + ... + r„ = r,

ri + 2ri + 3rs+ . . . + nrn = m;

and n, ri, n, . . . ?•« are to be given all positive integer values, zero included, which

satisfy the last of these two equations. Also, representing by n any of these in-

tegers,

r(n + i) = i-2.3...fi,

with the assumption that r (I) = 1 when n = 0.

Y
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11. To find a general expression for any coefficient Pm in terms of the sums of

the powers of the roots «i, sj, ... Sm-

We have

1 + P\y + p^y"'+ . . . + PrnV" + . • . + pny" = e-yn . e-\v'^'.i . e -iv^ »3 . .

.

When the factors on the right-hand side of this equation are deyeloped, and the

coefficients of y™ on hoth sides compared, we find, employing the notation of the last

example,

_ ^ (- l)''H-'-2*- • •+'-m.ti'-H2'-g. . . SmT

^"""^rCn + i) r(r2+i)... r(»-m+i)2'-a3'-:.. .m'm

in which ri, rz, . . . rm are to be given all positive values, zero included, which

satisfy the equation

ri + 2»-2 + 3>-3 + . . . + mrm = m.

144. Ueflnitions. Theorem.—The weight of any sym-

metric function of the roots is the degree in all the roots of any

term in the function. For example, the weight of SajS^'y' is

six.

The order of any symmetric function of the roots is the

highest degree in which each root enters the function. For

example, the order of SajS^y' is three.

It has been proved (see Art. 28), that the weight of any

symmetric function of the roots, when expressed by the co-

efficients floi "i> <'i) • • • "n, is the same as the sum of the suffixes

of each term in the expression. We now prove another im-

portant theorem, viz. :

If ant/ symmetricfunction be exjjressed in terms of the coefficients

Pi, pz, . . . Pn, the degree in the coefficients is the same as the order

of the symmetric function. For example, Sa^/3' =pi - 2pip3 + 2pi,

no term being of higher degree than the second in the coefficients,

and the order of the symmetric function being two.

The student may easily satisfy himself of the truth of this

theorem by observing that in the equations (2) of Art. 23, the

value of each coefficient in terms of the roots contains each root

in the first power only; hence the highest degree in the co-

efficients will be the same as the highest degree of the cor-

responding symmetric function in any individual root. We
add the following formal proof, as it is in accordance with the

proofs of certain general propositions to be given subsequently.
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Eeplace the coefBoients ^i, p^, . . . p„ by —

,

Now, if ^ (oi, 02, . . . a„) denote any rational and integral
Bymmetrie function of the roots, we have

fto"^ (a„ 02, . . . a„) = i?'(ao, «!, rt!2, . . «„),

where ot is the degree, in the coefficients, of F{a<„ a„ a^, . . . n„),

a homogeneous and integral function of the coefficients, not
diTisible by a^.

We require now to show that w is the order of 0. For this

purpose change the roots into their reciprocals, and, therefore,

ffo, «!,... ttn into «„, r7„_i, . . . fl„. Whence

also

/I 1 1\ ^,
«»°^1 —»—)•••—= i^(«n, «„.„ fl„.2, ...«(,); (!)

\Oi 02 On/

'11 1 \ i/'(ai> «3> 03... a,j)

*
0] 02 an) (0102 3 . . . 0,j)^

where p is the order of 0, and i// an integral function not divi-

sible by the product of all the roots
; (oioaoa . . . a„y being the

lowest common denominator of all the terms. Substituting in

(1), we have

«/ 1// (oi, 02, . . . o„) = + a/-' F[an, an-,, . . . «„).

From this equation it follows that p is equal to ot ; for if p
were greater than ot, j// (oi, a. . . . a„) would be divisible by the

product 0102 .. . an, and if it were less, the function of the coef-

ficients F{a„, a„.i, . . . tto) would be divisible by a„, both of which

suppositions are contrary to hypothesis.

145. Calculation of Symmetric Functions of the

Roots.—Any rational symmetric function can be calculated

by the method of Art. 141. In practice, however, other methods

are usually more convenient, as will appear from tlie examples

given at the end of the present Article, and from the two fol-

lowing Articles, which contain propositions tending in many
cases to facilitate the calculation of symmetric functions,

T 2
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The number of terms in any symmetric function of the roots

is easily determined. For example, the number of terms in

Soi' 02' 03 of the ec^uation of the w** degree is n (n - 1) (« - 2), this

being the number of permutations of n things taken three

together. If the exponents of the roots in any term be not all

different, the number of terms will be reduced. Thus Sa'jSy

for a biquadratic consists of twelve terms only (see Ex. 6, p. 48),

and not of twenty-four, since the two permutations ajSy, ayjS

give only one distinct term, viz., a'^jiy, in Sa^/By. The student

acquainted with the theory of permutations will have no diffi-

culty in effecting these reductions in any particular case.

When two exponents of roots are equal, the number obtained

on the supposition that they are all unequal is to be divided by

1.2; when three become equal this number is to be divided

by 1.2.3; and so on. In general, the number of terms in

2ai^ oa* at . . . of the equation of the w** degree, each term con-

taining m roots, and v of the indices being equal, is

« (w - 1) {« - 2) ... {n-m + 1)

1.2.3... V

When the highest power in which any one root enters into

the symmetric function of the roots is small, i.e. when the order

of the function (see Art. 144) is low, the methods already

illustrated in Art. 27 may be employed with advantage for the

calculation of the symmetric function.

It is important to observe that when any symmetric function,

whose degree in all the roots (i.e. its weight) is n, is calculated

in terms of the coefficients pi, p^ . . . /;„ for the equation of the

«** degree, its value for an equation of any higher degree (the

numerical coefficients being all equal to unity) is precisely the

same ; for it is plain that no coefficient beyond p^ can enter into

this value, and the equations of Art. 140, by means of which

the calculation can be supposed to be made, have precisely the

same form for an equation of the n*^ degree as for equations of

all higher degrees. It is also evident that the value of the same
symmetric function for an equation of a degree m (lower than n)
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is obtained by putting p„+i, ^„+2, . . . pn all equal to zero in the

calculated value for an equation of the w'* degree, since the

equation of lower degree can be derived from that of the re"' by-

putting the coefficients beyond pm equal to zero ; and the corre-

sponding symmetric function reduces similarly by putting the

roots a»,+i, am+2) • . a„ each equal to zero.

Examples.

1 . Calculate 2ai- aj as of the roots of the equation

x« + pix"-^ + p2 «»-2 + . . .+p„.ix +p„ = 0.

Multiply together the equations

2ai = -pi,

2oi 02 as = - j»3-

In the product the term oi'' az 03 occurs only once ; the term ai 02 as ai occurs four

times, arising from the product of ai by as as ai, of 02 by ai as 04, of 03 by ai 02 04,

and of 04 by ai 020s. Hence

2ai^ a2 03 + 42ai az as 04 = pipz I

therefore

Sai^ 03 as =piP3 - ipi. (Compare Ex. 6, Art. 27.)

If the calculation were conducted by the method of Art. 141, we should have

Sa\' 02 as = ^S2 si^ - S1S3- ^82^ + S4,

which leads, on substituting the values of Art. 140, to the same result ; hut it is

evident that in this case the former process is much more simple, since the values

of si, «2, &c., introduce a number of terms which destroy one another.

' 2. Calculate 2ai' az' for the general equation.

Squaring

2ai a2 = pz,

we have

2oi^ 02' + 22cii'' a2 as + 62ai ai 03 04 = pi'.

In squaring it is evident that the term ai as as ai will arise from the product of

ai aa by 03 04, or of ai 03 by 02 at, or of 01 oi by 02 as ; hence the coefficient of

oi 02 03 04 in the result is 6, since each of these occurs twice in the square. The

result differs from the similar equation of Ex. 8, Art. 27, only in having 2 before

the term 01 02 as 04. Hence, finally,

2ai* 02* =Pi' - 2piP3 + 2pi.
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3. Calculate Sai'oz for the general equation.

We have, as in Ex. 9, Art. 27,

2ai^ Saias = 2ai^ az + Sai' az as.

Hence, employing previous results,

Soil' a.2 = pi'pi — Ipr - p\Pi-^ ipi-

i. Calculate iai'ai'as for the general equation.

The result will be the same as if the calculation were made for the equation of

the fifth degree.

To obtain the symmetric function we multiply together Saiaa and 2ai0203 ; and

consider what types of terms, involving the five roots ai, 02, 013, ai, as, can result.

The term ai'az^oj will occur only once in the product, since it can only arise by

multiplying 01 aa by amzas. Terms of the type m^'ozasaj wiU occur, each three

times; since aroaaaai will arise from the product of aioz by aiaaai, of 0103 by

aiajai, or of 0:104 by aiaiai ; and it cannot arise in any other way. The term

aiaiasatai will occur ten times in the product, since it will arise from the product

of any pair by the other three roots, and there are ten combinations in pairs of the

five roots. We have, then, for the general equation,

'Saiaz^aiaias = Sai^aa'as + SSmVaasai + lOZffliozosajas.

[We can verify this equation when n = 5, just as in Ex. 9, Art. 27 ; for the

product of two factors, each consisting of 10 terms, will contain 100 tei-ms. These

are made up of the 30 terms contained in 'Sai'ai'as, along with the 20 terms con-

tained in 201^020304, each taken three times, and the term 0102030405 taken 10

times.]

Thus the calculation of the required symmetric function involves that of

2ai^020304 ; for which we easily find

2ai 201020304 = 201^020304 + 320102030405.

Hence, finally, we obtain

201^02^03 = —pips + 3pipi — 5pr,.

The process of Art. 141 would involve the calculation of S5 ; and many terms

would be introduced through the values of si, s^, &o., which disappear in the

result.

' 5. Find the value of 201^02^0304 for the general equation.

We multiply together 20102 and 201020304, and consider what types of terms

can arise involving the six roots 01, 02, 03, 04, 05, 05. The term 01^02^0304 can occur

only once. Terms of the type 01-02030405, will each occur four times, this term

arising from the product of 0102 by 01030405, or of 0103 by 01020405, or of 0104 by
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aiajasas, or of oios by aiaaoaaj. The term miaaaaaiasas will occur 15 times, this

being the number of combinations in pairs of the six roots. Hence

Soiaz Saiajaaoi = Sai^az^aaoi + 42ai''a2a30405 + 1 62010203040506.

We have again, for the calculation of 201^02030105,

2ai 20102030405 = 201^2030405 + 62010203040506.

Hence, finally,

201^02^0304 =PiPl — iPlPb + 9^)6.

' 6. Find the value of 2oi^a2'o3^ in terms of the coefficients of the general

equation.

Here, squaring 2010203, we have

2oiO203 2010203 = 201^02^03' + 22cci"02'o30i + 6201^02030405 + 202010203040506,

from which we obtain

201^02^03' =^3^ - "iPiPi + "iPlPS, - 2P6.

146. Calcnlation of Siymmetric Functions continued.

—By aid of the following differential equation, connecting a

function of the coefficients and its value in terms of the sums

of the powers, symmetric functions can often be calculated

with great facility :
—

d^ 1 ^dF dF_ dF_

dSr
2) • • ny

^. y^p^
1

^^^^^
n-r
^^

To prove this equation, we take the equation (1) of Art. 143,

and differentiate it with regard to .v. Comparing coefficients

of the different powers of y, we have

dpg n , dpr I dpr+k 1^ = 0, when?<.; - = --; -^---.m

and substituting these values in

d „. dF dpi dF dp^ dF_ dpn— i?'(i9i,iJ2, . . .?^„) =^^ +^^ + . • + ;^;^ ,

we have at once the equation above written.
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Examples.

1. Calculate the value of the symmetric function 201^03^03*04^ of the roots

of the equation
ar" +^1 a:»"i +piX'^-'' + . . . + ^» = 0.

Knowing the order and weight of any symmetric function, we can write down

the literal part of its value in terms of the coefficients. Here 2 is of the second

order, and its weight is eight ; hence

2 = Upa + hpTpi + hpsPi + tzPsPi + hpi',

where to, h, h, &c., are numerical coefficients to he determined.

Terms such as p^pi^, PsPiPi, P5P\^, &c., although of the right weight, are

of too high an order, and therefore cannot enter into the expression for 2- Again,

2 expressed in terms of the sums of the powers of the roots is of the form

F{si, Si, S6, sg) ; for, in general, 2oif' oz' oa*" . . . , expressed in terms of the sums of

the powers of the roots, is made up of terms such as Sj,, Sp,q, Sp+jw, • • • Up, • •

all of which are sums of even powers when p, g, r, . . . are even ; therefore in this

case none hut even sums of powers enter into the expression for 2.

dS dS . .
dF

Also, since -;- = 0, and -— = 0, we have, using the formula above given for ,

ds^ dsi dsr

kpe + hpipi + hpspi + t3{p2ps +pi) + 2tipipi = 0,

kpi + hpi = 0.

From these equations we infer

io + ti = 0, h+ h = 0, h + to- 0, ti + 2h = 0;

but <4 = 1, since for a quartic 2 = j»4* ; therefore

ti = — 2, to = 2, ^3 = — 2, ^2=2;

and, substituting these values of to, ti, t-t, ts, ti,

2tti2 02* 03* 01* = 2ps - 2pn pi + 2pop% - 2psp3 + pi^.

2. Calculate 201*02*03'' for the same equation.

Ans. — 2ps + 2pip5 - 2p2Pi + ps'- (Compare Ex. 6, Art. 14.5.)

3. Calculate for the same equation the symmetric function 2ai^ 02* 03.

Here the weight is six, and the order three ; hence

2ai'02*03 = toP6 + tlP5Pl + hPiP2 + tsPiPl'' + tiP3'' +t5PlP2P3 + <6 Pz'.

Also 2, expressed in terms of «i, sj, S3, &c., is (see Art. 141),

»1»2S3 - S1S6 — «3* — SaS4 + 2S6.

Now, differentiating these two values of 2 with regard to so, and comparing

differential coefficients, we have

dps to

to-p = -7: = 2, or io = -12.
dse b
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Differentiating with regard to S5, we Have

Upi + hpi = 5si = - 5pi ; .-. h = 7.

Differentiating with regard to 54,

^0^+ hpi'^ + hpi + hpi^ = 4s2 = 4 (pi^ - ipz) ;

whence *

to+h = -S, ti + t3 = i;
and

«3 = - 3, h = 4.

Again, h= 0; for 2 vanishes if »2 - 2 roots vanish. And we find ti and ts by
taking the particular case when « - 3 roots vanish ; for in this case

2oi'a2'a3 = aiajosSoi^aj = - p^ {-pipi + Sps) = pipip^ — Zp-^,

and therefore

4 = - 3, ^6 = 1 ;

whence, finally,

2oi^ 02^ as = - 12^6 + 1p\Pf, + ipiPi - Spipi'' - 3p3^ + p\pipi.

147. Seminvariants and Semicovariants. — Let

"1, oz) 03) . . • "» be the roots of

j^ 1^ 1

)

ffo*" + ««ia;"-' +
\ c)

«2«""'+ . . . + a„ = 0,

the general equation written with binomial coefficients (see

Art. 35). "We proceed to the discussion of an important class

of functions of x which may be derived from a given symmetric

function of the roots.

We called attention in Art. 36 to a class of homogeneous

symmetric functions of the roots which contain the differences

only of these quantities. Such functions may be called (for a

reason which will appear in a subsequent chapter) semi-inva-

riants or, as it is usually written, seminvarianis. Being sym-

metric functions of the roots, they are expressible (when

multiplied by a power of «„) in a rational and integral form in

terms of the coefficients.

We may use in like manner the term semicovariants to denote

similar functions of the differences of the quantities x, oi, 02, . . . a„,

such that when they are arranged in powers of x the successive

coefficients of x are expressible in a similar manner.

We proceed now to show how semicovariants may be

generated, and then expanded in powers of x, when expressed

either in terms of the roots or in terms of the coefficients.
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From any relation such as

flJo""/) (oi, 02, ... an) = F{a„, fli, tti, . . . an),

where (p is an integral function, of the order ot, and F the cor-

responding expression in terms of the coefEcients, we may, by

diminishing each of the roots by x, and consequently changing

any coefficient «^ into Ur (see Art. 35), derive the following

equation :

—

a„'-<l,{ai-X, ai-X, ... an-x) = F{Uo, Uu U^, . Un), (1)

thus obtaining two forms for a semicovariant, one expressed in

terms of the roots, and the other in terms of the coefficients.

To expand these forms in powers of x, we have, for the first

member of the equation, by Taylor's theorem,

^{ai-x, at-x,...an- x) = f^+xSfo + t—^ S'<po + (2)

where 4>o = <p (a,, Oi, . . . a„),

T ty d d d
and ~^ ~ ~i

—i"T-+---+ -7—

•

da-i doi da„

Again, omitting all powers of x higher than the first, the

second member of the equation becomes

F{a„ Ui + ttoX, tti + 2aiX, ...«„+ m«„.i«),

or, when expanded,

F^ + xDF^ + &c.,

where

Fo = F(ao, «i, «j, . . . a„),

d . d ^ d d
T— + Ml —— + dtti -r- + . . . + mffl„_i -—

.

dai dccn dtts dan
and Z) = flo XT + 2ai 3^ + Saa -7— + • • • + ««n-i

Comparing the two expanded forms, we have

tto^S^ (oi, oj, . . . an) = DF{ao, ai, . . . »„),
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and consequently, by successive applications of the operators

S and D,

ao-'S'"^ (oi, oj, . . . a„) = lfF{ao, ai, ... «„)

;

whence we infer from the expansion (2)

FiUo, U„... U„) =Fo + xDFo +^ B'Fo + &c. . .

.

By the aid, therefore, of the two operators—S in terms of

the roots, and D in terms of the coefficients—we can expand at

pleasure either side of the equation (1) in powers of x. By
means of the successive operations of S we obtain a series of

functions of the roots ; and, by means of D, their equivalent

values in terms of the coefficients.

The results now arrived at are equally true if the function <p

involves the roots of two or more equations, F being the cor-

responding value in terms of the coefficients of these equa-

tions, and J) and S being replaced by the sums of the similar

operators relative to each equation.

It is important to observe that when S(j>o vanishes identically,

so also

8(e^„) or g^^o-0, S^^o-0, &c.,

and therefore as disappears in the expansion of the first member

of equation (1). Now this can happen only when ^ is a function

of the differences of oi, oz, • . . a„ ; whence we conclude that if

F{a(„ a,, . . . an) is a seminvariant

I)F{a„ ch, «2, . . . a„) s 0.

This identical relation is generally sufficient to determine

the numerical coefficients in a seminvariant when the order and

weight are known, as the following examples will show. If

there should be two or more seminvariants of the same order

and weight, the operation of D will not supply equations enough

to determine the assumed coefficients ; and if no seminvariant

exists of the required order and weight, the coefficients will all

vanish.
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Examples.

1. Determine for a cubic a seminvariant whose order and weiglit are both

three.

Assume (p = Aa^ Oz + Bao «i «2 + Caj',

these being the only three terms which satisfy the required conditions. It is

evident from the form of D that the operation is performed by applying to the

suffix of any coefficient a, the same process as in ordinary differentiation is appUed

to the index. Thus Dar = ra,.\, and therefore

J}(l> = {ZA + B) a^^ai + (25 + 3C) ai^ao s 0.

H.Pn00

3^ + 5 = 0, and 25 + SC = ;

and putting ^ = 1 , we have -B = — 3, and C = 2
;

whence, finally,

ip = ao^ ffis - 3ao«i «2 + 2ai3 s (?. (See Art. 36.)

For a q^uadratic no such seminvariant can be formed.

2. Determine for a cubic a seminvariant whose order is four, and weight six.

Assume

^ = Aaa^a^ + Baaa^^ + C?33«i^ + Da^a^H- + Ea!sa\a%az,

whence

i)^ = (6^ + i^«o'a2a3+ (65 + 3i+2i))flo«ia2''+ (3C+4i))«i3a2

+ (3C+ 2£)ffl„«i2o3s0.

Now let A = \, whence £ = - 6 ; also 3C + 2£ = 0, giving C = 4 ; and

3C+42) = 0, giving!) = -3; and from 65 + 3i+ 2i) = 0, we have finally 5 = 4

.

Hence

<J)= ad'az^ + iat,aj' + iaza-i^ — Sai'^as- — 6ffo<i>i<22<23.

Compare Art. 42, where the value of ^ is given in terms of the roots.

3. Prove directly that

— J(?7o, JJu Ui, ... Un) = J)F{Uo, Pl, U2, ... Un).

This foUows readily from the equations

Brr. = ru..^ = '-^;B[zr,.rT,..]^^^\rr,.u,.

i. Expand F{ Ho, Pi, V2, . . . Un) by Maclaurin's theorem ; and hence prove

F( Uo, TTi, ... U„) = Fo + xDFo + ~ D'^Fo + &c.,

where Fo = F(ao, ai, «2, . . . a,,).
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148. Theorem.—We conclude this chapter with an im-

portant theorem connecting the leading coefficients of Sturm's

functions and the sums of the powers of the roots of an equa-

tion f(x) = 0, viz., The leading coefficients of Stiorm's auxiliary

functions (i. e. /'(«), and the n - \ remainders) differ hy positive

factors onlyfrom the following series of determinants :
—

S(, i'l

Si Su S-i S3 S3 Si , &c.

Using the bracket notation, we may write these determinants

in the form Sp, (Sf^Si), [s^s^Si), &e., the last in the series being

{*o*2 S4 . . . .Szre-s).

Eepresenting Sturm's remainders by Ei, R3, . . . S,-, . . . B„,

and the successive quotients by Qi, Q2, Q3, &c., we have (see

Art. 89)

S, = QJ\x) -f\x),

Rz = Q,R^-f'{x) = (Q,Q.- 1) f'{x) - QJ{x),

R, = Q,R, - i?, = (Q, Q, Q^-Q,- Q,) f'{w) - {Q,Q, - l)f{x), &c.

Proceeding in this manner, we observe that any remainder

Rj can be expressed in the form

Rj^Aj/{x)-Bjf{x). (1)

The degree of Rj is n -J ; and since Q„ Q2, &c., are all of

the first degree in x, it appears that the degrees of Aj and Bj

are/- 1 and/ - '2, respectively.

Assuming, therefore, for Rj and Aj the forms

Rj 3 r^ + riX + r^x' + + rn.jX"

Aj = Ao + Ai« + Xix' + . . . + Xj.i x> '

;

and substituting in (1) any root a of the equation f[x) = 0,

we have

X„ + Xia + A2a'' + . . . + Ay.i aJ'
;„ + ri a + r^a' + . . . + r.

/'(«)
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Multiplying by a, a^ . . . c^''^, a?~^, in succession ; making

similar substitutions of the other roots ; and adding the equa-

tions thus derived, we obtain by aid of the relations of Ex. 4,

p. 319, the following system of equations :

—

Ao-So + Ai Si + . . . + Ay_2 Sy-z + Ay., *;•_, = 0,

Ao'Si + Ai S2 + . . . + Ay-2 s/_i + Ay_i Sj = 0,
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Now, comparing the coefficients of the highest powers of x

in (2) ; observing that «" occurs only in Ak^.l Ric, and making
use of the determinant forms above obtained, vs^e have

7J:+i (So«2«4 • • • Szi-a) yh {s^S^Si . . . Saj.j) = 1,

or yj yk+i = (Sq S. S4 . . . S2i_a)"\

Also, calculating the value of iJu in the ordinary manner, we
easily find

«0

1

whence it is seen that the value of -y, is ^.

It follows, from the relation just established: between any

two successive values of y, that 73, 74, . . . yj, &c., are all positive-

squares ; and therefore, finally, that r„.j, the coefficient of the

highest power of x in Hj, has the same sign as the determinant

(SoSz^l . . . A'2;-2J.

It should be noticed that there is only one way of expressing

a function of x, of the degree n -j, in the form Af{x) - S/{x),

where A and B are of the degrees J - 1 and J - 2, respectively,

and/(a;) of the degree n ; for this function being in general of

the degree n +j - 2, in order that it may reduce to the degree

n -J, the 2/ - 2 highest terms must vanish, and this is exactly

the number of undetermined quantities in A and B at our

disposal, since it is the ratios only of the coefficients we are

concerned with. Sturm's remainders may therefore be obtained

in this way with an undetermined multiplier.

The functions Bj, Aj, and Bj are semicovariants of f{x), as

may be easily inferred by supposing f{x) transformed by the

substitution z = a,,* + «! before these functions are calculated.

The expression for Aj in terms of the differences of x and the

roots will be found among the following examples ; and the

corresponding expressions for Bj and Bj will be given in a sub-

sequent chapter, where we shall discuss Sylvester's theorem

relating to Sturm's functions, in which the theorem of the

present Article is included.
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So
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3. Eesolve into factors tlie determinant

S6 Ss S4 «3 a;''

«5 S4 S3 «2 i'-

S4 S3 S2 Si a'

«3 S2 S] So 1

y^ y'^ y 1

where so, Si, ss, &o., are the sums of the powers of three quantities, a, j8, 7.

This determinant is the product of the two determinants

0'
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7. Prove that the value of the quotient of Aj hy yj (see Art. 148) may he written

as a symmetric function involving x and the roots ; e.g.,

74
-&[^-yf{y-af{a-PY{x-a){=<:-^){x-y).

8. Determine ^i, <pz, . . . <pj, . <pp from the equations

<I>1
+ <p2+ . . . + (pp = To,

^181+^262+ ... + (pp0p =Ti,

<?l9l2 + *2fl2^+ ... + <?)^9/ =72,

<pi iiP-^ + <p2 Bz"-^ + ... + <pp BpP-'- = Tp^i.

Ans. ^j is given as a function of the {p - 1)"" degree in 6j hy the equation

To

Ti :0,

Sp.\ Sp Sp^l . , S2p-2 Tp_l

where »* = fli' + Bj' + 9.-)* + . . . + 9p^.

9. If a, /3, 7, 5 he the roots of the equation

fflQ** + iaix' + 6a2a;'' + iciiX + 04 = 0,

calculate in terms of «o, -ff, /, / the value of the symmetric function

«o^2{3a - ;3 - 7 - S)M3|3 - 7 - S - a)'(37 - S - a - fif.

Here «o^ 2 = 4« Sn^ 22' 23',

where si, sa, zs, 24 are the roots of the equation

«* + 6^22 4 4(?2 + ao^/- 3a"2 ••= 0. (See Art. 37.)

Hence, hy Ex. 2, Art. 146,

10. Prove that

n = «o« (3 - yf {y-af{a.-Pf{a~ 8)2 ((3 - 8)2 (7 - 8)^ = ?J3 + mJ\

where )« = - 27^.

The weight of this function of the roots is 12, and the order 6.

We now make use of a proposition which will he proved subsequently, namely,

that any even, rational, and integral symmetric function of the roots, of the order is

and weight k, and involving the diiferences only of the roots, is, when multiplied

by uo", a rational and integral function of ao^ -S, I, J. (Compare Ex. 17, p. 126.)

Ans. ii{- T-ffs + ao'^HI- 4«„V}.



Examples. 339

Hence, expressing the function wtose order is 6, and weight 12, in terms of

«0) S, I, J, it is easy to see from the table

—
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Substituting in equation (1), we have

1728 = ~Zl+m.

Pioceeding in the same way with the biquadratic equation

«* - 6ii;' + 5 = 0, whose roots are + v 5> i '
>

2 = 768, S = -\, J=S, J = -i;

- 192 = 1l + m,

; = - 2x192, OT = 3xl92;

flo*2 = 192 (- 237+ ZnaJ).

we find

whence

and

and finally,

12. If F{a^, rti, «j, . . . a„) is a seminvariant of the equation (ao, ai, «2, . . . «„)

{x, 1)"= 0, prove that the same function of the sums of the powers of the roots,

viz. F{sq, Si, S2, . . . s„), is also a seminvariant.

This follows by operating on the first function hy D, and on the second by - 5,

and observing that Bar = rar-i and — S*, = rsr-i. We thus obtain results identical

in form ; and if one vanishes identically so must the other.

1 3. Calculate the determinant

50 Si

51 S3

»2 S3

in terms of the coefficients of a quartic.

By the preceding example this determiuant is a function of the differences of

the roots ; we may therefore remove the second term of the quartic before calcu-

lating it; and if the equation so transformed be

2/* + Pay' + Fi!/ + Pi = 0,

4 - 2P2

-2P2 -3P3

-2P2 -SPa 2P22-4P1

^ut «o'P2 = 6a", ao^P3 = iG, ao*Fi = ao'I-3H\

Substituting for P2, P3, P4 these values, we have

Va = 192 (- 2SI+ SaoJ)

:

the same result as in the preceding example (cf. Ex. 3, p. 336).

14. If a, P, y, 5 be the roots of the equation

aox* + 4a!i^' + eaiX^ + ia^x + «4 = 0,

= 4{8P2P4-2P2'-9i'3'};
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express H„ I„ /,, G, of the equation

«oa^ + isix^ + 6s2a:= + is^x + S4 = 2 (a; + a)* =

in terms of S, I, J, G.

S,_ S I, _ 48B:^ - a^n G, G
^"'-

».^
- ~ ^ «„^' V ^i ' .0'

" "
«o='

'

and by the aid of the relations

G^ + iSi s ffo^ {HI - aoJ), G.' + 4J.' = so' {mL - so/,),

192

15. When^ is even, prove that

2 (ai - 02)^' = So Sp - psi Sp.i + ip{p-l)s2 Sp.2 - &c.

Since

p p — 1
2 (« - o)'' = nxP - psi xP-'- + -~ S2 xr'^ - &c - psp_x x + Sp,

changing x into 01, 02, 03, . . . a», in succession, and adding the results on both

sides of the equations thus obtained, we find

p , p — \
22 (ai -aiY = So Sj, - ^si s^.i + —j—-— S2 SpJi- . . . - ps-^ Sp-i + so Sp,

1 • z

where all the terms on the right side of this equation are repeated except the middle

term. Thus

2 (ni — 02)^ = So S4 - 4S1S3 + 382^,

2 (01 — 02)^ = So «6 - 6si S5 + 15S2 Si — lOss^, &c.

16. Form the equation whose roots are <p'{a), (|>'(/3), <^'(7), <I>'{S), where

o, 0, y, 5 are the roots of the equation

(j>{x) = ttox* + iaix^ + 6ai x"- + 4a3 a + «4 = 0.

. ,, 32G ,, 96{2SI-3aoJ) „ 256(73-27/=)

«!?: «o* «o°

17. If :i{a~fiY{^~yf{y~af[x~SY,

when expanded, becomes

Kox^ + iKix^ + 6^22:2 + 4Z"3« + -ffi

;

prove that

Kpaffy + X, ($y + ya + a$) + K2{a + ^ + y) + E3 _ + 16 v'a

(j8-7)(7-o)(o-;8) ^;;3—

'

where
A = 73 - 27/2.

18. Prove that

V2 (3 + 7 - o - S)M^ - yf (a - 8)2= 192 (3«o/- 2.H7).
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19. Prove that

ao«2(;3 + 7- a- S)* {B-yf (a - 5)= =512 (ao^J^- 36«o-ff/+ liS'^I)-

20. The quotient of a simple alternant (one, namely, in which each element

is a single power) by the differenee-prodaot (see Ex. 31, p. 303) can be expressed

as a determinant whose elements are the sums of the homogeneous products of the

quantities involved.

"We take a determinant of the third order, and propose to prove

aP al a'
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on both sides, we have the required result. It should be noticed that when the

difference-product determinant is written in the form used above (viz. with ascend-

ing powers in the order of the columns) the sign to be attached to the product is

always positive, since the product of the two determinants, containing the tei-m

^pTlq-iTlr-i^y'^, must contain the term aP^^y''. Note also, in applying this calcula-

tion to particular examples, that IIo = 1, and n,- = when^ is negative.

21. Prove, by the preceding example,

1 0= a=



CHAPTER XIV.

ELIMINATION.

149. Definitions.—Being given a system of n equations,

homogeneous between n variables, or non-homogeneous between

M - 1 variables, if we combine these equations in such a manner

as to eliminate the variables, and obtain an equation B = 0,

containing only the coefficients of the equations ; the quantity

R is, when expressed in a rational and integral form, called the

Resultant or Eliminant.

In what follows we shall be concerned chiefly with t\\o

equations involving one unknown quantity x only. In this

case the equation iil = asserts that the two equations are con-

sistent ; that is, they are both satisfied by a common value

of X. We now proceed to show how the elimination may
be performed so as to obtain the quantity R, illustrating the

different methods by simple examples. It is proper to observe

that the value of R arrived at by some processes of elimination

may contain a redundant factor. The method of elimination

by symmetric functions leads to a value of R free from any

such factor ; and we refer, therefore, to the conclusion of the

discussion in the next Article for tlie precise definition of the

Resultant.

Let it be required to eliminate x between the equations

ax^ + 2bx + c = 0, aV + 2b'x + c' = 0.

Solving these equations, and equating the value of x so

obtained, the result of elimination appears in the irrational form

h ^/V'-ac h' -/b'^-
- + = - - + -
a a a a

a'c'
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Multiplying by aa we obtain

ab' -a'b = a ^/b"" - a'c - a'-yU" - ac.

Squaring both sides, and dividing by the redundant factor

a a', and then squaring again, we find

i? = 4 (ac - i^) {a'c' - T) - {ao + a'c - 2bb'f-

This method of forming the resultant is very limited iii

application, as it is not, in general, possible to express by an

algebraic formula a root of an equation higher than the fourth

degree. Other methods have consequently been devised for

determining the resultant without first solving the equations.

We now proceed to explain the method of elimination by sym-

metric functions of the roots of the equations.

150. Elimination by Symmetric Functions.—Let two

algebraic equations of the «»"' and ?i"' degrees be

(j> (x) = a^ + «ice™-' + aiX""-^ + ... + «,„ = 0,

i// (x) = io«" + Ji«""' + ^2*""' + . . . + ^>„ = ;

and let it be required to find the condition that these equations

should have a common root. For this purpose let the roots of

the equation (p {x) = be oi, 02, . . . o,„. If the given equations

have a common root it is necessary and sufficient that one of the

quantities

T//(a,), 4' {"")> • • > 4'M
should be zero, or, in other words, that the product

1// (oi) \p (02) 1p (03) . .-. 1p {am)

should vanish. If, now, we transform this product into a rational

and integral function of the coefiicients, which is always possible

as it is a symmetric function of the roots of the equation ^ (a-) = 0,

we shall have the resultant required. Further, if j3i, fii, . fin

be the roots of the equation xp {x) = 0, we have

1// (ai) = b„ (ai - j3.) (oi - Pi) . . (oi - (5„),

xp {a,) = b„ [a.. - /3,) {a, - /S^) • • ("2 - /3,0>

rp {am) = h {am - jSi) (a„, - fi,]
{a,„ - fin)-
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If we change the signs of the m n factors, and multiply these

equations, taking together the factors which are situated in the

same column, we find

a- 4^ (aO ^ (a.) . . . ^ (o,„) = (- l)™" bo'"i, (130 <}, (13.) ...<p{iin).

We may therefore take

B= (-l)""" 6„»^ (i3,) i> (i3,)
. . . .^ (/3„) = flo"^(ai] t^ (a,) . . . ^ (a,„), (1)

for hoth these values of H are integral functions of the coef-

ficients of (j)[x) and i/^ («), which vanish only when («) and

Tp {x) have a common factor, and which become identical when

they are expressed in terms of the coefficients.

151. Properties of the Resultant.— (1). The order of

the resultant of two equations in the coefficients is equal to the sum

of the degrees of the equations, the coefficients of the first equation

entering R in the degree of the second, and the coefficients of the

second entering in the degree of the first.

This appears by reviewing the two forms of R in (1),

Art. 150 ; for in the first form «o, a\, ... am enter in the »'*

degree, and in the second form bo, bi, . . . 5„ enter in the ot**

degree. Also it may be seen that two terms, one selected from

each form, are (- 1)"'" bo'" «,/ and «„" bn'"-

(2). If the roots of both equations be multiplied hj the same

quantity p, the resultant is multijjlied by p'"".

This is evident, since any one of the m n factors of the form

Op - /3y becomes p [ap - j3j), and therefore />'"" divides the result-

ant. From this we may conclude that the weight of the resultant

is mn, in which form this proposition is often stated.

(3). If the roots of both equations be increased by the same

quantity, the resultant of the equations so transformed is equal to

the resultant of the original equations.

For we have
+ R = «„« Jo'" n [ap -

/3y),

where n signifies the continued product of the mn terms of the

form Op - j3j ; and this is unaltered when up and j3y receive the

same increment.
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(4). If the roots he changed into their reciprocals, the talue of

R obtainedfrom the transformed equations remains unaltered, except

in sign when mn is an odd nitniber.

Making this transformation in

i2 = «„"5o'"n(aj,-/3j),

we have

iJ'= ffm"V" (- 1)'""7 -'ItT^-
hut

a,a, ...«„=(- 1)™^, [3,(3, . . . /3„ = (- 1)"^
ffo' ' '

'
' K

substituting, we obtain

E' = ao'%"'{- 1)"'" n {op - i3g)
= (- l)""'i2.

From this it follows that in the resultant of two equations

the coefficients with complementary suffixes of both equations,

e.g. rto, a,n ; ffi, a„i-i, &c., may be all interchanged without alter-

ing the value of the resultant.

(5). If both equations be transformed by homographic transfor-

mation, that is, bij substituting for x

Xx + fi

and each simple factor multiplied by \'x + fx, to render the new

equations integral; then the new resultant R' = (A/i'-X'^)'""i2.

To prove this, we have

<l>
ix) = ai){x - til) (i» - aa) ... (a; - a^,

^(«) = 6„(»-i3i)(a!-i32)...(a;-/3„);

also

X - Or becomes (X - X'ur) ( x -
^ _ ,

,

Qr

Multiplying together all the factors of each equation,

flo becomes «o(X - X'oi) (X - X'oj) ... (X - X'om),

b, „ J„(X-X'i30(X-A'i33)... (X-X73„)-
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Also, since a,-, p^ are transtormea into
^ _y—> t _yp, '

ar - (ir becomes ^^^-.-^-^^^-^^

,

whence

ao'%"' n (ar - 13^) tecomes Oo^'bo'" {\f/ - X^)""' n (a, - /3,.),

that is, the resultant calculated from the new forms of (p (x) and

xL (x) is

This proposition includes the three foregoing ; and they are

collectively equivalent to the present proposition.

152. Euler's metbod of Elimination.—When two

equations ^ {x) = 0, and \p (x) = 0, of the /w"' and w"' degrees

respectively, have any common root 0, we may assume

^ {x) = («- d)<t,i{x),

\P{x) = {x - 6)iPi{x),

where

01 (x) =PiX"'-^ + p^X^''' + . . . +Pm,

4,, {x) s q.os"-' + q.x"-^ + . . . + q,„

the coefficients being undetermined quantities depending on d.

Whence we have

<p{x) ip^(x) ^i^ix) <j>i{x),

an identical equation of the {iii + n- 1)"' degree. Now, equating

the coefficients of the different powers of x on both sides of the

equation, we have m + n homogeneous equations of the first

degree in the m + n quantities pi, Pi, . .
. Pm, qi, q^, . .qn', and

eliminating these quantities by the method of Art. 135, we

obtain the resultant of the two given equations in the form of

a determinant.
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Example.
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Suppose the two equations

ax^ + bx + c = <i, a\ x^ + lix + ci = Q

to have a common root. We have identically

[qix + yz) [ax^-^-hx + c) = [p^x + pi) (ai x'^ + bix + ci),

or {gia - pi ai) x^ + {q\b + j3« - pi h -p2ai)x~

+ (qic + q%b-pici - Pibi) X + Qoj' - Pi ci sO

.

Equating to zero all the coefficients of this equation, we have the four homo-

geneous equations
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a
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Multiplying these two equations successively by

351

«i and a,

OiX + bi „ ox + b,

aix' + biX + Ci „ ax' + bx + c,

and subtracting each time the products so formed, we find the

three following equations :

—

{abi) (t? + [aci) X + [adi) = 0,

(flCi) x^ + [[adi) + [bci]] X + (bdi) = 0,

(adi) x' + (bdi) X + {cdi) = 0.

By eliminating from these equations x'', x, as distinct

variables, the resultant is obtained in the form of a symmetrical

determinant as follows:

—

{abi) {aci) {ad,)

{aCi) [adi) + {bci) [bd^)

{adi) {bdi) [cdi)
\

To render the law of formation of the resultant more ap-

parent, the following mode of procedure is given.

Let the two equations be biquadratics, as follows :

—

fla* + bx' + cx'^ + dx + e = 0, a^x^ + bix' + Cix' + d^x + e, = ;

whence, following Oauchy's mode of presenting Bezout's method,

we have the system of equations

a bx'
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which, when rendered integral, lead, on the elimination of

ip', «•", X, to the following form for the resultant :

—

(.50
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(2). We take now the case of two equations of different

dimensions, for example,

a«* + hx^ + ex' + dx + e = 0, a^x' + b^x + Ci = 0.

Multiplying these equations successively by

((i and «**,

ttiX + bi „ (ax + b) x^,

and subtracting each time the products so formed, we find the

two following equations :

—

(a6i) a;' + (aci) x' - da-iX - eai = 0,

(aci) x^ +
[
(bci) -dai]x''- [ dbi + eai}x -ebi = 0.

If, now, we join to these the two equations

fli*^ + bix' + CiX = 0,

UiH? + byX + Ci =0,

we shall have four equations by means of which x^, x^, x can be

eliminated; whence we obtain the resultant in the form of a

determinant as follows :

—

(ail) (aci) dax ea^

(aci) (6ci) - da-^ dbi + e«i ebi

tti bi - Ci

«! —bi -Ci

This determinant involves the coefficients of the first equa-

tion in the second degree, aad the coefficients of the second

equation in the fourth degree, as it should do ; whence no

extraneous factor enters this form of the resultant.

We now proceed to the general case of two equations of the

w** and w* degrees.

Let the equations be

<j) (x) = «„«" + ttix'"-^ + a^x'^-^ + . . . + Um = 0,

iP (x) ^ b^ + Si«"-' + b.^"-"" + . . . + 5„ = 0,

2 A
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where m>n; and let the second equation be multiplied by a!*""".

We have then

Jo*"* + 6i»'"-i + biX""^ + . . . + J„®'"-" = 0,

an equation of the same degree as the first. This equation has,

however, in addition to the n roots of >p {x) = 0, m-n zero roots

;

so that we must be on our guard lest the factor am""" (i-e. the

result of substituting these roots in ^ (a-) ) enter the form of the

resultant obtained. From these two equations we derive, as in

the above case— (1), the following n equations :

—

flo ttix^'^ + a^x™''^ + ... + «,„

6„ h^x^-'^ + hx"^-"- + . . . + h^x"'

a^x + ffi ajK*""* + as*""' +... + «„

h^ + 6i J^a;"'-^ + iaa;"'-^ + . . . + 6„!B'"

+ ««,

i„,««-i + 6,a;"-' + . . . + 6„.i

which, when rendered integral, are all of the (m-l)"' degree;

whence, eliminating a;™"', x'^''^, ... a; as independent quantities

between these n and the m - n equations

;"-' + 6ia;"»-' + ^ij*"-' + . . .
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If R be the resultant of two equations, (x) - 0,\p {x) = 0,

whose degrees are both equal to m, the resultant B' of the system

A^ (») + flip (x) = 0, X'^ («) + n'^p (x) =

is {\f/
- X'/i)'»i2

;

for each of the minors {arbg), which in Bezout's method con-

stitute the determinant form of R, becomes in this case

\ar + flbr, Xttr+flbr
= (kfi - X'fi) {ttr bs)

;

Xas + fibs, Xus + n'ba

whence R' = (Aju' - X'fi)"'R, since 22 is a determinant of

order m.

155. Other methods of Elimination.—We conclude

the subject of Elimination with an account of a method which

is often employed, but which has the disadvantage, when
applied to equations of higher degree than the second, of giving

the resultant multiplied by extraneous factors. The process

about to be explained is virtually equivalent to that usually

described as the method of the greatest common measure.

In forming by this method the resultant of the two quadratic

equations

ax'^ + bx + c ^ 0, «!«' + biX + Cj = 0,

we multiply these equations successively by

fli and a, Ci and c,

and subtract the products so formed. We thus find the two

linear equations

(abi) X + (rtCi) = 0,

(aci) X + (6c,) = ;

from which, eliminating x, we have

(acj)" - (aJi) (6ci) = 0.

As the degree of this expression is four, and its weight four,

it can contain no extraneous factor, and is a correct form for the

resultant.

To form by the same process the resultant of the cubic

equations

ax^ + bx^ + ex + d = 0, a^oi? + b^x^ + c-^x + (/i = 0,

2 A 2
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we multiply these equations successively by a^ and a, di and d,

and subtract eacli time the products so formed. We have then

(abi) x^ + (aci) x + {ad^ = 0,

(1)

(arfi) a? + (&(i?i) « + {cd^ = 0.

Now, eliminating x between these two quadratics by means

of the formula above obtained, we find for their resultant

[ab^ [ad^]

{adi) {cdi)

{abi) [aci)

[ad,] [hd,]

(aci) {ad^

{bd,) (cd,)

an expression whose degree is 8 and weight 12, in place of

degree 6 and weight 9 ; whence it appears that it ought to be

divisible by a factor whose degree is 2 and weight 3. This

factor must therefore be of the form / (bci) + m [adi). We pro-

ceed now to show that it is [adi] ; and to find the quotient when

this factor is removed.

For this purpose, retaining only the terms which do not

directly involve (adi), we have

{abi) {cdi)
[
{abi) {cdi) + {ca^ {bd-^

}

,

which is divisible by {adi), since

{bCi){adi) + {ca^{bdi) + {abi) {cdi) =0-

Expanding the determinants, and dividing off by {adi), we

find ultimately the quotient

{adif - 2 {abi) {cdi) {adi) + [bdi) {cai) {adi)

, + [caif {cdi) + {abi) {bdiY - {abi) {bci) {dci),

which, being of the proper degree and weight, is the resultant.

If we proceed in a similar manner to form the resultant of

two biquadratic equations, by reducing the process to an elimi-

nation between two cubic equations, we shall have to remove an

extraneous factor of the fourth degree, which is the condition

that these cubics should have a common factor when the bi-

quadratics from which they are derived have not necessarily a

common factor ; and in general, if we seek by this method the

resultant of two equations of the w"' degree, eliminating between

two equations of the (« - 1)** degree, we shall have to remove
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an extraneous factor of the order 2m - 4. This method there-

fore is inferior to all the preceding methods ; and it cannot be

conveniently used except when, from the nature of the investi-

gation, extraneous factors can be easily removed.

156. Discriminants.—The discriminant of an equation

involving a single unknown is the simplest function of the

coefficients, in a rational and integral form, whose vanishing

expresses the condition for equal roots. We have had examples

of such functions in Arts. 43 and 68. We proceed to show

that they come under eliminants as particular cases. If an

equation f[x) = has a double root, this root must occur once

in the equation /'(«) = ; and subtracting 9'f'{x) from nf[x), the

same root must occur in the equation nf{x) - xf'ix) = 0.

This is an equation of the {n - l)"" degree in x; and by

eliminating x between it and the equation /'(«) = 0, which is

also of the [n — Vf^ degree, we obtain a function of the coeffi-

cients whose vanishing expresses the condition for equal roots.

The degree of this eliminant in the coefficients of /(«•) is 2 (w - 1);

and its weight is n (n - 1), as may be seen by examining the

specimen terms given in section (1), Art. 151. Expressed as a

symmetric function of the roots of the given equation, the

discriminant will be the product of all the differences in the

lowest power which can be expressed in a rational form in

terms of the coefficients. Now the product of the squares of

the differences U (ai - 02)^ can be so expressed ; and since it is

of the 2 (re - 1)"' degree in any one root, and of the n{n - 1)**

degree in all the roots, it follows that the discriminant multi-

plied by a numerical factor is equal to ao"-"'''> 11 (oj- 02)^-

If the function /(a;) be made homogeneous by the introduc-

tion of a second variable y, the two functions whose resultant is

the discriminant of /(x) are the differential coefficients of f{x)

with regard to x and t/ respectively. In the same way, in

general, the discriminant of a function homogeneous in any

number n of variables is the result of eliminating the variables

from the n equations obtained by differentiating with regard to

each variable in turn.
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Examples.

1. Find the diBoriminant of

atjX^ + Sdia;^ + Za^x + Us = 0.

We have here to find the eliminant of the two equations

Bo*' + 2aia: + az = 0,

ayx^ + 2«2* + 03 = 0.

The condition for a common root is, by Art. 149,

4 («o«3 - Oi^) (aiCa - «2') - (ao'i'3 - a\.a%f = 0.

The function of the coefficients here obtained is therefore the discriminant,

which may also be written in the form of a determinant, as follows, by Art. 153 :

aa 2ai Oi

Ho 2ai 82

«i 2a2 83

81 2aj «3

It can be easily verified that this value of the discriminant is the same as that

already obtained in Art. 42.

2. Express as a determinant the discriminant of the biquadratic

«oa:* + 48i3^ + 6823;'' + ia^x + 81 = 0.

We have here to eliminate x from the equations

aox'^ + Zaix' + 8822; + 83 = 0,

«ia;' + ZaiX^ + 8833; + 84 = 0.

By the method of Art. 153 the resultant is

80
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4. Prove that the discriminant, Am, of the equation

TI= ax'" + iy'" + cz"> = 0,

where x + y + z = 0,

may be obtained by rendering rational, in the form A™ = 0, the equation

1 1 1

{ic)m-i + (ca)"!-! + (a4)m-i =
;

and calculate in particular the values of A3, A4, A5.

When z is replaced by its value from « + y + 2 s the given function U contains

two variables, and the discriminant is obtained by eliminating x and y from

— = and -— = 0.
ax ay

6. Prove by elimination that / = is one condition for the equality of three

roots of the biquadratic of Ex. 2.

Since the triple root must be a double root of

Vs = aox^ + Saix'' + Za^x + «3 = 0,

and therefore a single root of ai»' + ZaiX + 03 = ; and since it must also be a

single root of

Ui = aox^ + 2axx + aj = 0,

it follows from the identity

Pi = x''U2 + ix (aia;' + 2«2« + «3) + «2a:^ + 2a3a; + 04

that the triple root must be a root common to the three equations

oi^ + laix + «2 = 0,

a\3? + luiX + «3 = 0,

UiX^ + 1a^ + 04 = 0.

Hence the condition

«0
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157. Determination of a Root common to two

Equations.—If B be the resultant of two equations

U = UmX'^ + Um-i a;""^ + . . . + «o = 0,

V^bnOf +5„-i«"-' + ... + 6„ = 0,

and a any common root, then

dR dR dR

_ dtti _ ctei da^ _ „

'"^dWlR^dR"
dao dtti dai

To prove this we iirst show that functions ^ («) and -^ (a)

can be obtained such that R = Ucp (») + Vip («), namely, when

Z7and V are multiplied by (p{x) and ^{co), respectively, and

added, all terms involving x vanish identically. Take, for

example, the form of R given for two functions of the 4"^ and
3'^'^ degrees, respectively, in Ex. 2, Art. 153. Multiply the

second column by x, the third by x'^, &c., and add to the first

column, thus obtaining U, x U, x^ U, V, x V, »' V, x^ Vior the con-

stituents of the first column. The determinant when expanded

takes then the form V'<p{x) + Vip{x), where is a quadratic

function, and \p a cubic function of x. This mode of proof can

be applied to any two functions ; and it will be observed in the

general case that ^ and \p are of the degrees w - 1 and m - 1,

respectively, the degrees of U and V being m and n. We have

therefore

R ^ 17(1, + Vxp ;

whence
dR ^ ^dd) ^d\L

dap dap dop

dR ^^ d(h „ d4i

aap^i (tdp^i ddp^i

and when a is a common root of the equations U= 0, and F= 0,

we have, substituting this value for x in the preceding equations,

dR _ dR

which proves the proposition.
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A double root of an equation can be determined in a similar

manner by differentiating the discriminant A.

When the equations U = and F = have two roots com-

mon, the first differential coefficients of R with regard to a^,

Op+i, &c., vanish identically, and it is necessary to proceed to a

second differentiation. In this case the common roots are given

as the roots of the quadratic equation

(t(Zp (XCtp (tilp^i (XC(p^\

as is easily seen by differentiating the value of R above given,

when the first member of the equation last written is found to

be equal to

dttp dapdap+i da^^i j \da/ dapdup+i dup^.^)

and must therefore vanish when either of the common roots is

substituted for x.

A similar process will apply 'if there are three or more

common roots.

158. Symmetric Functions of tbe Roots of two
Equations.—If it be required to calculate a symmetric func-

tion involving the roots oi, a^, 03, . . . a„, of the equation

<l,{x) = «„«•" + «i«"-i + ctiX""-^ +... + «„ = 0, (1)

along with the roots /3i, /^z, /Ss, . . • fin, of the equation

^ {y) - 6o2/" + 5ir-' + hif-' + . . . + J„ = 0, (2)

we proceed as follows :

—

Assume a new variable t connected with x and y by the

equation

t ^Xx + fiy;

and let y be eliminated by means of this equation from (2). The

result is an equation of the w* degree in x whose coefficients

involve A, n, and t in the «*'' power. Now let x be eliminated

by any of the preceding methods from this equation and (1).

We obtain an equation of the otw"' degree in t, whose roots are

the mn values of the expression \a + fi(5.
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If, now, it be required to calculate in terms of the coefficients

of <j> {x) and i// [y) any symmetric function such as Sa^ j3*, we

form the sum of the
( p + q'f^ powers of the roots of the equation

in t. We thus find the value of S (Xa + fi^Y*^ expressed in

terms of the original coefficients and the several powers of A

and 1.1. The coefficient of \^ fx^ in this expression will furnish

the required value of Sa^'jS* in terms of the coefficients of

^{x) and i//(y).

If it were required to calculate symmetric functions of the

roots of three equations, we should assume

t = \x + lllj + vz,

eliminate x, y, z, and proceed as before. This method therefore

applies whatever the number of equations ; and by making the

coefficients «r = &r = Cr, &c., we fall back on the symmetric

functions of the roots of a single equation already calculated.

The examples which follow are given to illustrate the

principles contained in the foregoing chapter.

Examples.

1 . Eliminate x from the equations

ax' + bx + c = 0,

^3 = 1.

Multiplying the first equation by x, we have, since x^ = 1,

bx'^ + CX+ a = Q;

and multiplying again by x, we have

ex' + ax + b = 0.

Eliminating a;' and x linearly from these three equations, the result is expressed

as a determinant
a b

= 0.

If the method of symmetric functions (Art. 150) be employed, and the roots of

the second equation substituted in the first, the resultant is obtained in the form

(« + S + c) (<j(i)2 + Sa + c) (aw + Ju" + o).
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2. Eliminate similarly x from the equations

«»* + 4a;' -^ cx^ + dx { e = 0,

«' = !.

The result is a ciroulant of the fifth order obtained by a process similar to that

of the last example. By aid of the method of symmetric functions the five factors

can be written down (cf . Ex. 33, p. 304). An analogous process may be applied in

general to two equations of this kind.

3. Apply the method of Art. 152 to find the conditions that the two oubics

<p (x) = ax'' + bx^ + ex + d = 0,

i/( {x) s a'x^ + b'x^ + c'x + d' =

should have two common roots.

When this is the case, identical results must be obtained by multiplying <p {x) by

the third factor of 1^(3;), and \p{x) by the third factor of </>(«). We have, therefore,

{\'x + ft) </) {x) = {\x + /J.) \f/{x),

where \, /x, \', n' are indeterminate quantities. This identity leads to the equations

A'a - \a' = 0,

\'b + /i'a — Kb' — na' = 0,

\'c + /i'b — Kc' — fib' = 0,

\'d + fi'c — \d' — ixc' = 0,

fji'd — fid' = 0.

Eliminating a', /t, A, fi. from every four of these, we obtain five determinants,

whose vanishing expresses the required conditions. There is a convenient notation

in use to express the result of eliminating from a number of equations of this kind.

In the present instance the vanishing of the five determinants is expressed as

follows :

—

a b e d

= 0,

the determinants being formed by omitting each column in turn.

i. Prove the identity

ao' o|3'+a'j8 P$' = {a$' - a'$y'.

a- 2aff S'2

a
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This appears by eliminating x and y from the equations

ax + ^y = 0, oix + ;8'«/ = ;

for from these equations we derive

[ax + j82/)3 = 0, [ax + Ry) {a'x + 0'y) = 0, {ax + fi'y)' = 0.

The determinant above written is the result of eliminating x", xy, and y^ from the

latter equations ; and this result must be a power of the determinant derived by

eliminating x, y from the linear equations.

5. Prove similarly

3a'/3

o'2;8 + 2aa'ff

3a'^$'

3a^2

2a/3;8' + a';82

2o';3/3' + cij3'2

3a';3'2

/3=/3'

m{a$'-a0)'^.

6. Prove the result of Ex. 13, p. 297, by eliminating A, /i, \', fi', from four

equations

Aa + A» „, \0 + fi .
a = -;

;, P = —— -, (SO.,
An + jU A'/3 + ^"

connecting the variables in homographio transformation.

7. Given
UsAu' + 2Siw + Cv"',

rsA'u^+ •lB'm+ CV,

« = ax'^ + Ihxy + cy^,

4) = «V + 2i'a;y + c^^

determine the resultant of TJ and F considered as functions of x, y.

Since

U=A{u- av){u- fiv),

V = A'{u - a'v){u ~ 0v),

if Z7and F vanish for common values of x, y, some pair of factors, as « - ow and
u - a'v, must vanish ; whence forming the resultant oi u - av and « - a'v, and
representing the resultant of « and « by E [u, v), we have

£(u~av, u - a'v) = {a - a'f S (u, v)
;

and multiplying all these resultants together, we find

iJ
(
U„ V,) = A^A'^ [a - a'Y {$ - ffY {a - fff [0 - „')! {S(^u, «) }\

or

HiV,, n)={R{U, V)}^M{u, v)}i.
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8. Prove that the equation whose roots are the difEerenees of the roots of a given

equation /(a;) = may be ohtained hy eliminating x from the equations

f{x) = 0, f[x) +f"{x)^ +f{x) ^-^ + &c. =
;

and determine the degree of the equation in y (of. Art. 44).

9. Eliminate x, y, z from the equations

» + y + z = 0,

mjz + hzx + cxy — 0,

ay^^ + bz^x' + cx^y'^ = 0.

Taking the first two equations along with an assumed linear equation with

arbitrary coefficients, viz.,

Aa; + /HI/ + w = ;

and eliminating x, y, z, we easily obtain

a\''+bfi.' + cv'' + [a-b-c)fiv+(b-c-a)v\ + {e-a-b)\/i. = 0, (1)

which must be equivalent to the equation

{\Xi + fiyi + i/zi) {\xi + /iy2 + pzi) = 0, (2)

where xi, y\, «i, x%, yi, a are the two systems of values of x, y, z common to the

first two of the given equations. Substituting these values in the third of the

given equations, we have

M = (ay-? Z-? 4 bz-? x-? + ex-? y?) {ayi z^ + Iz^ Xi' + ctb" y?) ;

and reducing this value of i2 by means of the symmetric functions determined by

the comparison of the equations (1) and (2), we find

4JJ = ip^q, + j2 + llpr,

where ^ = a^ + S' + c''' - Ibo — lea - lab,

q = abe{a + i + c),

r = a^ Pe'.

10. If TT, V, WsiTB three given functions of x of the degrees m, n, m + n- 1,

respectively, prove that an identical relation exists of the form

SW= Uip{x) + V^(x),

where ^ («) and i(/ (a;) are functions to be determined, of the degrees « - 1 and m -
1

,

respectively, and E is the resultant of V and V.

11. Verify the results of Ai-t. 157 by differentiating the value of R given in

Art. 160.



CHAPTER XV.

COVARIANTS AND INVARIANTS.

159. Definitions.—In this and the following chapters the

notation

(«(,, «!, a^, .. . an) (», y)"

will be employed to represent the quantic

a homogeneous function of x and y, written with binomial co-

efficients. If we put 2/= 1, this quantic becomes Z7„ of Art. 35.

Let ^ be a seminvariant, that is, a rational, integral, and

homogeneous symmetric function, of the order zs, of the roots

ai, 02, 03, . . . On of the equation Vn = (ao, ffi, Ui . . . an) {x, 1)" = 0,

this function involving only the differences of the roots (see

Art. 147) ; then if

1 1 1

ai — X Ui — x' dn — X

be substituted for oj, oj, . . . a„, respectively, the result multi-

plied by Tin" (to remove fractions) is a covariant of Z7„ if it

involves x, and an invariant if it does not involve x.

From this definition of an invariant we may infer at once

that

^o"^ («1) «2> O3, . . . o„)

is an invariant of Un when <^ is composed of a number of terms

of the same type, each of which involves all the roots, and each

root in the same degree ct.
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These definitions may be extended to the case where ^ (the

function of differences) involves symmetrically the roots of

several equations Up =0, Uq= 0, Ur = 0, &c., the roots of these

equations entering in the orders ra, w', zs", &o. . . . respectively.

We may substitute for each root a, as before, and remove
a ~ X

fractions by the multiplier Up" U/Ur"". . . . &c. If the result

involves the variable x, we obtain a covariant of the system of

quantics Up, Uq, Ur, &c. ; and if it does not, ^ is an invariant

of the system.

160. Formation of Covariants and Invariants.—We
proceed now to show how the foregoing transformations may
be conveniently efEeeted, and covariants and invariants calcu-

lated in terms of the coefficients. With this object, let the

seminvariant be expressed in terms of the coefficients as

follows :

—

ao"^ (oi, 02, . . . an) = F{ao, «i, Uz, . . . ttn).

Now, changing the roots into their reciprocals, and conse-

quently ffo into ttn, &c., Ur into a^^, &c. (that is, giving the

suffixes their complementary values), we have

ao^-ipiai, Oi, . . . On) = F{a„, a„.], . . . «„),

where -i/- is an integral symmetric function of the roots, and
F the corresponding value in terms of the coefficients. This

function is called the source* of the covariant derived therefrom.

Again, substituting ai-x, ai-x, . . . a„-x for oi, oz, . . . a„,

and consequently Ur, &o., for cir, &o. (see Art. 35), we find

Wo"!/' {ai-X,a2-X,...an-x)=F{ Un, U„^i, ... U, Uo)

.

Thus, by two steps we derive a covariant from a function

of the differences, and find at the same time its equivalent

calculated in terms of the coefficients.

To illustrate this mode of procedure we take the example in

the case of the cubic

«o'S(a-/3)' = 18(ai'-ao«2);

* This term was introduced by Mr. Roberts.
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whence, changing the roots into their reciprocals, and Ot,, di, a^, (h

into fla, tti, fli, flo) "we have

«o'2a' (j3 - yY = 18 («2'- fflsai).

Again, changing a, (3, y into a - x, (i - x, y - x, and aj, ^2, as

into ?7i, Z72, C^3) respectively, we find

ao'^ifd - yY {x - aY = 18 {U./ - U,U,).

The second member of this equation hecomes when expanded

Ui JJi - TJi = {ar,ai - ai) x^ + (floSa - aiCti) « + (ai«3 - al)

This covariant is called the Hessian of Uz. We refer to it

as Hx, since H is its leading coefficient.

As a second example we take the following function of the

quartic :

—

«o' S 03 - 7)'^(a - g)^ = 24 (aoffl4 - 4«ia3 + ^ai) ; (1)

whence, changing the roots into their reciprocals, and flo, «i, «2) flJs, <5!4

into ffj, Chi «s> «i) fi^o, we have

«o' S (7 - /3)'(S - a)' = 24 (flJiffo - 4a3ai + Saj')

•

These transformations, therefore, do not alter equation (1) :

again, since in this case ip (a, /3, 7, S) is a function of the diffe-

rences of the roots, i// is unchanged when a-x, ^-x, &c. . . .

,

are substituted for a, j3, 7, 8. We infer that flo«4 - 4fl!ifi!3 ^• 3a2^

is an invariant of the quartic Ui.

We observe also, in accordance with what was stated in

Art. 159, since

^ - (/3 - 7r(a - sr + (7 - «)^(i3 - sr + (a - jsr (7 - sr,

that any one of the three terms of which is made up involves

each of the roots in the degree ot, which is here equal to 2.

In a similar manner it may be shown that

«„M(7-°)(/3-8)-(a-/3)(7-g)}{(a-/3)(7-g)-(j3-7)(a-S))

x{0-7)(a-S)-(7-„)(j3-8))

= - 432 (ao«2fi!4 + 2aia2a3 - aoKa^ - ai^«4 - a^^)

is an invariant of the quartic.
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There is no difficulty in determining in any particular case

whether ^ leads to an invariant or oovariant, for if leads to an

invariant, ^ = ±\p, that is ^ is unchanged (except in sign, when

its type-term is the product of an odd number of differences of

the roots, i.e. when its weight is odd) when for the roots their

reciprocals are substituted, and fractions removed by the simplest

multiplier (010303 . . . an)". An invariant whose weight is odd is

called a skew invariant.

161. Properties of Covariants and Invariants.—
Since is a homogeneous function of the roots, the covariant

derived from it may be written under the form

x" \ai — x ai~x a„-x

where w is the order, and k the weight of ^.

Also, as is a function of the differences, we may add 1 to
/ft Q

each constituent such as , thus obtaining

—

—. Again,

multiplying each constituent by x, the covariant becomes

U"
f

ajX a^X OnX

x''" '^\oi-a;' 02- x' ' ' '

an — x_

Employing now the notation x', o/, a/, &c., for the recipro-

cals of X, oi, 02, &c. ; and denoting by U' the function whose

roots are a/, a%, . . . a/, viz.

U' = a„a!'" + nttn-ix'"^'- + &c., . . . + naix' + «o = ;

1 -OrX
smce —

;

>
= ,

ttr — X Or — X

and Z7= a„a;« {x' - a,') {x - a/) {x' - a„') = «" TJ',

the covariant above written is easily reduced to the form

(- 1)«^-2.J^'.^ /_!_ _J_ .... -)—-\
Voi-a? a% - X an - X J

r I J

whence it is proved that the covariant is unaltered when for

X, ai, 02, . . . . a„ their reciprocals are substituted, and the result

' 2 B
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multiplied by (- 1)" a;""'-''' . This transformation changes ttr into

«„_r, that is, each coefficient into the coefficient with comple-

mentary suffix.

Now if any covariant whose degree is m be written in the

form
{Bo,B„B„...B,„){x,lY; (1)

changing «0) (ti, ... «„, x, into ««, a'n-i, • . ffo, -, we have
X

another form for this covariant, namely,

and as this form is an integral function of x of the same type

as (1), we have, by comparing the two forms,

thus determining the degree of the covariant in terms of the order

and weight of the function (^, and showing that the conjugate

coefficients ({. e. those equally removed from the extremes) are

related in the following way :

—

If F (flJo, «i, ff2, . . • «k) ie any coefficient of the covariant,

{-1)" F{a^, a„-i, an-2, . . . «o) is its conjugate.

This property is characteristic of covariants, and is not

possessed by semicovariants, although the two classes of func

tions agree in the mode of formation by the operator D as will

appear in the Article which follows (cf. Art. 147).

From the expression for the degree of a covariant in terms

of w and k, namely mct - 2k, we may draw the following

important inferences :

—

(1). If ao" (j) is an invariant, nts = 2k.

For, in this case ^ and ^ are the same function, and conseT

quently their weights k and nzs - k also the same.

(2). All the invariants of quantics of odd degrees are of even

order.

For if n be odd, it is plain from the equation nw = 2k that

•ss must be even, and k a multiple of n.
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(3). All covariants of quantics of even degrees are of even

degrees.

For in this case wot - 2(c is even.

(4). Covariants of quantics of odd degrees are of odd or even

degree according as the order of their coefficients is odd or even.

(5). The resultant of two covariants is always of an even degree

in the coefficients of the original quanfic.

For, the degree of the resultant expressed in terms of the

orders and weights of the covariants is

w (wot' - 2k') + ot' (wot - 2k) 3 2 (wwot' - otk' - ot'ic) .

162. Formation of Covariants by tbe Operator D.—
From Art. 147 we infer that the expansion of F{ Un, Un-i, ...Vo)

may be expressed by means of the Differential Oaloulus in the

form

F, + xDFo +^B'Fo + ... + ^-^ -^ ]yF, + ...,

where Fo is the result of making x = in F{U„, Un-i, . . . Uo),

VIZ.

Fo = F{a„, Un-i, . . . flJo),

and D^tto-r + ^"i-r + oa^-r- + . . . + ««. i-— •

flfli da^ aaa da^

In forming a oovariant by this process, the source Fo with

which we set out is altered by the successive operations D, each

operation reducing the weight by one, till we arrive at the

original function F{ao, ai, . . . «„) from which the source was

formed. Since this is a function of the differences, the ex-

pression resulting from the next operation -D vanishes, and the

oovariant is completely formed. The corresponding operations

^ on the symmetric function ^ have the effect of reducing the

degree in the roots by one each step, the final symmetric function

containing the differences only. Thus by successive operations

we obtain two expressions for a covariant—one in terms of the

roots, and the other in terms of the coefficients.

2 B 2
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The degree m of tlie covariant is plainly equal to the number

of times S operates in reducing ipo to ^, i. e. equal to the difference

of the weights of the extreme coefficients. And since

, , V A 1 l\

the weight of ipo is nzs - k, where k is the weight of (ai, 02, . . . a„) j

hence the degree of the covariant whose leading coefficient is

flo"^ is nzj - 2k, the same value as before obtained. We add

some simple examples in illustration of this method.

Examples.

1. Form the Hessian of the cubic

«oa:' + Zaix^ + Zaix + «3 = 0.

Taking the function M = ao«3 - «iS we find, as in Art. 160,

Bo=2a^(/3 - 7)2 = 18{ai^ - aids).

Operating on the left-hand side by S, and on the right-hand side by D, we obtain

- (i(i'22o (/3 - 7)' = 18 {aiUi - aooa)

;

and operating in the same way again,

ao^22(/3 - 7)2= 36 [ai'- Ooat).

The next operation causes both sides of the equation to vanish. Hence the-

required covariant is, as in Art. 160,

(aiSs - 02') + (ao«3 - aitti) x + (rtoaa - ai') x^.

We find at the same time the corresponding expression ia terms of x and the-

roots.

2. Form the Hessian of the biquadratic

aox* + iaix^ + 6aax^ + iaix + 04 = 0.

The covariant whose leading coefficient ia Ss aoaz - «i' is called the Hessian

of the biquadratic. Its degree is i, since w = 2, and k = 2 ; and .-. nzs -2k = i.

Changing the coefficients into their complemeutaries, the source of the covariant is

ffli«2 — «3^ and we easUy find

Bz = («o«2 - a\^)x* + 2 (ao«3 - aiflzja;' + (aooi + 2«ia3 - 3a2'')x^

+ 2 {aiUi - ata3)x + (ajai - aj').
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3. Form for a cubic a covariaut whose leading coefficient is the semi-

invariant G.

Changing the coefficients in G into their complementaries, we get the source

a^oa — Za^aiai + 2ai^, and operating with D we easily obtain the covariant in the

following form :

—

(as'flo — ZaiOiUi + 202') + 3 (asazi^o + Oj'ai — la^ai^) x

— 3 (ao3i«s + ai'»2 - iaoat'^) x^ - {ao^az - 3«o«i«2 + 2<Ji') sfl.

In this the conjugate coefficients (see Art. 161) differ in sign as well as in the

interchange of complementaries, the weight of G being odd. The student will

have no difficulty in expressing this covariant in terms of x and the roots by the

aid of the value of G given in Ex. 15, Art. 27.

163. Theorem.—Any function of the differences of the roots

of a covariant or semicovariant is a function of the differences of

ike roots of the original equation.

Let the covariant or semicovariant be

<t> {^) = (* - Pi) {<« - P2) • • • i?> - Pp)-

Since is a function of the differences of x, ai, a^, . . . a„,

we have

and substituting in this identical equation each root pi, pi, &c.

in succession, we easily prove Spi + 1 = 0, Sp2+1=0, ...Spj + 1 = 0,

&o. ; whence
S ipj - Ph) = 0,

which proves the theorem.

In the preceding pages many instances have been given in

which the roots of covariants or semicovariants are expressed

in terms of the roots of the original equation ; and the student

will easily verify that the result of the operation of S on any

fiuch expression is -1. The roots of the covariants in Exs. 1

and 3 of the preceding Article are given in Ex. 25., p. 57, and

Ex. 13, p. 88, respectively ; and roots of semicovariants will be

found in Exs. 10, 11, p. 87, and Exs. 12, 14, p. 88.

The theorem here proved is clearly true also for any

function of the differences of the roots of two or more cova-

riants or semicovariants.
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164. Homographic Transformation applied to the

Theory of Covariants.—Hitherto we have discussed the

theory of covariants and invariants through the medium of the

roots of equations. We proceed now to give some account of a

difPerent and more general mode of treatment, by means of

which this theory may be extended to quantics homogeneous

in more than two Variables, such as present themselves in the

numerous important geometrical applications of the theory.

Although this enlarged view of the subject does not come

within the scope of the present work, we think it desirable ta

show the connexion between the method of treatment we have

adopted and the more general method referred to. With this^

object we give in the present Article two important propo-

sitions.

Pkop. I.

—

Let any quantic Un he transformed hy the homo-

graphic transformation

_\x' + fl

AX + fX

if I and I' be corresponding invariants of the two forms, we have

I'={\fi'-X'lj.YI.

To prove this, let

I = ao'S (ai - a-,Y{a2 - a^Y . . . (ai - a„)^

each root entering in the degree ot.

Now, transforming the similar value of /', since x' = ^

—

rr>\- AX
we have

, _ , _ (Xfi - X'fx) {ap - og)

"^ "^^ {\-X'ap){X-\\)'

Again, transforming Un, and rendering the result integral,

JTn takes the form

Oo {x' - a() {x - Oi) . ..{x'- an),

where
a; = «o (X - A'aO (X - X'a,) ... (X - X'«„)

;
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making these substitutions for all the differences, and for a^,

the denominators of the fractions which enter by the transfor-

mation disappear ; and we have, finally,

i'=(Aju'-X»<7.

Prop. II.

—

If ^ {x) be a covariant of the qiiantic Un, the neio

value of(j>{x), after hotnographic transformation, is {when rendered

integral)

{Xfi'-X'fiYi,{x).

The proof is similar to that of the preceding proposition.

We have

(x) = Oo" S (ai - a^)" {a, - az)K . . . {x - a^Y {x-a^Y...,

this expression being obtained by substituting

X — ai, X — Ui, . . . X - On for tti, Ui, . . . ttn

in the source of the covariant (p {x) expressed in terms of the

roots. Now, transforming, as in the previous proposition, the

value of <j> (x) thus derived ; since the factors X-A'oi, X-X'oi, . .

.

all enter in the same degree zs in the denominator (for each root

enters the source in the degree ot), they will all be removed by

the multiplier ao'" , and the transformed value of <p (x) is

{\,.'-\'f.Y<p{x).

165. Reduction of Homograpbic Transformation to

a Double liinear Transformation.—With a view to this

reduction let the quantio be written under the homogeneous

form

fi {'ill ^ X

)

Un ^ aox" + wai«"-V + - , „ aix"-Y + ... + a„y"

;

. »,,. ,1. Xx + )x .

and, in place of puttmg as before x = y—,—r, and removing

, _ . , 11, * A*' + l^y' 1 '>'

fractions to make t/„ integral, let now - = -r-r-,
—

?-t, wnere -
^ y Xx+ixy y
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x'
and - are the variables in the ordinary sense. The transfor-

mation may therefore be reduced to a linear transformation of

both the variables x and y, and can be effected by substituting

in the original quantic for x and y, respectively,

\x' + fiy', XV + fi'y',

the introduction of fractions being in this way avoided.

Thus we pass from a homographic transformation of

functions of a single variable to the linear transformation of

homogeneous functions of two variables.

The determinant \fi - \'fi, whose constituents are the coef-

ficients which enter into the transformation, is called the modulus

of transformation.

"We are now enabled to restate Propositions I. and II. of

Art. 164, in the following way :

—

Prop. I.

—

An invariant is a function of the coefficients of a

quantic, such that when the quantic is transformed by linear trans-

formation of the variables, the same function of the new coefficients is

equal to the originalfunction multiplied by a power of the modulus

of transformation.

Prop. II.

—

A covariant is a function of the coefficients of a

quantic, and also of the variables, such that when the quantic is

transformed by linear transformation, the samefunction of the new

variables and coefficients is equal to the originalfunction multiplied

by a power of the modulus of transformation.

The definitions contained in the preceding propositions are

plainly applicable to quantios homogeneous in any number of

variables, and form the basis of the more extended theory of

covariants and invariants referred to in the preceding Article.

We give among the following examples an application in the

case of a quantic involving three variables.
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Examples.

1. Performing the linear transformation

ax"' + 2bxy + cy' = AX" + 2BXY + GT\

AC-B-' = (Ajui - Aim)" («« - *")•

2. Performing the same transformation, if

(«, h, e, d, e){x, y)4 = [A, B, G, D, E) [X, Tf,

AE - iBD + 3C' = (A/ii - KwYiae - ibd + Sc').

3. Performing the same transformation, if

<m;2 + 2bxy + cf = AX' + 2BXr+ CT',

aix^ + 2bixy + ciy2 = AiX^ + 2BiXY + d Y\

ACi + AiC - 2BBi = (Ami - Aim)" («"! + «i« - 25ii}.

This follows from Ex. 1, applied to the quadratic forms

{a + icai]x^ + 2{b + Kbi)x!/+{c + KCi)y'^=iA + KAi)X:'+2{B + KBi)Xr+{G+KCi)r-

by comparing the coefficients of k on both sides.

Whence we may infer that, if two quadratics determine a harmonic system, the

new quadratics obtained by linear transformation also form an harmonic system

.

For their roots being a, y3 and ai, ;8i, we have

««i { (a - ai) (/3 - (8i) + (o - i8i) (3 - ai) } = 2 (aci + aiC - 2Mi).

4. If the homogeneous quadratic function of three variables

ax^ + by^ + m' + 2fyz + 2gzx + 2hxy

if

prove that

prove that

and

prove that

be transformed into
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This is easily verified by multiplying the proposed determinant of the original

coefficients twice in succession by the modulus of transformation written in the

form
Ai M As

Ml M2 i"3

VI Vl Vi

and comparing the constituents of the resulting determinant with the expanded

values of the coefficients of Z^ F", &c., in the new form.

It appears therefore that the determinant here treated is an invariant of the

given function of three variables.

166. Properties of Covariants derived from Kiinear

Transformation.—We proceed now to show, taking the

second proposition of Art. 165 as the definition of a covariant,

that the law of derivation of the coefficients given in Art. 162

immediately follows : that is, given any one coefficient, all the rest

may he determined.

For this purpose, performing the linear transformation

x^X+hT, y = OX + F,

whose modulus is unity, the quantic

(«o, «i, «2, • • . an) (x, ijY becomes (^o, ^i, Ai, . . . A„) {X, F)",

where

Ao = Ko, Ai = ai + aji. Ai = a2 + 2aih + a,A^ &c. (See Art. 35.)

Now, if ^ (fl-o, «i, 02, . . . an, X, y) he any covariant of this

quantic, we have by the definition

^ (ao, fli, as, . . . an, x, y) = ^ {A^, Ai, A^, . . . An, X, T),

or

^ («o, «i, fl2, . . . an, x,y)s(j, {Ao, A„ A^, . . . An, x-hy, y).

Expanding the second member of this equation, and eon-

fining our attention to the terms which multiply h ; observing

also that —r~ = rar-i when terms are omitted which would be
dh

multiplied in the result by A', A', &c., we have

+ '^(-2/2+-O^)+^'(
j
+ &c. ...-^,
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which must hold whatever value h may have ; hence

<te dtti da^ dttz da„' ^
'

and, euhstituting for (j> the value

we have

mB^'^-^y + m{m- 1) B^x'^'^y'' + . . . + mBm-iV'"

= BB^"' + mDBiX"'-'y + . . . + DB^y'"
;

whence, comparing coefficients, we have the following equations

:

DBo = 0, DB, = Bo, DB, = 2B„...DB,„ = mB^.„

which determine the law of derivation of the coefficients from

the source B^ ; the leading coefficient Bo heing a function of

the differences, since J)Bo =-- 0.

The calculation of the coefficients is facilitated by the fol-

lowing theorem which has been proved already on different

principles :

—

Two coefficients of a eovariant equally removedfrom the extremes

become equal {plus or minus) when in either of them «o, fiSi, . . . «»

are replaced hy an, ««-!, . . . «o> respectively.

To prove this, let the quantic be transformed by the linear

substitution

X = OX + Z, y = X + OT, whose modulus = - 1

.

Thus

(ao, «i, a^,... «„) [x, yY = (a„, a^-i, an-i, . . . «o) (-X, F)»,

and, by definition, any eovariant

[an, Cln-U Ctn-i, • • • «o, X, Y) = (- 1)'= <p (flo, «!, «2 • ««, a", V)

= (- 1)" [oo, «!, tti, ... a„, Y, X) ;
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whence it follows that the coefEcients of the covariant equally

removed from the extremes are similar in form, and become

identical (except in sign when k is odd] when for the suffixes

their complementary values are substituted.

It is easily inferred in a similar manner that a covariant

satisfies the differential equation

ay da^i da^-i da,^ da^

as well as the equation (1) already given.

Again, if ^ (wo, a^, a^, .. . «„) be an invariant of the quantio,

the former transformation of the present Article gives, employ-

ing the definition of Art. 165,

^ («„, ffi, a^, . . . a-n) = ^ [A^, Ai, A^, . . . A„) ;

and proceeding as before, in the case of a covariant, we prove

that an invariant must satisfy both the differential equations

d<p dd, d(f) df
«o^ + 2(i(i -^ + 3ff3 -r^ + . . . +na„.i —=- = 0,

doi dUi da, dan

ttn~- + 2an-i -T^- + 3a„.2 -j^ + . . . + na^ ^i^ = 0,
aa„_i dUn-i da„.3 aa^

either of which may be regarded as contained in the other, since

if we make the linear transformation x = T, y = X (whose

modulus = - 1), we have from the definition of an invariant

^{a„, (7„.i, fl!„_2, ...«(,)=(- 1)" ^ ((?(,, tti, tti, . . . a„) ;

proving that an invariant is a function of the coefficients of a

quantio which does not alter (except in sign if the weight be

odd) when the coefficients are written in direct or reverse order.

The relation between invariants and seminvariants, cova-

riants and semicovariants, is now clear. Invariants of the

quantic [a^, Ui, . . . an) [x, i/)" satisfy both the difEerential equa-

tions last written, whereas seminvariants of (a,,, a^, . . . an){x, 1)"

satisfy only the first of these equations. In like manner
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semieovariants of {a^, a„ . . . a„) [x, 1)" satisfy only the first of

the differential equations (1) and (2) ahove written, whereas

both are satisfied by coyariants,

Having now explained the nature of Oovariants and Inva-

riants of quantics, and the connexion between the two modes in

which these functions may be discussed, we proceed to prove

certain propositions which are of wide application in the forma-

tion of the Oovariants and Invariants of quantics transformed

by a linear substitution. The student who is reading this sub-

ject for the first time may pass at once to the next chapter, where

the principles already explained are applied to the cases of the

quadratic, cubic, and quartic.

167. Prop. I.

—

Let any homogeneous quantic of the «'* degree

f[x, y) become F(X, Y) by the linear transformation

x = \X + fiY, y = \'X + ix'Y;

also let any function uofx,y become XTby the same transformation
;

'

then we have

(du_ _du\^pfdU _d_U\

where M is the modulus of transformation.

To prove this proposition, solving the equations

x==\X+nY, y^VX+fi'Y,
we have

MX = fi'x - fiy, MY =-\'x+\y;

whence

Again,

^^dX , ^,dX ^^dY ., ^.dY ,

dx ^ dy ^ dx dy

du_dUdX dVdY^l^^ ,dU dU\

dx
~ dXdx^ dY dx ' M\^ dX dYf

du_dUdX ^i^^±(_ ^ ^1E^
dy~ dXdy'^ dY dy~ M\ '^ dX^ dYJ'
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whicli equations may be put under the form

du_ (1 dU\ ( l_dU\

d^-\MdYJ^^\ MdXj'

^-vfl- ^\ '(- LIE
~d^~\MdY)^'^\ MdX

and since

/(AX +^iY, \'X + i/Y)^ F{X, Y),

. ^ •, T. . . 1 ^^ ^ 1 <^cr ...
changing X and r into -^^t and -^^j respectivelj,

the proposition is proved.

In an exactly similar manner, changing X and Y into

l__d_ 1 d

MdY' MdX'
it may he proved that

|. 'ly-A^- -Ay <^)

The results (1) and (2) may be applied to generate cova-

riants and invariants, as we proceed to show.

Suppose /(a;, y) and it to be covariants of any third quantic v,

where v may become identical with either as a particular case

;

also, denoting by Fc{X, Y) and Uc the same covariants ex-

pressed in terms of the X, Y variables and the new coefficients

of V after linear transformation, we have, by Prop. II., Art. 165,

the identical equations

MPF{X, Y) - Fe{X, F), and M^U^ U,;

whence, substituting from these equations in (1),

du du\ ^ (dVc dVc\

^'^U' dxj-^'UY' ~dx;

,, , „fdu du\ .

proving that / 1
j~» ~ T" ) ^^ ^ covariant of v.
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And in a similar manner it is proved from (2) that

dy' dxj

leads to an invariant or covariant of v, according as li, is of the

w'* or any higher order.

We add some applications of this method of forming inva-

riants and covariants.

Examples.

1. H -7-1 -
:r ''^ substituted for x and y in the quartic {a, b, o, d, e) {x, yY= V,

and the resulting operation performed on the quartio itself, show that the invariant

I is obtained.

We find

(d d\*— , -— ) U=iS{ae- ibd+Sc'^).
dy dxj

2. Prove, by performing the same operation on H:,,, the Hessian of the quartio

{see Ex. 2, Art. 162), that the inivariant / is obtained.

Here we find

(«, *, c, d, e) (—, -— ) Sx = 72 (ace + ihcd - ad'^ - eV^ - <?).
\dy dxl

3. Prove that

{a,b,c,d) (—, -— j (?«=-12(»«(?2-6afo(? + 4«c3 + 46'i?-3SV),

where Ox is the cubic covariant of the cubic {a, b, e, d){x, yY (see Ex. 3, Art. 162).

i. Find the value of

where u s [a, b, e, d) (x, y)'.

Ans. -dS^.

168. Pkop II.

—

If ^{fla, Ui, ttt, . . . ttn) he an invariant of the

form (fflo, «i, a^, . . an) {x, y)", and u any quantic of the rf^ or any

higher degree,

fd"u d"u d"u dy\

^\d^' dx''-'dy' duTHf' ' • • ' dy''

j

is an invariant or covariant of u. To prove this, let

x = XX+^Y, x=\X'+^lr,

y = yX^^'Y, y'^X'X'+fi'Y';
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and, transforming as in the last proposition,

d ,d ^, d ^, d

dx " dy dX dY'

also transforming u, we have 77= u; whence

and writing this equation when expanded under the form

(Z)„, D„ A, . . . Dn){X', Y')" = (d,, d„ d„... d,){x', y'Y,

we have, from the definition of an invariant,

(Do, D,, D„ . . . Bn) = Mi,p {d„ d„ d„... d„),

showing that ^ {d„, di, d^, ... d^ is an invariant or covariant.

When X, y, and x', y' are transformed similarly, as in the

present proposition, they are said to be eogredient variables.

The functions which occur in (1) are called emanants ; the

expression on the right-hand side of the equation being the

w'* emanant of u.

Examples.
1

.

Let the quadratic

Uf^x^ + 2aixy + azy'^ become A^^X^ + 2AiXT + AiT^.

We hare then, as in Ex. 1, Art. 165,

AoAi - Ai^ = M^ («o «2 - ai^).

Now since

xn'2E^ 2X'Y' ^!^+ r- '^ = .-^ + 2.y ^^y-^tl
dX'^ dXdT^ dY' dx^^ ^ dxdy^^ dy'^'

it follows from tie last result, considering X', T' and x', y' as variables, that

dX? dT' \dXdr) ~ [dx'' dy" \^^/ )'

This gives an invariant of a quadratic, and a covariant (called the Session) of

any higher quantic.

2. When « has the values

{«, i, c, d) {x, yf and {a, b, o, d, e) [x, yf,

what covariants are derived hy the process of the last example ?

(Cf. Exs. 1, 2, Art. 162.)

Arts. (1). [ao - V) x' -^ [ad- ho) xy + [hd - c') y".

(2). {ac - i^) a;4 + 2 [ad - be) x^y + [ae + Ibd - Zo') x' «/"

+ 2{be-cd)xy^ + {ce - (P) y«.
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169. Pkop. III.

—

If any invariant of the quantic in X, y,

U + k {xf - x'yY

be formed, the coefficients of the different powers ofk, regarded as

homogeneous functions of the variables x', y', are covariants of U.

For transforming TT by linear transformation, let

(«„, Ki, a^, ... an) {x, y)" = [A^; Ai, A^, . . . A„) (X, Y)";

also, if X, y and x\ y' be oogredient variables,

xy' - x'y = M.{XY' - X'Y).
Whence

(flo, «i, ff2, . . . «»)(», «/)" + k [xf - x'yY

becomes when transformed

{A„ A„ A,,... An) [X, F)» + kW- [XY' - XlYf ;

and forming any invariant f of both these forms, we have

{<!>, 0:, <^2, . . . ^p){l, k)P= M^i^, $„ $2, . . . *^)(1, MVc)P,

proving that

<f)r
= Ms ^r,

or that <f)r is a covariant.

When {xy' -xyY is replaced by (&„, 6i, h, . . . b„) [x, y)", we
have the following proposition which is established in a similar

manner :

—

If (f)
(flo, ai, tti, . . . ttn) be an invariant of[a^, Si, ffj, . . . a,^[x, y)^,

ell the coefficients ofk in

^ («„ + kb^, Oi + kbi, . . . an + kbn)

are invariants of the system of two quantics

(a„, fli, a^, ... an){x, y)", (6„, hi, b^, . . . bn) [x, yf

;

or, which is the same thing,

(bo-- + bi-T- + . . . + b„--] <^, &c., &c.,
\ da^ dax dan)

are invariants of the system.

If, further, ^ be replaced by a covariant, we may in like

manner generate new covariants ; and these results hold for

any number of quantics in any number of variables.

2 c
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170. Prop. IV.—If </> {x, y) and i// («, y) are homogeneous

quantics, the determinant

d<f> dcf)

dx dy

d\p dip

dx dy

is a covariant of these quantics.

For, transforming ^ and -p by the linear substitution

x = XX + fjLY, y = yX + n'Y,
we have

giving
$ (Z, ¥) = <{> {x, y), <Sr (X, Y)=i^ {x, y),
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are transformed by the same linear transformation as Xi, yi (see

Art. 167), we derive a series of symbols of differentiation, which

combined as above give the following :

—

d d d d\ f d d d d \ Q

dxx dyi dxi dyi)'
' '

' \dxp dy^ dx^ dy^f

These symbols may be denoted simply by (1, 2), . . . [p, q),

&c. ; and by their aid a complete calculus can be constructed

for deriving and comparing invariants and covariants. For

example, the Jacobian of ^, i^ may be written in the form

where ^i = <l>[xi, yi), ^p^ = \p{xi, y^),

the suffixes being omitted after the_, differentiation has been

performed. Similarly, expanding the symbolic form (1, 2)^^i^^2,

we obtain the covariant

^^ _ 2 -^ ^ ^'^^
dx^ dy^ dxdy dxdy dy^ dx^

'

the distinction between the variables being removed after the

differentiation has been performed.

In the investigation by this method of the invariants and

covariants of a single quantic, the result is obtained under the

symbolic form

(1, 2)« (2, 3)^ (3, 4)y ... [p, g)^ U.d.U, . . . UpU„

where Uj, for example, is used to denote the quantic obtained

by substituting xj and yj for x and y in U. If after this opera-

tion is performed x and y disappear, we have obtained an in-

variant ; and it is easy to see in this case that the figures

1, 2, 3, . . . p, q must all occur exactly n times in terms such as

{i,jY. For example, the formula

(1, 2)» U,U,

gives a series of binary invariants for all even quantios, the order

of the invariant in general being equal to the number of factors

Z7i, Cz, &c.

2 c 2
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It should be noticed that this interchange of variables may

be accomplished formally by means of a difEerential operator
;

for instance

x^ + y4^Uj = l.2.Z...nU, &o. &o.

The method here explained of forming invariants and co -

variants is due to Prof. Oayley.

We now conclude this chapter with some examples selected

to illustrate the foregoing theory. The student is referred for

further information on this subject to Salmon's Lessons Intro-

ductory to the Modern Higher Algebra; and to Olebsch's Theorie

Der Binaren Algehraischen Formen, where a symbolic method is

adopted throughout.

Examples.

1

.

The disoriminaut of any quantio is an inTariant.

2. The resultant of two quautios is an invariant of the system.

3. From the definitions, Art. 159, prove that aU the invariants of thequantio

U{xy' - x'y) are covariants of V, the variable being nd : y'

.

Hence derive the covariants of a cubic from the invariants of a quartio expressed

in terms of the roots.

4. If Ji, 1%, Iz, ... In be the same invariant for each of the quantics

<*(») <^(x) 4>(x) f<pM . ,
, , > • . • , of the order OT where ai, au, . . . an are the

He — ai X — az X — a3 x — an

roots of (p (x) = 0, prove that

"^llr'^ix - ar)"

is a covariant of <p {x).

For example, using Ji to denote the / invariant composed of the four roots

02, 03, 04, 05 (see Art. 160), with similar values for /z, Js, Ji, Js, we have the

following covariant of a quintic :

—

/i (» - ai)3 + /s (« - o2)H /a (a; - 03)' + /i (a; - Bi)3 + /j (» _ 05)3.



Examples. 389

and if

5. If ai, aj, as, ... On te the roots of the equation

(«o, Bi, «2, . . . On) (a-, 1)"= ;

V <t>i'Pi 'Pm = -f («0l *1) "2, • . . an),

where ^i, <^2, • . • 4>m are all the values of a rational and integral function of some

or all the roots ohtained by substitution, find the equation whose roots are the

m values of — , given S^(p = 0.

* Ans. F[Uo, Ui, Xli,... Tin) = 0.

6. Express the identical relation connecting three quadratics in terms of their

invariants.

Let C = fli a;* + 2bi xy + ei y'^,

V = a,x''+ 1l%xy \ ciy'^,

W= «3 a.^ + 2b3«y + c^y'^
;

multiplying together the two determinants

Bl Jl Cl

fl2 ^2 ^2

«3 hi "3

u2 - xy

Cl
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but from tke equations Ji3 = 0, and Jjs = 0, we find

a3 = K{a\hi), -2i3 = K(ci«2), C3 — K{b\ci);

whence
4 {as C3 - bs^) = k2{4 (bi S2)({i cj) - {d Ui)''],

or

J33 = k'I-Tii isa - /12'},

and reducing, when tt = 1, or W=J(V', V),

-{/(Z7, F)}'' = /22Z72-2/i2Z7F + JuF^

7. Determine the invariants of the quartio

M{x-nY + M{x-aiY + . . . 4 A„(a;-o»)*.

Ans. /= 2A.1 A2 (oi — m)*, /=2AiX2X3 V (ai, a2, 03),

where v (ai, 02, . . . or] represents the product of the squared differences of

01, 02, ... Or.

8. Prove that the condition that four roots of an equation of the «"' degree

should determine on a right line a harmonic system of points may be expressed

by equating to zero an invariant of the degree ^ (« - 1) (« - 2) (« — 3).

9. If ^ («o> «!,... I'll) be any seminvariant of the quantio (»(,, ai, . . . a„){x, 1)»

;

prove that -^ is also a seminvariant.

10. Prove that the seminvariants

Bi)«2 — aiS Oaai — iaiaa+Sai?, Ho-ai — Za^aiai + 2ai^,

of the quantic (aoi "1, 02, . . . »n) («, y)" give rise to covariants of the degrees

2« - 4, 2« - 8, 3m - 6.

11. Prove that the coefficient of the penultimate term in the equation of the

squares of the differences of any quantic leads to a covariant of that quantio of the

fourth degree in the variables.

12. Prove that the product of two covariants of the same quantio whose sources

are ^ and i|/ may be written under the form

^.j, + xD {<l>:f/) + ^—^ i)2
(<^>f-) + &c. . . .

Mr. M. Roberts.

13. Prove in particular that the m"' power of the quantic

(ao, "h «2, . . . On) {x, 1)"

may be represented by

a„- + xD {an"') +1^-0' («-"•) + YTYTs
^' ^"""'^ ^ *"

Mr. M. Uoberts.



Examples. 391

U. Prove from both definitions of a oovariant that any oovariant of a covariant

IS a covariant of the original quantic or quantics.

15. If oi, 02, . . . om, and ;3i, ^82,... 3„ be the roots of the equations

V={ao,ai,a%,...am)[x,\)'^ = (i, and r={ba,h,h,...bn){x,\)« = Q;

from the simplest function of the differences of their roots, viz., 2 (o;, — jSj), it is

required to derive a covariant of the system U and V.

This question will be solved if we express

ur% Op — 0q

{X - Op) {X - flj)

in terms of the coefficients of Caud V.

For this purpose we have

^ (x-op) [x- Pq}~ ^ x-a ^ x-$ ^ X- ^ x-a

and if XT and V be written as homogeneous functions of x and y,

s^ 1 ^ d\o^ _, g ^ _ tflog TT ^^ X- ay dx ' ^ x-ay dy '

"Whence, substituting these values in the last equation, we have

{x-apy)(x-Pqy) dx dy dy dx'

which is the Jaoohian of U and V. It should be noticed also that the leading

•coefficient of /{ U, V) is ao ii - ai *o.

16. Prove that the common factors of two quantics are double factors of their

Jacobian /(f, V), when the quantics are of the same degree «.

Let U=F(p, Y= Fif/, where P^lx +my. Forming J{U,V),we find part of

it divisible by P^, and the part which apparently has only P as a factor may be

written as follows (using Euler's theorem of homogeneous functions, and omitting a

numerical factor) :

—

(/^,/l)h'*_,/J)^(xf + yf)Lp-l'^),
\ dx dy/ \ dy dx j \ dx dy) \ dx dyj

and this is identical with (& + my) J{(p, \f/).

17. Prove that the 2(m-1) double factors of \V+ iiV, obtained hy varying

A and/4, are the factors of J{V, V), where fand Fare both of the «" degree.

1 8

.

Find the resultant of two cuhics TT and V by eliminating dialytically between

rr.o, F=o, EiE^^o, 'H^^o.
' ' dx dy



CHAPTER XVI.

COVAEIANTS AND INVARIANTS OF THE QUADKATIC, CUBIC,

AND QUARTIC.

172. The Quadratic.—The quadratic has only one in

riant, and no covariant other than the quadratic itself.

For, if a and j3 be the roots of the quadratic equation

V = ax^ + 2bx + c = 0,

the only functions of their difference which can lead to an inva-

riant or covariant are powers of a - j3 of the type (o- fiY^', the

odd powers of a - /3 not being expressible by the coefficients in

a rational form. Whence, expressing

\a - X p-xj

by the coefficients, we conclude that the quadratic has only the

one distinct invariant ac - V, and no covariant distinct from IT

itself.

173. The Cubic and its Covariants.—In the present

Article the covariants of the cubic will be discussed as examples

of the principles already explained, and in the following Article

the definite number of covariants and invariants will be deter-

mined.

In the case of the cubic a covariant is obtained from a

function of the differences of the roots most simply by sub-

stituting

j3y + ax., ya + (5x, aj3 + yx for -a, - /3, -y,

and thus avoiding fractions ; for, transforming a - /3, we have

1 1_ ^ - [I3y + ax) + {ya + (5x)
_

a - X (i- X {x - a] {x - j5){x - y)
'
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and when fractions are removed we arrive at the ahove trans-

formation (the order being equal to the weight in the case of

either function of the differences Hox O). This mode of trans-

forming functions of the differences will now be applied to the

covariants of the cubic.

(1). The Quadratic Covariant, or Hessian, Hx.

Transforming both sides of the equation

a^ (a + tDj3 + u)^j) [a + w^j5 + (07) = 9 (si^ - afttti),

we have

ffo' {(a+ wj3 + 0)^7) flJ+ jSy + (oya + w^a(3}

x[{a+ ft)^/3 + wy)x + (3y + 0)^70 + woj3} =9 (CT/- UiUi)

;

thus showing that

Lx + Li and Mx + Mi (See Art. 59.)

are the factors of

Hx = [a^tti - a^) x^ + (ff/1'3 - ffias) x + (ai«3 - a^),

where
Li,s^y + toya + to'aji, Mi=[3y + (o'ya + (oaj3.

From the form of the Hessian in terms of the roots in Art. 160,

or from the relations of Art. 43, we conclude that when a cubic

is a perfect cube, each of the coefficients of the Hessian vanishes

identically.

(2). The Cubic Covariant, Ox.

We have, as in Art. 59,

a^
{
(a + a)]3 + ui'y) ' + (a + tu^jS + W7)' } = - 27 {a^a^ + 2a^ - Za^a^a.^

.

Transforming both sides of this equation as before, we find

a,mLx + LiY + iMx+ Mif} =-27 {U'U, + 2V,'-3U'iU^U)

= 27Gx,

where Ox denotes the covariant formed from the function of dif-

ferences G ; and operating as in Art. 162 on the source derived

from (the sign being changed in order that G may be the

leading coefficient), we easily obtain (see Ex. 3, Art. 162)

Gx = («o'«3
- 3ao«iff2 + 2ffli') ci^ + 3 {a^a^a, + aM - Sffo^/j

«'

- [tti^Uo - Sa^aiai + 2a/) - 3 {a^aia^ + a^^a^ - 2a,ai^) x.
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Resolving [Lx + L-^^ + [Mx + Mij^, we may obtain the factors

of Ox ; or, more simply, since the factors of G are j3 + 7 - 2a,

7 + n - 2/3, a + p - 2j, the factors of Qx are112112112
-+ , + -^ , +

/3-» J — X a —X* y -X a —X fi-x' a- X [5- X y -x'

when fractions are removed.

We have obviously the following geometrical interpretation

of the equation Gi = :—If three points A, B, determined by

the equation ?7 = be taken on a right line ; and three points

A', B', C, such that A' is the harmonic conjugate of A with

regard to B and C ; B' oi B with regard to C and A ; and C"

of C with regard to A and B ; the points A', B, C are de-

termined by the equation Qx = 0. (Compare Ex. 13, p. 88.)

(3) . Expression of the Gubic as the difference of two cubes.

This can be eifeoted, by means of the factors of the Hessian,

as follows :

—

{Lx + L,f- {Mx + M,Y =27U^
For, as in Ex. 6, p. 116, we have

i^ - Jf' = J^27 (J3
- y) (y - a) (a - /3)

.

Transforming this equation as before, the first side becomes

{Lx + L,Y-{Mx + M,)\

and the second side

J^^{(3-y){y~a)ia-P){x-a){x-l3){x-y).

Substituting from previous equations, we have

{Lx + L,Y - {Mx + M,Y = 27 -^ Jg^TIh'' = 27 ^^•
*0

(4). Relation between the Cubic audits Oovarianfs.

The following relation exists :

—
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For, from Ex. 6, p. 116,

«oM/3 - 7)M7 - «r (a - 13)' = - 27 (G'^ + 4fi-^) = - 27ff„»A,

and transforming this equation as before,

«o'(/3-7)'(r-a)'(a-/3)H«-a)'(^-/3r(^-y)» = -27(G'/+45-,');

whence ^V=G^^^E^\

(5) . Solution of the Cubic.

The expression

is a linear factor of U.

For, from the relations in (2) and (3), we have

- 2a„' {Mx + M,f = 27
(
UjK + G^)

;

and since

{Lx + L,) - [Mx + M,)

is a factor of U, the proposition follows.

This form of solution of the cubic is due to Prof. Cayley.

174. IVumber of Covariants and Invariants of the
Cnbic.—The following method of determining the number
of covariants and invariants of the cubic is similar to that

employed by Professor Cayley for the same purpose :

—

The cubic has only two covariants, their leading terms being

H and G ; and only one invariant, viz. the discriminant A, where

a'A =G^ + 4E\ or A = a'd' + 4ac' - 6abcd + 4db^-W c\

To prove this, let ^ (a, /3, 7) be any integral symmetric

function of the differences of the roots (of order -m), expressible

by the coefficients in a rational form.

We have then (Art. 36),

a'^^{a,^,'y)=F{a,H,G) (1)

(where r remains to be determined) ; and, in the first place, if ^
be an even function of the roots, G can enter this equation in

even powers only, since H is an even function of the roots.
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Eliminating the even powers of G by means of the relation

we show therefore that in the case of an even function of the

roots equation (1) takes the form

which may be written

«- (a,
i3, y) =F,{a,H,A)+^ ^^^^^' ^^^

where to is the order of ^ (a, j3, j), and F^ an integral function.

It is now necessary to prove the following Lemma :

—

Ho function ofS and A exists which is divisible by a.

For, suppose Fp {H, A) to be divisible by a ; then making a

vanish, we have
Fp {H', A') - 0,

where H'= - b", A' = M¥ - Bb^c'^, the values ofH and A when

a vanishes. This equation is plainly impossible ; for, eliminat-

ing b by means of the equation S' = -¥, c and d remain in the

equation connecting H' and A'.

From this it follows that equation (2) must assume the form

for the first side of this equation is expressible as an integral

function of the coefficients ; therefore so must the second side

also, and consequently the fractional part must disappear.

Now, to extend this result to odd functions of the roots,. we

have only to multiply the first side of the equation by

«'(2a-/3-7)(2/3-Y-„)(2y-a-/3),

and the second side by 270, for G'must be a factor of every odd

function, since H is even.

We are now in a position to prove the original proposition

as to the number of invariants and covariants. For since a" ^
is of the form

GF(a, H, A), or F{a, H, A),

according as ^ is an odd or even function of the roots, it follows
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in the first place that there cannot be an invariant of an odd
degree in the roots, since GF{a, S, A) does not remain the

same function when a, b, c, d are changed into d, c, b, a,

respectively ; and the only invariant of an even degree must be
a power of A, since if F{a, H, A) contained a or ^besides A, it

could not remain the same function when the coefficients are

similarly interchanged.

Again, the cubic has only two distinct covariants ; for it has

been proved that every seminvariant a"^ is of one of the forms

F{a, H, A), or GF{a, E, A)

;

and therefore the corresponding covariant, formed from the

seminvariant as leading term, must be expressible as

F{U, H^, A), or 0,F[U, R,, A)

;

that is, every covariant is expressible in a rational and integral

form in terms of Hx and Gx, along with U and A ; or in other

words, there are only two distinct covariants.

175. Tbe iluartic. Its Covariants and Invariants.—
We have shown already that the quartic has two invariants, /
and J (see Art. 160). From the functions S and G of the dif-

ferences of the roots we can derive two covariants Hx and Gx,

whose leading coefficients are H and G ; for from the relation

we derive,: by the process of Art. 160,

< 2 (a - ^f [x - yf {x - ^f = 48
(
UU^ - U,')

;

and, expanding '^"U'^ - JJ^, we have

Hx= {%a-i - a^) x^ + 2 {a^as - «!«») «' + (flo^i + ^ai^s - 3a/) x^

+ 2 {aiUi - a^ai) x + {a^tti - ai).

In a similar manner, since

G = «o'ff3 + 2a^ - Sa^aiai,
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we ottain the covariant

-G^^U'U, + 2W-3UU,U„
which reduces to the sixth degree ; and if it be written as

follows :

—

Ox = A^x^ + AiX^ + AiCt^ + Azv? + A^ + A^ + A^,

we find, by expanding the above, or more simply, by forming

the source A^, and performing the successive operations of

Art. 162, the following values of the coefficients:

—

Af, = - Qitti, + Sffiflaaa - 20:3', A^ = - a/^o - 2a4ffl3ai - Qa^a^ + daiU^',

Ai = - 5ff4a3«o - lOffs^fli + Waia^ai, ^3 = - lOa^ai' + lOai^a-i,

Ai = ^a^ttitti + 10ai^«3-15aoff2«3, A^, - ffl/a^ + 2ffoaia3 + Qa^a^-'da^ai,

A„ = a^Oi - Sa^aitti + 2ai'.

Here it will be observed that, when Ai is determined,

Ai, Ai, and A^ may be obtained from Ai, As, and A^ by

changing the suffixes into their complementary values, and

altering the sign of the whole, in accordance with what was

proved in Art. 161.

We proceed in the following Articles to discuss the leading

properties of these two covariants of the quartic.

176. Ctnadratic Factors of tbe Sextic Covariant.*—
As the quadratic factors of Gx enter prominently into the fol-

lowing discussion, we proceed in the first place to find expressions

for those factors in terms of the roots of the quartic, and to

deduce their principal properties.

Since the factors of 6, expressed in terms of a, fi, y, 8, are

|3+7-a-g, y + a-(5-d, a + j3-7-g,

the factors of Gx are obtained from these by substituting

^T^' ^^' ^^' ^^' *°^ "' ^' '^' ^' respectively, and mul-

tiplying each factor by— to remove fractions.

* See a Paper ty Prof. Ball, Quarterly Journal of Mathematics, vol. vii., p. 368,

containing a full and valuable discussion of the various solutions of the biquadratic.
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Whence, denoting these factors by u, v, w, we have

au = U[ ^ + 5 ,

\X - p X - y X - a X -t)

av-^U[ + -], (1)
\X - y X - a X- (5 X - SJ ^ '

aw = U[ h ^ r I
\X - a X- fi X - y X - SJ'

which values of w, v, w, arranged in powers of x, are

M=(/3 + 7-a-S)«^-2(i37-«S)a! + i37(a + 8)-aS(/3 + 7),

« = (7 + a-/3-S)a!=-2(7a-i3S)a! + 7a(j3 + S)-i38(7 + a), (2)

M;=(a + i3-7 -S)«=-2(a^-7S)«+a/3(7+S)-7S(a + j3);

and, consequently, Z'iGx = a^uvw.

From equations (1) we easily find

^ = {a-l){x-^){x-y)-{^-y){x-a){x-l),

w = (a - g) (;» - jS) (a; - 7) + (jS - y){x - a) (oj - S)
;

and from these and similar equations we have

ji'

4^' (3)
jU— 1/ V — i\ /\ —

fj,

have the usual meaning

consequently,

{fx
- v)u^ + (v - A) «?' + (X - fi) iv'' = ;

whence

fi— V V — \ X — fx a

where A, fi, v have the usual meaning (Ex. 17, Art. 27) ; and

- (jx - v) m's (wjA, -ju + vJX - v){u)JX - n -vJX-v).

Since, as this identical equation shows, the factors on the

second side are both perfect squares, we may assume

w,'JX-fj. + vJX-v^2th\

w.'JX-fx -vJX-v^'^Ui';
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we have, therefore.

wJX-
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We now make the substitutions

u'^ArX", v'^Ar.Y', w'^AzZ',

where Ai, A2, A3 are the discriminants of u, v, w ; thus replacing

u, V, w by three quadratics X, Y, Z whose discriminants are

each equal to unity. By means of this transformation the

forms of the quadratics are further fixed, and the identical

relation connecting their squares (see (1), Ex. 6, p. 389) is

expressed in its simplest form. Calculating the discriminants,

we find

AI=(/3+y-a-S){j3y(a + S)-aS(/3 + y)}-(j37-aS)^

with similar values of As and A3 ; whence we have

Ai = -(X-/x)(A-v), A2 = -(/x- v)(;u-A), A3 = -(v-A)(v-;u).

Making these substitutions, the preceding equations become

(/oi - P2) [p\ - J03) X'^ = S^- pi U,

{p, - pz) ip2
- pi) Y' = S^- p, U, (5)

(j03 - Pi) (|03 - Pi) Z'^ = Sx- pJJ;

from which are easily deduced the following values of JJ and

Sx^ and the identical equation connecting X, Y, Z:—

Ex-pi^X'^p.JY^ + piZ^

- U = p,X' + p,Y' + pzZ\ (6)

O^X^ + Y'^ + Z^;

where, as has been proved, X, Y, Z are three mutually harmonic

quadratics whose discriminants are reduced to unity in each

case. The value of G^ may be expressed in terms of X, Y, Z
as follows. Since di2Gx = a^uvw, and

uWw" = U- v)\v - Xy{X-^L)'X'Y'Z' =^{P- 27J')X' Y'Z\

we find

Gx = i JP- 27J\XYZ.
2 D
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179. Resolution of the flluartic.—From the equations

- U = p,X' + p,T' + p,Z\

we find

Cr= (p, - p^ Y' + {p, - p,) Z\ Z7= (p, - ps) Z^ + (p2 - pO X\

U={p,-p,)X'+{p,-p^)Y\

where X'^, Y"^, Z"^ have the values determined hy equations (5)

;

and breaking up these values of TI into their factors, we have

three ways of resolving TJ depending on the solution of the

equation
4p'-7/3 + <7=0.

The resolution of the quartic has been presented by Pro-

fessor Cayley in a symmetrical form which may be easily

derived from the expressions already given for TI and M^-

For, since in general

l[axX^ + ih-iXy + Ciif) + m {a^x^ + 2liXy + c^y') + n {a^ + 253^!;^ + C33/')

is a perfect square when

S^^('aiCi - l^) +'2mn[aiC3+aiCi-2bJ}^ = 0,

IX + mY+ nZ is a perfect square when P + fn' + n^ = 0,

X, Y, Z being mutually harmonic, and the discriminants each

reduced to unity.

The resolution of TJ is therefore reduced to finding values of

/, m, n such that IX + mY+ nZ, or

^Pi - P3 JiTr -piU+m Jpi - pi JiT, -p^U

+ n ^Pi-pi^H^-p^U,

being a perfect square, may vanish when TJ vanishes ; or in fact

to satisfy the two equations

UiO2-i°3 + »'»J;O3-pi + «Jpi-pj = 0, P + m' + n'^= 0.

These equations are plainly satisfied if

I m n

Jpi - Pi Jpz - Pi Jpi - Pi
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whence, finally, the squares of the four linear factors of C are

which expression when rationalised becomes A U^.

If it be required to resolve the quartic kV - XRx, it appears

in a similar manner that

ijpi - PlJS^ - pi U+ mjps - pijlfa: -piV

+ nJpi-Pi^B:^-p^U,

being a perfect square, must vanish when kZZ-X^^ vanishes;

or, values of I, m, n must be determined so as to satisfy the

equations

^J (pa - /03) (k - piX) + OTJ(j03 - |0i) (k - lOaX) + nj[pi - p.,) (k - pjX) = 0.

These equations are plainly satisfied if

I m n

J{pi- P3){k-PiX) J{p3 - Pi) {k - P2X) J{pi-pi){K-piX)

whence

{pi-P3)jK-piXjHa: - piU+ {pi- pi) ^K - piX^H^ - P2U

+ {pi - /oj)Jk - pzXjSx -piU

is the square of a linear factor oi kU- XHx-

180. The Invariants and Covariants ot kU-XSx-
—Employing the equations (6) of Art. 178, and denoting

X'+Y'+ Z-" by F, we may, by adding -^ Fto XB^ - k U,

reduce it to the form R^X^ +^aFV RiZ"^, where i?i + i?2+ i?3 = 0.

When this is done we have the following reduced values of

til} -tii) -tCs '•

SBi = K {2pi - pi-ps) +X (2,02/>3 - Pspl - PiPi))

3i?2 = K (2(03 - Pi- Pl) + ^ (2/03^1 - PlPz - P2P3),

3^3 = K (2j03 - P1-P2) +X (2pipi - pips - papi)-

2 D 2
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On account of tlie similarity of the forms-

p.X" + p.,Y- + p.Z' and JR.X' + £^7' + R^Z",

which are of the same type, we calculate the invariants and cova-

riants of K ?7 - XSx hy simply changing'pi, p^, p^ into Ri, B^, R^

in the expressions for the invariants and covariants of Z7.

Therefore, since

I=%{{P't-p!'y+ip^-piY+ipi-p^y\> J=-4:pip2p3,

and

Ri-R3= (j02-p3)(K-Xpi), R3-Ri= {ps- pi){k- Xpi),

Ri-Ri= (jOi - pi) (k- - Xps),

we find the following values for the invariants of k U- XEx :
—

If we form the covariants J?(k,\), and (t(k,a), of Q, where*

4Q-4k'-/kAH JX^

(the reducing cubic rendered homogeneous in k, X), we find,

as M. Hermite has remarked,

Again, to calculate the Hessian oi kU- XITx, we reduce

R.'X' + Ri'Y' + R^Z'

ty the substitutions

p,'X' + p^Y' + p,'Z'^-iIU;

p,'X' + pi'Y' + p,'Z'^ \{IH, + JU),

the first of which follows from the equations

Pl=PiPi + \I, pi=p3pi+\I, p3^ = p^p, + 1.1^

multiplying by piX^, p%Y^, pzZ', respectively, and the second

hj p,'X', p,'Y\ p^'^'; and adding.
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In this way we find the following form for the Hessiau

of kU-XH^:—

i ^hJ4k' - ^\'\ - U{^ /a - JX'

which may be expressed in the form

A ''T.-^^dX

which is the Jacobian of kC- XHx and Q, the variables being

K and X.

Again, since /=' - 27J^ = 16 {p^ - p^y (p, - p.y {p, - p^)',

and Gr = lJP-27J\ XYZ;

transforming pi, p^, p^ into ^i, Rn, R^, we find

Ik X) - 27J-(., X) = Q.\P - 27/''), G^„, ,), = ^G.,

We have therefore expressed the invariants and eovariants

of kU - XHx in terms of the invariants and eovariants of TT.

181. IVninber of Covariants and Invariants of tbe

'Quartic.—We proceed to prove the following proposition,

which determines the number of these functions :

—

The quartic has only the two distinct invariants I and J, and

two distinct eovariants whose leading coefficients are H and G.

This proposition asserts that every invariant is a rational and

integral function of / and J, and every covariant a rational and

integral function of Z7, Sx, Gx, I, J- The following discussion

is founded on principles similar to those already employed in

the case of the cubic.

Attending to the observations in Arts. 36, 37, it is plain

that if ^ (a, j3, 7, 8) be any integral function of the differences

of the roots expressible by the coefficients in a rational form,

we have, in general, considering the equation with the second

term removed,

a-<^{a,^,y,Z)=F{a,S,I,G),

where i^ is a rational and integral function, and r remains to

be determined.
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And if, in the first place, ^ be an odd function of the roots ;

changing their signs, and subtracting the two values of ^, we
find

2a'-<t> (a, 13, y, S) = F{a, H, I, G) - F{a, H, I,-Q).

This value of if> plainly vanishes with O ; whence, eliminat-

ing the powers of G beyond the first by the identical equation

of Art. 37, we have

a> (a, /3, y, 8) = GF, {a, S, I, J).

It follows that every odd function ^ of the differences of

the roots is divisible by

(i3 + 7-a-S)(Y + a-i3-S) (a +13-7-8);

and removing this factor on the first side of the equation, and

32 — on the second side, we have
or

a'-'f.ia, ji, y, 8) = F, {a, H, I, J),

where ^i is an even function of the roots, and Fi a rational and

integral function.

We proceed to prove, in the second place, if ^ (a, j3, y, 8)

be any even integral function of the differences of the roots, of

the order ct, expressible by the coefficients in a rational form,

that a"^ (a, /3, 7, 8) can be expressed as a rational and integral

function of a, M, I, J.

To prove this, the following lemma is necessary :

—

There exists no function ofS, I, J which is divisible by a. For,

suppose F {S, I, J) to be divisible by a. Making a vanish, we

have F{E', I', J') - 0, where S' = - b\ I' = - 4bd + Sc\

J' = 2bcd - eb' - c' (the values of IT, I, J, when « = 0) ; and as

it is impossible to eliminate b, c, d, e, so as to obtain a relation

between H\ T, J', we conclude that no relation such as

F (W, 1', J') = exists ; and therefore there is no function of

the form F (IT, I, J) which is divisible by a.

We now proceed with the proof of the proposition ; and

since, as has been already proved in the case of an even function

of the roots,

ar^{a,P,y,S)=F{a,S,I,J),



Number of Covariants and Invariants of Quartic. 407

we have, dividing by a'"^

,

a-^ {a, (3, y, S) = Fo{a, S, I,J) + ^ ^^^^'/' '^^
•

Again, since the first side of this equation is expressible as a

rational and integral function of the coefficients not divisible by
a, the second side must be a similar function of the coefficients

;

and this, by the lemma just established, is impossible unless such

terms as S -^^-^— disappear.

Wherefore

a^4> {a, [3, y, g) = Fo {a, H, I, J)

;

and, finally, we have proved that a"^ (a, /3, y, S) may be

expressed by the forms

GF{a, H, I, J), or F{a, S, I, J),

according as ^ is odd or even.

We are now in a position to prove the original proposi-

tion as to the number of invariants and covariants. For, if

F {a, IT, I, J) be an invariant, a and JI must disappear, since

if they were present this function could not remain the same

when the coefficients are written in direct or reverse order.

Similarly, no odd function such as GF (a, H, I, J) can give

an invariant. It follows that every invariant is a function of

/and J,

Again, the quartic has only two distinct covariants ; for we

have proved that every function of the differences a°' <j> is of one

of the forms

F{a,E,I,J) or QF{a,S,I,J).

Now, considering these forms as the leading terms of cova-

riants, it has been proved that every covariant is expressible as

F{U,S,,I,J) or G.F{U,S,,I,J);

that is, every covariant is expressible in terms of Hx and G^,

along with U, I, and J; and this is the proposition which was

required to be proved.
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Examples.

1. If C be any cubic, and Gx its cubic oovariant, prove that the Hessian of

\U+ liGfx has the same roots as the Hessian of U, \ and /t being constants.

2. Prove that any oovariant of a quantic, whose roots are oi, 02, . . . 0,,,

satisfies the equation

d(b d<j>

^a^-, OTi* = a; 3-,
da ay

where ot is the degree of tp in the coefficients of the quantic, and si = 2a.

3. If a quantic have a square factor, prove that the same square factor enters

its Hessian.

4. If a quartic have a square factor, the oovariant Ox has that factor as a

quintuple factor.

5. Prove that the sextic oovariant Gx of the quartic if> [x) may be written under

the form

{^W}»2
(:.-a)^

6. Applying the principles of Art. 180, determine the form of the sextic covariant

of the quartic A.Z7 + fiSx-

7. Calculate the values of H, I, G, J for the Hessian of a quartic.

12 ' 12' 4
' 216

8. Find the two conditions (Ex. 3, p. 125) that the Hessian in the preceding

question should be a perfect square, and show that both contain J as a, factor.

Ans. JG = 0, «o/(2-H7- ZooJ) = 0.

9. A function ip of the differences of the roots of the equation

("0, «i, aj, . . . a„) (x, 1)" =

arranged in powers of «„ being

(psiAp-i- pAp-iUn + -y-g- -dp-ta,,' + . . . + AoanP

;

prove that DAj = — nan-jJAj-i, and hence show that if if/ («o, ai, at, • - «i-) is a

function of the differences so also is ^ {Ao, Ai, A%, . . . Ar).

10. Hence show how the final coefficient of the equation of squared differences

can be found for any equation when it is known for the equation of next lower

order.
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11. If the discriminant of a biquadratic be -written under tbe form

(Ao, Ai, Ai, Az) [Ui, If,

prove that the discriminant of this cubic is

where As is the discriminant of (ao, a\, oi, a%)[Xy 1)'; and knowing A^, find

Ai, A\, and A^.

12. Form the equation whose roots are

/> (oi)>
"I" («2). ^ («3), . . • ^ (a„),

where oi, 02, 03, . . . a„ are the roots of /(») = 0, the resultant iJ oif{x) and <|)(a;)

being given.

Change the last coefficient im of (^ (») into bm — p, and substitute this value for

bm in the equation JJ = 0.

13. Prove that the quartic

f{x, y) = [a, b, 0, d, e) [x, yf

may be reduced by a linear transformation x —- \X + liT, y — \'X + ii'T to the

form
/(A, A') z* +/(m, f.-) r* + 6p if^z^ r^

where
ip^-Ip + J=Q, MsXii'-X'ix.

14. Retaining the notation of the last example, prove that - and — are the
A /A

roots of one of the factors u, v, w of the sextic covariant of the quartic.

15. Prove that

^=60(Z7i2J7i-Z7otr3=),

the reducing cubic of Art. 65 (cf . Ex. 5, p. 132).

16. Prove that

piP J:^ + p,p T^ + piP2^ = Hp-i H^ - Hp-i U,

where tip.!, 11^,-2 are sums of homogeneous products (Ex. 6, p. 320).



CHAPTER XVII.

COYAEIANTS AND INVARIANTS OF COMBINED POEMS.

182. Combined Forms.—In the present chapter we pro-

pose to illustrate the theory of the eovariants and invariants of

systems of two or more quantios (see Art. 159) by the simplest

eases, viz.— (1) two quadratics, (2) quadratic and cubic, and

(3) two cubics. We give in each case an enumeration of the

forms which have been shown to be fundamental by the inves-

tigations of Clebsch, Grordan, and Sylvester ; showing how these

forms may be obtained, but without attempting the reduction

of all other forms dependent on them. In estimating the

number of eovariants and invariants of a combined system, the

independent forms which belong to each quantic by itself are

counted among the total number belonging to the system. It

will be found convenient to use the term special to designate

those forms which belong to the two quantics regarded as a

system (and which therefore contain the coefficients of both),

as distinguished from those which belong to the quantics taken

separately.

Invariants and eovariants are both included under the name

concomitant, which is applied to any function whose relations to

the quantics are independent of linear transformation.

183. Two Quadratics.—Let the two quadratics be

U = ttix^ + 2hiXij + Ciy'^, V = a^x^ + 2h^xy + Cty^.

This system has one special invariant, and one special covariant.

The invariant may be obtained by forming the discriminant of

XU + fiV, which is found to be

X" (ffiCi - bi") + Xfi {ttiCi + aiCi - 21J)^ + ju^(«2C2 - h^),
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all the coefficients of A : /t being invariants (Art. 169) ; whence
we have the special invariant

aiCj + a^ci - 2J162 ^ 2/,2. (cf. Ex. 3, Art. 165.)

The vanishing of this function of the coefficients is the

condition that the pencil of lines TJV = should be harmonic,

the rays represented by one equation being conjugate to those

represented by the other.

The special covariant is the Jacobian of the system, viz.

OiX + h^y biX + Czy

which may be written in the form

x"

^J{U, V),

r xy

b. Ci

C-i

obtained by eliminating dialytioally the variables from the

quantics XT, V, {xy - x\jf, the form xy - x'y being a universal

concomitant of all binary quantics (cf. Art. 169).

The square of J is connected with U and V by the following

important relation (cf . Ex. 6, p. 389) :

—

which may be derived immediately from the equation

(1)

f
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and eliminating X : /x by means of the equation \U + fiV = 0,

the double lines are determined by the equation

or J\TT, F) = 0.

Every concomitant of a system of two quadratics may be ex-

pressed in terms of the six forms U, V, J{U, V), In, In, la, all

of which are constituents of the formula (1) written above. The

resultant of U, V, for example, is

4(7n/22-/i/) (See Art. 149.)

which is also the discriminant of J{U, V), and the dialytio

eliminant of U, V, J[U, V).

184. Q,ua<Iratic and Cabic.—Let the two quantics be

U ^ [a, b, c, d) {x, y)\ F- («', h', c') {x, yY,

the covariants of U being denoted as usual by Hx and Gx- The

system has one special cubic covariant, the Jacobian of ?7and V,

or J{U, V) ; and one special quadratic covariant, viz., J{Ex, V).

In writing down the remaining covariants it will be found

convenient to adopt the following notation. We use J/" with

suffix D to denote the result of substituting in Cthe differential

dx' "> dy-
symbols By, - Dx for x, y, respectively, where Dx = —, I)y=— ;

hence

Uj, ^ {a, h, c, d) {Dy, - Dxf, Vn - [a', b', c') {By, - B^Y,

with a corresponding notation in other cases.

There are four linear covariants, which may now be written

as follows :

—

Vnim, Vn{Gx), Un{V% Gn{V%

The first of these written at length is

{ac' - 2bb' + ca') x + {bo' - 2cb' + da') y.
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There are three special invariants. The first is the inter-

mediate invariant of the system of two quadratics Hx and

V, viz.,

(ac - V) c' - {ad - be) h' + {hd- &) a' = In,

where the notation Ipg is used to signify that the invariant is

of the p"' degree in the coefficients of U and the q*'' in the

coefficients of V. The second invariant is the resultant M of

U and V. It is of the second degree in the coefficients of U,

and third in the coefficients of V, and may be expressed in many
ways by the methods of elimination of Chap. XIV. The general

form of any invariant /^s of this type is

I and m being numbers.

The third invariant is of the type li^, and may be obtained

by operating with V three times in succession on the product

of U and Gx ',
it can be written in the form

rJ{UG,).

There are, therefore, nine special forms belonging to this

system ; and if to these be added TI and V, and the independent

covariants and invariants of each, we obtain the complete list

of fifteen forms, viz., three cubic, three quadratic, and four

linear covariants, and five invariants.

185. Two Cubics.—Let the cubios be

U^ {a, b, c, d) {x, yy, r= («', b', c', d') [x, yY,

the covariants of U being represented as before by Hx and Gxt

and those of V by SJ and Gx-

Of this system there is one quartic covariant, the Jacobian

of U and V, viz.,

J{U,V)^ {ab'y + 2 (ac) <»?y +
{
{ad') + 3 (6c') ja;y

^2{bd')xf-r{cd')y';

and two special cubic covariants, viz. :

—

J{U,E'x), and J{r,Hx).
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There are four special quadratic covariants. If we form the

Hessian oiXU + ^V, i.e. substitute \a + [id, \b + fib', &o., for

a, b, &c. in Sx, we find

X^H^ + XfiK^+li^H'^.

The intermediate Hessian K^ here obtained is the first special

quadratic covariant ; and the remaining three are obtained by

taking the Jacobians in pairs of Rx, J^x, and JSx'.

There are six linear covariants which may be written as

follows :

—

SniV), Sj, {G'x), S'nilT), S'n {&.), Uj,{H'x\Vn{E\).

It is easily seen that Ho (U) and IIc>{Gx) vanish identically,

for U and Ox may be brought by linear transformation to the

forms ax^ + dy^, and ad [aa^ - dy^], respectively, and Hx to the

form adxy (cf. Art. 173).

There are in all seven invariants, five of which may be

obtained by forming the discriminant oiW + nV, the coeffi-

cients of the different powers of X : /x being invariants. If the

discriminant is

X*A + 4xve + exv"*!) + 4X,u'e'

+

ix'^',

we obtain in this way three special invariants 0, $, 0', the

extreme coefficients being the discriminants of U and V. The

two remaining invariants are of odd orders in the coefficients of

each cubic. They are denoted by P and Q, and may be defined

as follows :

—

P^\Uo{V)={ad')-Z{bc'), (1)

27Q^P'-E, (2)

where JR is the resultant of U and V as obtained by Bezout's

method (Art. 154), viz.

E - {ad'Y - 18 {ab') {cd') {ad') + 9 [hd') [cd) {ad')

+ 27 {ca'Y {cd') + 27 {ab')[bd'Y -SI {ab'){bc') {cd').

Substituting this value of R in (2), we find

_ Q ^ {hG'f+ {ca'Y (cfi?') + {ab']{bd'f - {be')' {ad')

- 3 {ab') {bc'){cd') - {ad'){ab'){cd').



Comhinants. 415

Any invariant comprised in the formula IP^ + niR, where /

and m are numbers, being of the type I^,, might have been

selected instead of Q as the fundamental invariant of this type

;

reasons will appear subsequently for the selection which has

been made (see Ex. 4, p. 416).

If to the special forms enumerated be added those which

belong to each cubic, we have in all twenty-six fundamental

forms, viz. one quartic, six cubic, six quadratic, and six linear,

covariants ; and seven invariants.

Several of the covariants and invariants enumerated in the

preceding Articles will be found expressed in terms of the roots

of the two equations of the combined system among the examples

which follow on the next page.

186. Coinbinants.—Combined forms give rise to a series

of invariants and covariants whose coefiBcients are expressible by

determinants of the form (ffr^s), such as occur in the resultant

obtained by Bezout's method (Art. 154). These concomitants

are unaltered (save by a factor of the form (kfx - ^'fij'') when

the quantics U, V are changed into XU + fxV, X'U + n'V.

Such invariants have been called comhinants, and the corre-

sponding covariants may be termed in like manner combining

covm-iants. Of the former we have examples in P and Q of the

preceding Article ; and Jacobians in general are examples of

the latter class of concomitants.

It may be noticed that the / and J invariants of the bi-

quadratic in A : fi of the preceding Article, viz. the discrimi-

nant of X?7+^F, are comhinants of the system of two cubics

;

for in fact a linear transformation of X and fi is equivalent to a

transformation of U and V of the kind considered in the

present Article, and therefore any function of the invariants

A, O, f£>, &c., unaltered by such transformation must be a com-

binant. It can be verified that these invariants may be ex-

pressed in terms of P and Q as follows (see Salmon's Sigher

Algebra, Art. 218) :—

/=3P(P'-24Q), J=-P' + 36P'Q-216Q^
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Examples.

1. If a, j8, y, and b', ;3' are the roots of the equations

TTsax^ + Sbx' + 3ox-\- d=0, F= a'x^ + iVx + c' = ;

express in terms of the coefficients the function

(;3 - yf (a - a) (« - ;3') + [y - af (/3 - a') (3 - ,3') + (a - ;3)' {y - a') {y ~ &).

Denoting this function by (j>, we easily find

- «««' ,p = Q{a'{bd- c^) - b' [ad - be) + c [ac - J^) }

.

The given function of the roots is an invariant of the system, for it involves aU the

roots of the cubic in the second degree, and all the roots of the quadratic in the first

degree. If, in fact, we make the substitutions of Art. 159, and multiply by TJ^V

to make the function integral, the result will not contain x, and is therefore an inva-

riant (cf. Art. 184).

The geometrical interpretation of the equation <p = is that the quadratic V
shoxild form with the Hessian of Z/ a harmonic system.

2. Using the same notation as in the preceding question, find the condition that

one pair of roots of J7"= should form a harmonic range with the roots of J^= 0.

Ans. JJ + 9 [a'o' - V^) J21 = 0.

3. If o, j8, 7, and o', j8', y be the roots of the oubics

Usax^ + Zbx^ +Zcx + d=0, Vs a'x^ + ZVx^ + Ze'x + (i' = 0,

express the following function (when multiplied by «a') in terms of the coefficients,

and prove that it is an invariant of the system :

—

(a - o') (;3 - ,3') (r- y ) + (a - /3') (18 - 7') (7 - «') + (« - y) (/3 - «') (7- <3')
;

or, differently arranged,

{« - a) (/3 - 7') (7 - 0) + {a~B'){$- a) (7 - 7') + (a - 7') {$ - B') (7 - «')•

Am. 3F, where Ps {ad' - a'd) - 3 {be' - b'o). (cf. Art. 185.)

4. Retaining the notation of the preceding example, prove that if k can be deter-

mined so as to make U+kV & perfect cube, the following relation exists among the

roots of the two cubics :

—

{B - 7)V^ + (7 - «) V0G8) + (a- i3) VJW) = 0.

where ip{x) = V, and a, j8, 7 are the roots of U= ; and prove that in this case the

invariant Q (see Art. 185) vanishes.

The relation among the roots is obtained immediately by substituting a, 0, 7
for X in the identity 17+ kV={Ix + mf, and eliminating k, I, m from the resulting

equations.
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-27<(>(a)^(0)^(7) = O.

Rationalising, -we have

\ (5_^)(T,_a)(«-;3) i

Substituting for (()(a), <^(5)) </>(7) ; introducing the relations obtained by comparing

the different powers of A. in the following identity :

—

2{o + A)3 (0 _ ^)3 s 3 („ + X) i$ + \){y + \) {$ - t) (7 - o) (« - (8)

;

and expressing the result in terms of the coefficients, we find

{3P}3-27iJ = 0, or Q = (see Art. 185).

We now give several different forms under which the invariant Q presents

itself. Since U+ kVis a, perfect cube, we have (Art. 43)

—

> a + Kn b+ Kb' c + kc'

h + Kb' c -i Kc' d+Kd''

Equating these fractions separately to - k', we find

«+««' + K'b + kk'V = 0,

b + kV + k'c + kk'c' = 0,

G -k- KC' -^^ Kd + KK'd' = ;

(1)

(2)

and solving for k, k', kk, we may eliminate them, and find the condition in the

iorm

Q^

a
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The constituents in this form are the same minor determinants that occur in Bezout's-

form of the resultant, and it may he easily verified that this value of Q agrees with

the expanded form written in Art. 185.

5. Find the condition that the roots of two ouhics should determine a system

in involution.

The condition in terms of the roots is expressed by equating to zero the product

of six determinants of the type

1 a + a aa

1 $+$' W
1 7 + 7' 77'

6. Express the condition of the preceding example in terms of the coefficients

of the cuhics.

The roots of one cubic being conjugates to the roots of the other, the two are-

reducible to the following forms :

—

?7= ax^ + Sbx^ + Zcx + d,

V^dx^+ Zkcx^ + ZK^hx + i^a ;

and writing the discriminant of pZ/H- Fin general in the form (see Art. 185)

—

p*A + 4p30 + 6p'# + 4p0' + A',

we find in this case
0' = K^@, A' = K^A ;

whence the required condition

A0'2 - a'02 = 0.

7. Express in terms of the coefficients of the cubics of Ex. 3 the following-

covariant of the system :

—

fl«'2 { 3(j3 - /3') (7 _ y) + 3(;3 - i) (7 - ff) + (3 - 7) (18' - 7') }{x-a){x- a').

Am. 18
{
{ac' + a'o - 2M')a;2 + [ad' + a'd - he' — b'c] x + {id' + h'd - ice)

}

8. To reduce the two cubics

Z7= [a, b, 0, d) (x, yf, V= {a', b', c', d') [x, yf
to the foi-ms

ids.' i dY'

by means of a linear transformation

x = \X + tiT, y = \'X + li'Y,

the coefficients in which are to be determined in terms of the coefficients of the

given cubics.

Let F={A,B,C,I),E)(X,YY-

then Xr^ (a, i, c, d) (x, yf = {A, B, C, B) (X, Yf,

Fs («', b', c', d-){x, yf = (B, C, B, F) {X, Y)\
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Now, sutstituting the differential symbols Dy, -Bx for x, and— 21k, — rriJO

for i and Y in the Hessian of both forms of Z7, we find the operational equation

Dl: JD- 2)1'
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whence, substituting these values of x and y in U and V, we find

Q^U={Ao, 5o, Co, Do) {<p, ^)',

Q?r={Bo, Co, Ho, Bo) {<p, tf-)',

and, therefore,

also
«-4f.

1 j'pi

^^ J C J _ .E _ if's

Ao^%^ Co~ I)o~ Eo~ 1^'

9. Determine the invariants of Fo in the preceding example, and hence infer

the form of the resultant of two cuhios.

We have, from the equations of Ex. 8,

j-io = jf45 j^ _ and 7«J = M^^Io ;

and, Buhstituting differential symbols for x, y and X, Ym both forms of V, and

operating on U, we find

F=ad' — a'd — ZCbc — I'c) = —-,

which equation, along with the equation Q = -— , enables us by previous results to

express Jo and Jo in terms of P and Q in the following way :

—

Jo = FQ\ and Jo = Q'.

From these results we derive the relations

Jo^ _ J3 _ P3

from which it follows that when J' = 27J^, we have P' = 27Q ; but the first rela-

tion holds when F has a square factor, which necessitates U and V having a common

factor; whence we infer that P^ - 27Q, being of the proper degree and weight, is

the resultant of the cubica fand V (cf. Art. 185).

10. If o, iS, 7, 8 ; a, $', y', S' be the roots of the biquadratics

{a, b, c, d, e) {x, 1)» = 0, («', V , c', d", e' {x, 1)* = 0,

prove

aa't{a- a') ($-$') (7 - 7') (5 -S') = 24 [ae' + a'e-i (id' + b'd) + ice'},

and show that this function is an invariant of the system.

11. Prove that the following function of the roots of a biquadratic and quadratic

ogives an invariant of the system, and determine its geometrical interpretation :

—

1 ;8 + 7 37

1 a + S oS

1 o' + j8' a'ff

1 7 + a 70

13+5 fiS

1 o' + /3' a'ff

1 a + ,8 afi

1 7 + 8 7S

1 o' + /8' dff



Examples. 421

The geometrical interpretation of the equation ^ = is, that the two conjugate
foci of some one of the three involutions determined hy the biquadratic form along
with the quadratic an harmonic system.

12. Prove that the following functions of the roots of a biquadratic and qua-
dratic give invariants of the system, and determine their values in terms of the
coefficients :

—

ao*o'2 [a - a) [a - P) {$' - y) {0' - S),

«o^«o^2 (a - )3)2 {y - a') (S - ff) {y - 0) (5 - a').

13. lif{x) and <j> (x) be two quartics with unequal roots, the roots of /(a;) being

«. ^i 7j 5, prove that the condition that a quartio of the system \f{x) + /j.tp («) can

have two square factors may be expressed as follows :

—

1 a a' Y (p (a)

1 $' ^/W)

1 7 7* V^'PM

1 S 5= \/^f{S)

14. Determine the condition in terms of the coefficients that the quartio

A/(^) + Mi^(^) may have two square factors.

In this case the Hessian of Kf{x) + fi.<p{x) = k {?.f{x) + n<p [x)}, from which

identity we have five equations to eliminate a', Aft fj?, kK, K;u ; thus obtaining an

invariant In, of the 4"" degree in the coefficients of each equation.

15. Prove that the resultant of two quartics becomes a perfect square when the

invariant In vanishes.

Eendering rational the determinant in Ex. 13, and dividing by the product of

the squares of the differences of the roots, we find, when the coefficients are

introduced.

In s 7^22 — 64J? ; whence, &c. &c.

16. The discriminant of \.U+ [xV, where J7"and Fare cubics [a, b, c, d,) [xyY,

(«', h', c', d',) [xyY, being written as in Art. 185, resolve into its factors the

covaiiant

(A,0, #, 0', A')(F, -Cr)^

The leading coefficient of this covariant is easily obtained hy forming the discrimi-

nant of aF— a'C directly ; it is

(ah'f{i{aV){ad')-Z[a(fY},

which may be written in the form 2A^ {PA + &(AC- B'^)}, where A, B, Care

the flist three coefficients of the Jacobian ; and, consequently, the given covariant

is expressed as follows :

—

272 (J7, F) {PH.V, F) + 6 Hessian of /(Cr F)}.

17. Express the invariants of the Jacobian of two cubics in terms of Pand Q.

Am. 12J' = F\ 2167' = 54Q - ps.



CHAPTER XVIII.

TEANSFOEMATIONS.

Section I.

—

Tschtrnhausen's Transformation.

187. Under the general heading of this chapter we purpose

collecting several propositions which could not have been con-

veniently given elsewhere, and which are of importance in

(K)nnexion with the subjects discussed in the foregoing pages.

We commence with a general theorem relating to rational

transformations

.

Theorem.—The most general rational algebraic transforma-

tion of a root of an equation of the m** degree can he reduced to an

integral transformation of the degree n — 1 at most.

For every rational function of a root a,- of the equation

f{x) = is of the form

where x ^nd '4' ^^^ integral functions; also,

XM ^ (
\ ^("0 • • • • ^ («r-l) 4' {"m) . . .

.-ip {"n)

^ {ar) ^ ^""^
^ (aO xP (a,) ^(a„.0 ^ (a„)'

and the denominator i(j{ai) \p (oa) . . . i^ian), being a symmetric

function of the roots of/(«) = 0, can be expressed as a rational

function of the coefficients. Whence 7^-^ is reduced to an

integral form.

Moreover, the numerator of the former fraction is a sym-

metric function of the roots of the equation ' = 0, and
(C — Or

may consequently be expressed as a rational function of the

coefficients of that equation ; that is, in terms of ar and the

coefficients of /(»).
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Now, denoting by F{ar) this integral form of ,

'"

, we have

toy division

-P'(ar) = Q/(a,-) + ^(a,.)=^(a^),

where (/> (a^) does not exceed the degree w - 1 ; which proves the

proposition.

In the particular cases of the quadratic and cubic it follows

that the most general rational function of a root can be reduced

to a linear function, and a quadratic function of that root,

respectively. In the case of the cubic this quadratic function

may be reduced to another form which is often useful, as fol-

lows :—Denoting the quadratic function by \^{fi), and dividing

the cubic/(6) by \p{d), we have

proving that

qo + qiu

whence it appears that t/ie most genera I transformation of a roo

of a cubic may be reduced to a homographic transformation.

In connexion with the proposition here established it is easy

to justify the remarks made in Arts. 59, 66, relative to the solu-

tions of the cubic and the biquadratic equations. With this

object in view, let <^ and ip be two rational functions of n quan-

tities oi, 02, . . a,j (which may be considered as the roots of an

equation), each having onlyjo values when the roots are inter-

changed in every way. Denoting these values of both functions

obtained by the same substitution by

^1) ^2, 4>s, . . . 4>p,

^u 4'i, i/'3, • •
. iip,

we have, for every integer/,

a symmetric function of the roots, since it is the sum of all the

possible values which <^\IJ can take.
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In this way we obtain tlie system of equations

4>\ + ^3 + ^3 + . . . + ^p = T„

Ml"'' + <i>4^"~' + <f>4r' + ... + 4>p^p'-' = Tp.„

where To, Ti,... Tp.i are all symmetric functions of 01,02,03, . . . a„.

Solving these equations, we find at once <pi expressed as a

symmetric function of \p2, ^3, . . . ipp^i ; and therefore by the

present proposition reducible to a rational and integral function

of ipi of the degree p-1, since
\f/
has only p values considered as

a function of oi, 02, . . . a„. Now considering the special cases

referred to— (1), when p = 2, and « = 3, it is proved that a

linear relation connects <^ and ip in terms of symmetric functions

of oi, 02, 03 ; and (2), when ^ = 3, and n = 4,
(f)
and \p are in a

similar manner shown to be connected by a rational homo-

graphic relation.

188. Formation of the Transformed Equation.—The
transformation explained in the preceding Article was first em-

ployed by Tschirnhausen for the reduction of the cubic and

biquadratic. We proceed to explain the method of forming

in general the equation whose roots are

4> (oi), (02), (03), . . . .
(f>

(o„),

where (p (x) is a rational and integral function of x of the degree

n -1.

Let (j){x) =ao + ttix + a^x^ + . . . + a„_i
»""'.

liaising j>{x) to the different powers 2, 3, ... win succession, and

reducing the exponents of x in each case below « (by dividing

by /(a?) and retaining the remainder), we have

4>' = K+ *i« + 42«^ + . . . . + bn-i x"-\

^' = Co + c,x + C2»' + . . . . + c„.i x"-\

^"= lo + hx+ kx'' + . . . . + l„.i x''-'.
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Substituting for x in these equations each of the roots of the

equation/ {x) = 0, and adding, we find, if 8^, S^, S3, &c., denote

the sums of the powers of the roots of the required equation

Si = Wfifo+ «iSi + CliSi +.... + an-i Sn-i,

S2 = nho + JiSi + SzSz + . . . . + bn^i Sn-i,

S„ = nk + hsi + + . + ln-1 Sn-1-

Now, expressing Si, s^, . . . s„_i in terms of the coefficients of

f{x), we have Sj, Sz, . . . Sn determined in terms of the coeffi-

cients of (j> {x) and /(«) ; we are also enabled by Art. 143 to

express the coefficients of the equation whose roots are ^(oi),

^(02), . . . (j){a„) in terms of Si, Si, . . . S„, and therefore finally

in terms of the coefficients of f {x) and/(a;) ; thus theoretically

the transformation is completed.

189. Siecond method of forming tbe Transformed
Equation.—There is another way of finding the final equation

in ^ by elimination, which we now give. Since

flo - + «!« + a^a^ + . . . + ttn-i x"'^ = 0,

if this equation be multiplied by x, «',... a;""\ and the expo-

nents of X reduced below n by means of the equation /(«) = 0, we

have in all n equations to eliminate dialytically the w - 1 quan-

tities X, x^, . . .
«""^ "We thus obtain the transformed equation

in the form of a determinant of the n^^ order, ^ entering into

the diagonal constituents only. For example, if/ (a;) =«"- 1,

we obtain the transformed equation in the following form :

—

«„ - ^ «! «2

flo ~ </> f^i

ffn-l

«n-3

= 0.

«i «2 fls . • da-^

Although these methods of performing Tschirnhausen's
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transformation appear simple, yet if they be applied to par-

ticular cases the result usually appears in a complicated form.

Professor Cayley, by choosing a form of the transformation

suggested by M. Hermite, was enabled to take advantage of

the theory of covariants, and thus to complete the transforma-

tion for the cubic, quartic, and quintic. We shall content

ourselves with showing in an elementary way how Professor

Cayley's results for the cubic and quartic may be obtained.

190. Tsctairnhansen's Transformation applied to the

Cubic.—Let the cubic equation

««' + Zhx^ + 3cx + d =

be written under the form

2' + 3Hz +0 = 0;

and let it be transformed by the substitution

1/ = \ + KZ + z'.

If Zi, Zi, z-i be the roots of the cubic, and i/i, 1/2, y^ the correspond-

ing values of y, we have

yi-y%= (23-s3)(Kr-2i),

yi-y2= (zi - s3)Ck:-23),

and consequently,

2yi -yi-yz= {2zi - Sj - s,) k + (2^223 - z^z, - z^z,),

2^3 -y3-yi={232-Z3-Zi)K+ (2Z3S1 - Z,Z2 - ZiZs) , (2)

2^/3 - yi - 2/2 = (2^3 - Si - Z2) K + {2ziZ2 - Z2Z3 - S3S1)

.

Wherefore, if the equation in y with the second term removed be

T'+3S'T+ G'=0,

we have from equations (1) and (2)

S'=R,, G'=G,,
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where H and G^ are the Hessian and cubic covariant of

k^+ZHk+ G;

and the transformation is therefore completed, since ^1 + 1/2 + yz

can be easily determined.

191. Tscbirnbausen's Transformation applied to

tbe Ctuartic.—In this ease we do not attempt to form directly

the transformed quartic, but prove the following theorem, which

shows how this transformation maybe resolved into two others.

Theorem.— Tschirnhausen's transformation changes a quartic

U into one having the same invariants as lU-^ mSx, and therefore

in general reducible to the latterform hy linear transformation.

To prove this, let the quartic

«* +Pia;' -^PiO^ +p^ + Pi =

be transformed by the substitution

y = aa + aix + a^x^ + a^^.

If Xi, Xi, X3, «4 be the roots of the quartic, and y^, y^, yz, yi

the corresponding values of y, we have

~ ^ =ai + aJx2+X3)+ a^ixi' + XiXs+Xs^],
X2-X3

——— = fli + «2 (a;i + Xi) + as {xi + x^Xi+Xi).
Xi — Xi

From these equations we proceed to show that

{Xi - Xz) («! - Xi)

where P^ and 60 involve the roots of the quartic symmetrically.

In the first place, we find

{x^ + XiXa + X3) {Xi + X1X4, + Xi") = Pi' -piPs +P4. -piX,

where A has its usual value, viz. x^Xi + x-sci, ; and secondly, since

X^ + X.iXi + xi = [Xi + X^^ - XiX%, &c.,

we find again,

[Xi + x^i {x^ + x-,Xi + xi) + (aJi + x^[xi + x.^z + xi) = Tpz -p^p^ +pX
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Finally, since the other terms in the product are obviously of

the same form as P^ + Q^\, we have proved that

{Xi-Xi)[Xi-Xi)
whence

(^2 - 2/3) (2/1 - y^) = {v- n) (Po + Qo\)-

Now, introducing pi, ,02, pz, in place of A, n, v, this and the

similar equations preserve their forms ; whence, altering P^ and

Qo into similar quantities, we obtain the equations

iy^ - y^) (2/1 - yi) = 4 [pz - Pi) (P - Qpi),

(2/3 - ^i) (2/2 - 2/4) = 4 (p, - J03)
(P - Qjos)

,

(yi - 2/2) (ya - 2/1) = 4 (p2 - p ,)
(P - Qp^)

,

which lead at once to the invariants of the transformed quartic

;

and comparing their values with the invariants of k ?7 - XKx
given in Art. 180, the theorem follows at once.

192. Reduction of tbe Cubic to a Binomial form by

Tscbirnbausen's Transformation.—Let the cubic

ax^ + Sbx' + Sex + d

be reduced to the form y^ - F by the transformation

y=q +2}x + x^.

If a^i, Xi, Xz be the roots of the given cubic, and y\ a root of

the transformed cubic, we have the following equations to deter-

mine p and q :

—

xi + pa^j + J = w^i,

x^-vpxz+q = {iP'y^\

from which we find
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Adding X1+X2 + x^ to this value of p, we have

P + Xl+X2+X3 = -
Xl + (OX2 + CO X3

it follows (see Ex. 25, p. 57) that there are onlj two ways of

completing this transformation, as the values of p, q ultimately

depend on the solution of the Hessian of the cubic.

193. Reduction of the filuartic to a Trinomial Form
by TschirnUausen's Transformation.—Let the quartic

ax* + 4Ja^ + 6ca;^ + 4:dx + e

he reduced to the form y* + P?/" + Q, in which the second and

fourth terms are absent, by the transformation

y'=q+px + os'.

If Xi, Xi, X3, Xi be the roots of the quartic ; also 1/1, y^ two

distinct roots of the transformed quartic, we have the follow-

ing equations to determine p and q :

—

x^^pxi-vq^yi, Xi^+px3+q = yi,

x^+pxi + q = -yi, x^ + pxi+q=-yi;

from which we find

•^
Xi + Xi-X3-Xi,

And, adding Xi + Xi + X3 + x^ to this value of p, we have

2 [XiXi - XsXi)

p + Xi + Xi + x, + Xi = ;

X\ ~r X% — X^ — X^

hence, by Ex. 5, p. 132, it follows that there are three ways of

reducing the quartic to the proposed form, the determination of

which ultimately depends on the solution of the reducing cubic

of the quartic.
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194. Removal of the Second, Third, and Fourth

Terms from an Equation of the n** Degree.—We begin

by proving the following proposition, which we shall subse-

quently apply :

—

A homogeneous function V of the second degree in n quantities

Xi, X2, X3, . • Xn can he expressed in general as the sum ofn squares.

To prove this, let V, arranged in powers of «„ "take the fol-

lowing form :

—

r ^ P,x,^ + 2Q,x, + Eu

where Pi does not contain x^, x^, . . . . Xn', also Qi and Ri are

linear and quadratic functions, respectively, of Xz, x^, . . . »„.

We have then

r.(jP;..*J.i..-|-
jp;/

also, assuming

V^y iBi - %' = P,xi + 2Q,x^ + R„

where Pi is a constant, and Qi and Ri do not contain Xi and x^,

we have, similarly,

so that

Proceeding in this way, we arrive ultimately at R,^., - ^^,
P«-i

which is equal to P„«n^ ; and the proposition is proved.

Now, returning to the original problem, let the equation be

«" + jOia;"-^ + ^20;"-^ + • . • + ^„ =
;

and, putting

y = ax^ + j3x^ + yx- + Sx + e,

let the transformed equation be
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where, by Art. 188, Q„ Q^, . . . Q,., ... are homogeneous functions

of the first, second, . . . r*^ degrees in a, jS, 7, S, e.

Now, if a, (5, y, 8, £ can be determined so that

Qi = 0, Q3 = 0, Q3 = 0,

the problem will be solved. For this purpose, eliminating e from

Qi and Q3, by substituting its value derived from Qi = 0, we
obtain two homogeneous equations

El = 0, i?3 = 0,

of the second and third degrees in a, j3, y, S ; and by the pro-

position proved above we may write i?2 under the form

u'' — v^ + w^ - f,

which is satisfied by putting u = v and to = t. From these

simple equations we find y = la + mfi, and S = ^lo + TOi/3 ; and

substituting these values in Q3 = 0, we have a cubic equation to

determine the ratio j3 : a. Whence, giving any one of the

quantities a, (5, y, S, s a. definite value, the rest are determined,

and the equation is reduced to the form

r + Q*r'' + Q^r-' + . . . + q„ = o.

In a similar way we may remove the coefficients Q„ Q^, Qi,

by solving an equation of the fourth degree.

Applying this method to the quintio, we may reduce it to

either of the trinomial forms*

»= + P« + Q, x' + Fx'^+Q;

or again, changing x into -, to either of the forms

a^ + Pa? + Q, X- + Fx" + Q.

In this investigation we have followed M. Serret (see his

Cour& d^ Algebra Superieure, Yol. I., Art 192).

* See Note A.
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Section II.

—

Hekmite's Theorem.

195. Homogeneous Function of Second Degree
expressed as Sum of Squares.—We have already shown,

in a general way (Art. 194), that a homogeneous function of

the second degree in the variables may be reduced to a sum of

squares, no hypothesis being made as to the nature of the

coefficients of the function considered. We now return to the

consideration of this problem when the coefficients of the function

are supposed to be all real; and we proceed to determine, in

magnitude and sign, the coefficients of the squares in the

transformed function.

Let F{xi, Xi, ... x„) be a homogeneous function of the second

degree in n variables with real coefficients ; and let us suppose

that it is reduced by the method of Art. 194 to the form

Pl [Xi + a^Xi + a^Zs + . . . + ttnXnf

+ p, [Xi + hiX3+ . . . + b„x„y

+Ps{X3+ . . . + CnXnf

where all the coefficients of this new form are real.

Making now the linear substitution

Xi = «i + aiOSi + 03X3 + ttiXi + . . . + «„»„,

X,= X2 + biXs + biXi + . . . + bnXn,

X3 = X3 + CiXi + . . . + c„a!„,

we have

F{X„ Xi, X3, ... Xn) =PiXi^ +^2X/ +^3X3=' + . . . +p„X„\

Since the modulus of this transformation is equal to 1, the

discriminants of both these forms of J' must be absolutely equal.
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Denoting, therefore, the discriminant of F by A,,, we have

A„ = PiPzPi ... Pnl

and similarly, when the variables %i, XJ^^, . . . Xn are made to

vanish in both forms of F, we have

^j = PiP^P3 . . Pr

Now, giving/ the values 1, 2, 3, &o., we find

As As A„
i?i=Ai, Pi = -r, Pz=—,---Pn = -—;

and the coefficients are determined in terms of the discriminant

of the original quadratic form in n variables and the discrimi-

nants of the forms in n - 1, n - 2, &o., variables derived from

the given form by causing one, two, &c., of the variables to

vanish in succession in the manner just explained.

Again since the constants in the form F{xi, Xi, . . . Xn) are

in number fw [n - 1) less than in a form composed of a sum of

squares of ii linear functions of n variables, we learn that F can

be reduced to a sum of squares in an infinity of ways. It is

most important, however, to observe that in whatever ivay the

transformation is made, provided it is real, the number of coefficients

{affecting these squares) which have a given sign is always the same.

This theorem, which is due to Jacobi, is easily proved ; for

suppose the contrary possible, and let

F s p,X^^ + 2hX^^ + ... +pnXn' ^
s-i Yi' + q.iY,' + ...+ q^ Y,

where the number of positive coefficients on both sides of this

identity is not the same. Making all the terms positive, by

transferring those affected with negative signs to the opposite

sides of the identity, we shall have a sum of I squares identically

equal to a sum of m squares, where m is greater than I. Now,
substituting such values for Xi, x^, ... Xn that each of the

/ squares may vanish (which may be done in an infinity of

ways), we find a sum of m squares identically equal to zero,

which is impossible.

2 F
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196. Hermite's Theorem.—The principles explained in

the preceding Article have been applied by Hermite to the

determination of the number of real roots of an equation /(«) = 0>

comprised within given limits. The special form of the function

J^ which he makes use of for this purpose is

{Xi + ttrXi + a/Xa + . . . + a/ ^XnY>—< Or- p
1-1

in which Xi, x^, . . . Xn are any variables in number equal to the

degree of the equation ; and r takes all values from 1 to n in-

clusive, the roots of the equation being m, oj, . . . a» ; also p is

any arbitrary parameter.

This form is plainly a symmetric function of the roots of

the equation /(») = ; and as the coefficients of this equation

are supposed to be real, F will be also real, when expressed in

terms of these coefficients and p, provided the parameter p be

given any real value. If the roots oi, 02, 03, . . . a„ are not all

real, the assumed form of F will not be obtained by real trans-

formation ; but it is easy to deduce from it, as follows, another

form which will be so obtained.

If oi and as be a pair of conjugate imaginary roots, we may
write

ai = ro(cosa+« sin a), 03 = r^ (cos a-«sina).

Denoting for shortness x^ + orX^ + 0^X3 + . . . + ar"'^Xn by F^,

and substituting these values in Yi and Y^, we find

Y,^U-^iV, Y,^U-iV,

where U and V are real ; also putting

= r (cos d> + «sin d.), = r (cos <i> - »sin 6),
ai-p a^- p ^ ^ ^"

the part of the function F depending on ai and ai, viz.,

Y,' Y,'
+

,

ai- p ai-p
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becomes

r [(^cos| + «sin|-Y(Z7-+«F)^ +^cos|--«sm|Y(Z7-tD4,

which may be also written as the difference of the squares

2r(^Z7cos|- Fsin|Y-2rC;7sin| + Fcos|

proving that two imaginary conjugate roots introduce into F
two real squares, one of which has a positive and the other a

negative coefficient.

We now state Hermite's theorem as follows :

—

Let the equa-

tion f{x) = {x - ai){x - aa) ... (« - a„) = have real coefficients

and unequal roots : if then hy a real substitution we reduce

•p-^ X^2 V^ "F 2

+ + + . . . + , (1)

where Yr=Xi + UrX^ + Ur'Xi + . . . + ar"'^X„,

to a sum ofsquares, the number ofsquares having positive coefficients

will he equal to the number of pairs of imaginary roots of the equa-

tion f{x) = 0, augmented by the number ofreal roots greater than p.

This theorem follows at once from what has preceded if we

consider separately the parts of the function (1) which refer to

real roots and to imaginary roots, for obviously there is a posi-

tive square for every root greater than p, and we have proved

that every pair of conjugate imaginary roots leads to a positive

and negative real square, without affecting the other squares

independent of these roots.

The number of real roots between any two numbers pi and

P2 may be readily estimated. For, denoting in general by Fj

the number of positive squares in F when p = pj, by JVj the

number of roots of the equation /(«) = greater than pj, and by

21 the number of imaginary roots, we have

Fi=Ni + I, P^ = N, + I;

whence

2F 2
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proving that the number of real roots between pi and p^ is equal

to the difference between the number of positive squares when

p has the values pi and pi, respectively.

The number here determined may be shown to depend on

a very important series of functions connected with the given

equation. In order to derive these functions we consider F
under the form (Art. 196)

Ai Aj
4-

^^ Y 2+ -ire •

Are-i

The number P expresses the number of coefficients in this

form which are positive, or, which is the same thing, the number

of the following quantities which are negative :

—

Ai
1'

Az

Ai'

A^

A.'

Are
(2)

We proceed now to calculate Ai, Aj, . . . Ay, ... An in terms

of p and the roots of the equation f{x) = ; and as the method

is the same in every case it will be sufficient to calculate A3,

i. e. the discriminant of the original form of F when all the

variables except Xi, x^, x, vanish.

Writing for shortness v,- = , we have in this case

F3 = Svr («i + <h^% + Or'^XsY.

The discriminant in this form is

A3 =

1 1 . . .

Oi 02 . . .

3 2
Ol Oj ... Ore

Sv
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and, consequently,

L 1 1

437

As = SviVaVs O: 02 as -%
{a% - oaY (as - OiY (ai - «a)'

(ai-jo)(aj-p) (oa-p)

«i aj as

In an exactly similar manner we find

V (oi) 02, as . . . aj)

^j=X (ai-jo)(a2-|o) . . . {aj-pY

where the notation V ("i, "s, as, . . . aj) is employed to represent

the product of the squares of the differences of ai, aa, as, . . . a,-.

Hence the quantities Ai, Aj, Ay . . . A„ are all determined.

Now, multiplying the numerator and denominator of each

of the fractions in the series (2) by /(p), each value of A is

rendered integral, and the series becomes

where

F: F, Fa

V F' F'
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functions ; from which in fact they difEer by positive multipliers

only, as was observed by Sylvester, who first published these

forms in the Philosophical Magazine, December, 1839. The

identity of the two series of functions may be established as

follows :

—

We make use'of the notation already employed in Art. 148,

and we propose to show that the Sturmian remainder Rj differs

only by the positive factor yy from the function Vj. From the

Article referred to, we have

Rj^Ajf{x)-Bjf{x), (1)

where Rj = r„ + )\x + r^x^ + . . . + r„._,-a;"^',

Aj = Ao + <^i« + -^2*" + . .
. + Ay-i^-^'S

Bj = Ho+ fjiix + At2«' + • • • + fJ-j-i^e-''' ;

and from the value of >Vj there given we have immediately

»Vy = Jj SV {cti, 02, 03, . . . ay),

showing that the leading coefiBcients in Rj and Vj differ only

by the factor jj. "We now proceed to prove that the last co-

efficients in these functions differ only by the same factor.

For this purpose, dividing the identity (1) by/(a;), substituting

in it from the equation

f{x) X X' X^
• • ;

and comparing coefficients, we find

flo = XiSo + XsSi + XsSa + ....+ Ay_i Sy_2,

IXl = A2.S0 + A3S1 + + \j-l Sj.3,

fij-i
- Aj-i Sf,.

Also, putting a? = in (1), we have

^0 = \Pn-i - fioPn,

and, substituting for ;Uo in terms of A,, A2, A3, &o.,

—-"- = Ao s-i + AiSo + A2S1 + . . . + A;_i sy.2

;

2^n
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whence, giving to X^, Ai, . . . A;-_i the same values as in the

calculation of Tn-j, we find

n = (- VfPnlJ

So o;-2

°;-i

°;-2 '•]-\

Now, referring to the calculation of A,- in Art. 196, and put-

ting p = 0, or vr = — , in the value of A,- there found, we find
Or

for the determinant just written the value

^ V (ni, a2, na, . . ay)
_

aiOzOs • oj

hence, giving pn its value in terms of the roots, we have

r^ = (- I)""-' jj SV (cti, aa, aa, . • . aj) a^i aj^^ . . . a«,

which was required to he proved.

The first and last coefficients of Bj, when divided by yj,

having been thus shown to be the same as in the form Vj,

it follows that all the intermediate terms must be similarly

related ; for, in the first place, Rj is a function of the diffe-

rences of the quantities x, ai, a^ . . . an, as may be seen by

transforming / (a;) before calculating Rj by the substitution

z = a.fjX + «i, as .in Ex. 3, Art. 92. When this transformation

is completed, every coefficient in Rj, as well as z, is a function

of the differences ; consequently Rj is a semicovariant, and

satisfies the differential equation

d d d

dx dai dm
+ A.]Ej = 0, or '^-DRj = 0,
daj ^ dx

and therefore, as is proved in Article 147, all the coefficients

may be obtained from the last by a definite law. The same

conclusions plainly holding also for the function Vj, it is there-

fore proved, finally, that

^; - l3 Vj.
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Examples.

1. To reduce two quadrics in three variables to the sums of the same three

squares with proper coefficients.

Let
U = ax' + hip' + cz'' -V^fyn + 1g%x + Ihxy,

V = aix' + hy- + oiz^ + 1f\yz + 1g\zx + 'Ihixy,

dF dF
F{x,y,z) = KU+r, ^ = *^, ^=igZ' ^'-

dF
' dT'

Ve have then identically

F=-
A{x)

\a + ai \h + hi \g + gi X

\h + h Kb + h A/+/i T

^g + gi A/+/i \o-vci z

X Y Z

where A (x) is the discriminant of A !7 + F; and * (x) is a function of the 2n(l

degree in \, the symbols X, T, Z being retained in it for the present, and not

replaced by the values involving \.

Eesolving into partial fractions, we have

^{M)

A'{A.i) A.-Ai^A'(A2) A-A2^A'(A3) a -As'

1 ^*(Aj) 1 _|_*{A3)
(1)

in which *(Ai), 4'(A2), ^(As) are all perfect squares, since they are obtained by

bordering the vanishing determinants A (Ai), A(A2), A(A3). (See Art. 139.)

Now, replacing X, Y, Z by their values, \U\ + Fi, &o., *(Aj) is easily re-

ducible to the form

(A-A,V

Aj-a + a\ Kjh + hi Xjg + gi Vi

Xjh + hi \jb + Ji Xjf + fi Ui

^j9 + ?i ^/+/i V + Ci m
Vi XTi U3

^(A-A,)2«/,

"where / = 1, 2, or 3, and Uj is independent of A.

Substituting these values in (1), we find

AZ7+ F=(A-Ai)
A'(Ai)

+ (A - A2) A^; + (A - A3) -7
Ui^

A'(A3)



Examples. 441

Equating the coefficients of A, we have

p-=
A'(Ai) A'(A2) A'(\3)'

"i tva "J~ '^ — Ai —r:

—

- + A2 —7;—; + A3 —77—:,
A'(Ai) A'(\2) ^ A'(A3)

which was required to be done.

It is to he observed that this problem has only one solution. The mode of

reduction here given is due to Darboux ; and is plainly applicable whatever be the

number of variables.

2. Prove that a quadrio in » variables may be reduced by a real orthogonal

transformation to a sum of n squares.

An orthogonal transformation is a linear transformation such that, when the

modulus written as a determinant is squared the terms in the principal diagonal

are each equal to 1, and all the other terms vanish.

In a transformation of this kind it follows that the sum of the squares of the

new variables is equal to the sum of the squares of the old.

3. Writing as before one of Sturm's remainders in the form

Mj = Aj(p'{x) - Bj<li{x),

prove that

Si =>) = 7j

Ti Tz

where Tj = soxi-'^ + sixJ-^ + saxJ'-' + . . . + s,--i.

4. Denoting by U,,

Sj-l

Tj-

2 (a: - Br) {Xi + aXi + o?X3+ ... + «"-':^:»)^

prove that the discriminant of Jfj may be determined by the equation

Aj = —

,

7J

where Aj and yj have the same signification as before ; and show directly that if

Aj = for a certain value of x, Aj-i and Aui have opposite signs for the same

value of X.

Note.—Hermite's theorem holds where ctr - pis changed into (or - p)"' in the

enunciation on p. 435, m being any odd integer, positive or negative.
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Section III.

—

Miscellaneous Theorems.

198. Reduction of tbe Qnintic to the Sum of Tbree

Fifth Powers.—This reduction can be effected by the solu-

tion of an equation of the third degree, as we proceed to show.

Let

(«(,, fli, as, as, fli, ai)[x, ijf = hi{x + jSitjY +h{x + fiiyf + ^3 {x +M^>
where j3i, jSa, jSs are the roots of the equation

Now, comparing coefficients in the two forms of the quintic,

«» = *i + ^3 + ^3 > «!= *i/3i + 62/32 + iajSs,

^2 = 6,/3i' + i2i32" + h,<^,\ CH = JijSi^ + h,^i + 63/33',

a, = J:/3i* + 62/32^ + 63/33*, a, = 6,/3i= + 62/32= + 63/33=

;

whence

i?,ai + _/Jia2 + ^283 + Pitti, = 0,

l^a^ +j?ia3 +p2a4 +i33«6 = 0.

When these equations are taken in conjunction with the

equation

^0 + i-'iS' + Pvi? + p-!?? = 0,

we have the following equation to determine /3i, [5z, [Sa

:

—
1 X x' ct^

= 0.

Also, 61, 62, 63 are determined by the equations

bi +62 +63 = do,

6i/3i + 62/32 + 63/33 = «i,

6i/3i'+ 62/82^ + 53/33^ =«2;

ao
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whence the question is completely solved when j3i, jSz, 03 are

known.

This important transformation of the quintic is a particular

case of the following general theorem due to Sylvester :

—

Any homogeneous function of x, y, of the degree 2n-l, can he

reduced to theform

h [x + (B^y)'"-' + h{x + i32y)^«-i + . . . + bn{x + (inyy-'

by the solution of an equation of the ;*** degree.

The proof of the general theorem is exactly similar to that

above given for the case of the quintic.

199. Q.nartics Transformable into each other.—We
proceed to determine under what conditions two quartics can be

transformed, the one into the other, by linear transformation.

Let the quartics be

U= [a, b, c, d, e) {x, yf ^ a {x - ay) {x - (By) {x - yy) (x - Sy),

r= («', V, c', d', e') {x',y'Y ^ a' {x' - a'y') {x~f5y]{x'- yY){x' - I'y') ;

and if they become identical by the transformation

x' =\x + fiy, y' = \'x + jx'y,

we have, by Art. 38,

• 03- - f) (a' - g-) _ (/ - a') 05' - gP _ (g-- PQ (/ - SQ

(/3-7)(«-S) (y-«)(/3-S) {a-(5]{y-S)
'

showing that the six anharmonic ratios determined by the roots

must be the same for both equations.

From these equations we have also the following relations

between the invariants of the two forms :

—

r=r% J'=r'J; (1)

whence

J'3 /3
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P
The quantity — being absolutely unaltered by transforma-

tion when the quartic is linearly transformed, is called the

absolute invariant of the quartic. The condition expressed by

equation (2) is, therefore, that the absolute invariant should be

the same for both quartics. The condition here arrived at

agrees with the result of Ex. 16, p. 148, where it is proved that

the sextio which determines the anharmonic ratios of the roots

involves the absolute invariant, and no other function of the

coefficients of the quartic.

The conditions expressed by the equations (1), (2), are

always necessary ; but not always sufficient, as we proceed to

illustrate by two exceptional cases.

Suppose, in the first place,

U = u^viv, V = u"^v"^,

where u, v, w, u', v', are of the linear form h + my.

. . r T^

.

Although the condition -^, = -™ is satisfied in this case, the

common value of these fractions being 27, it is impossible to

transform Z7 into V, since it is impossible to make vie a perfect

square by linear transformation.

Secondly, if U = u^v, V = n'*

;

although the equations 1' = r*I, J' = r'J are satisfied, since

I' = 0, I = 0, J' = 0, J = 0, it is nevertheless impossible to

transform ?7"into V.

In both these cases it would be impossible to identify the

six anharmonic ratios depending on the roots of the quartics.

In general, it may be stated that it is impossible to transform

one quantic into another by linear transformation when any

relation exists between the invariants of one of them which

does not exist between the invariants of the other (see Clebsch's

Theorie der Bindren Algebraischen Formen, Art. 92).
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200. mrumber of Absolute Invariants of any «.uan-
tic.—We proceed now to examine how the number of absolute
invariants of any binary quantic is connected with the number
of ordinary invariants, and how far a limit can be determined
to either of these numbers. Transforming the quantic

(«0, ffl, «!2, . . . (In) [X, yY
by the substitution

x=\X + (xY, y^X'X + fji'Y;

if the new form be

{A„ A„ A,... An) {X, YY,
we have by the comparison of coefficients n + 1 equations

expressing A^, Ai . . . A„ as follows :

—

where

Now, eliminating A, n, X, fi, we obtain, among the new and
old coefficients, w - 3 independent relations ; but if {X/x' - X'/x) be

admitted when X, fi, A', fi are excluded by elimination, we must
add the equation X// - X'/j. = Mto the n +1 equations already

obtained, making « + 2 in all ; and when the elimination is now
completed, we have « - 2 independent relations. It may be

inferred from our previous investigations that these relations

are of the form

^r {Ao, Ai, Ai, . . . An) = MJ'(j)r {a^, tti, Oj . . . ttn) (sce Art. 164),

and we have therefore » - 2 independent ordinary invariants

^1, ^3, 03 • • 0n-2- Eliminating ilf we obtain, as above stated,

11 - '6 relations connecting the two sets of coefficients, and this,

therefore, is the number of independent absolute invariants.

It is not true in general that every invariant can be expressed

as a rational function of the invariants <^i, ^2, (j), • . • 4>n-i ',
and,

consequently, we have not obtained a superior limit to the num-

ber of independent ordinary invariants by this investigation.

Ao

e
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201. HTumber of Seminvariants of a ftuantic.—Every

seminvariant can be expressed rationally in terms of «„ and

n -\ functions of the coefficients which are either invariants or

semiuvariants. For, removing the second term from the equa-

tion

Un = (r/o, ffi, Wz, . . . «,j) («, 1)" = 0,

the new coefficients are easily obtained by substituting for h

its value—^ (see Art. 35). As these coefficients, when divided
"0

by ffo, are symmetric functions of the diiierences of the roots

they must be invariants or semiuvariants when multiplied by

a power of «„ '> ^-Iso every other symmetric function of the

differences of the roots must be a rational function of the same

quantities, but not necessarily integral when multiplied by a^
;

consequently we have not obtained any superior limit to the

number of independent semiuvariants (or, which is the same

thing, covariants) by this investigation.

As an illustration of the preceding we give the values of

A-i, A3, Ai, As, As in a reduced form

—

a,A, = R, aMz = G, a,'A^ = a^U- ZE' (see Art. 37),

a,'A, = a,'F-2GH,

a,'Ae = 45JT= - 15ao'SI+ lOG' + Uo'I^,

where
F = a^a^ - 5«5ffliff4 + la^cha^, - Qa-iai + SfliV/j,

J2 = ffo«'6 - 6«i«5 + 15ff2«4 - 10«3%

F being a seminvariant, and /a an invariant of the sextic U^.

We have, therefore, proved that every seminvariant of the sextic

can be expressed in the form

a,-' ^ (ffo, F, G, H, I, h),

where ^ is a rational and integral function ; and, consequently,

every covariant when multiplied by a power of U^ may be

expressed as follows :

—

^ ( Ui, Fx, Gx, Sx, Ix, I^)-

When a rational and integral function of several semiuvariants

is formed so that the result is divisible by a„ a new semin-

variant is obtained which is considered distinct from the others.
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202. Calois' Theorem.—TAe roofs of an equation

f[x) s{x- a,) {x - 02) {x- a,) . . . {x- (i„) =

can be determined when one of the values is given of a rational

function of those roots which has 1,2.8 .. .n distinct values when
they are permuted in every way.

Let F= (^ (oi, oz, as . . . an) be this rational function, and Vi
the given value of it. Now, permuting all the roots except oi,

we have 1.2.3...w-l=^ values of V given by the equa-

tion

(F- FO (F- F.) (F- V,) ... (F- Fm) =0. (1)

This equation "Can be put under the form

F{V,a,)=0,

for its coefficients are symmetric functions of the roots of the

equation

X - ai

and as (1) is satisfied by F = Fi, we have identically

F{V„ aO = 0. Hence f{x) = and F {V„ x) = have one

common root, and only one. If, therefore, we seek the common
measure oif(x) and F(Vi, x), and continue the process till we
obtain a remainder of the first degree in x, and equate it to

zero, we shall find oi = '^'i ( Fi). Fixing on another root ur, and

proceeding as before, we shall find ur = '^r{ Fi) ; and therefore

each root can be determined rationally in terms of the given

value of F.

203. Reciprocal Liinear Transformation.—When the

co-ordinates of a point are transformed by a linear transfor-

mation, the tangential co-ordinates of a line and the operating-

d d d
symbols —, -r-, -j- are both transformed by the same new linear

c(x ciy Ciz

transformation, which is said to be reciprocal to the first.

Let the linear transformation be

X = aiX + biY + CiZ,

y = aiX + biF + CzZ, (1)

z = ffl3Z+ bsY + C3Z;
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whence any line \x + ny + vz becomes by transformation

LX + MY+NZ, where

L = «iX + ttz/x + OiV,

M=bi\ + bi/j. + 63V. (2)

iV = CiX + c^fj. + Csv ;

also

d d dx d dy d d%

dX^Jx dX'^ dy dX'^ dzdX'

, ., ,. o dx dy dz .. . .

or, substitutmg for j^, --^, j^ their values,

d d d d^ = «i— + fl3— + f/3-7,
dX dx dy dz

and similarly

d , d , d , d d d d d

dY dx dy dz dZ dx dy dz

whence L, M, N and the symbols -=, j=, -— follow the same
dJL dy dju

laws of transformation, and consequently A, fx, v and —, -j-, -z-

also ; in fact from equations (2) this transformation is

^X = A^L + B,M+ C,N,

^tJi = J^L + B^M + C^N,

Am = A^L + B^M + C^N,

where A = iaihcs), Ai = -—, Bi =-rr, &c. &c.
da-i dbi

This linear transformation is said to be reciprocal to the

transformation (1) whose modulus is A, its coefficients being

l^dA. IdA. i^dA

Ada,' Adb,' Adc,'

The variables x, y, z, and -^, —, -— are said to be contra-
dx dy dz

gredient to each other, for a linear transformation of x, y, s leads

to a linear transformation of the symbols --, -r-, -^, which,^
dx' dy' dz'

'

although not the same, is connected with the first in the manner

already explained.
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MrscEHANEotrs Examples.

1. Every quantio of an odd degree has a quadratic covariant of the second
order in the coefficients.

For every quantic of an even degree has an invariant of the second order in the
coefficients (Art. 171), which may he written in the form JJii{U) or (1, 2)" Ui Ui\
and this invariant of the quantic whose degree is im will be a seminvariant of one

whose degree isim + lsn. The covariant therefore which has this seminvariant as

leader will be a quadratic, since nzs — 2k = 2, «r being = » — 1 and t3 = 2.

2. Every quantio of an odd degree 2m + 1 = m has a linear covariant of the

degree « in the coefficients when n is greater than 3.

For if I{x, yY be the quadratic covariant of the preceding example, we have

ll(TPi ^ Lox + Liy,

a linear covariant, the order of Lq and ii being n. It is here assumed that Lo and

Xi are not identically zero, as they are for the cubic.

3. Every quantio of an odd degree has an invariant of the fourth order in the

coefficients.

The discriminant of I[x, yY is the required invariant.

4. Every quantic of odd degree « has a seminvariant of the third order in the

coefficients which is the leader of a covariant of the «"> degree.

For, differentiating with regard to on the discriminant obtained in the preceding

example, we have, for the resulting seminvariant, -ct = 3, k = «, and consequently

p = «OT — 2tt = n, which is therefore the degree of the covariant of which -— is
affn

the leader.

The series of seminvariants obtained in this way for the odd quantics is impor-

tant, the order in the coefficients being low.

5. When the quintic (»o, «i, «2, «3, «4, «5) («, yY has a triple factor, prove that

the covariant Ji is a perfect square, and the covariant Jx a perfect cube, the linear

factor being the triple factor of the quintic in both cases,

6. When the quintic has two double factors, the remaining factor is a single

factor of Jx-

7. If T7x = (ffio, «!, 02, . . On) {x, y)", prove that the resultant of Vx and the

covariant Gx is the discriminant of U cubed ; that is, S ( Ux, G,) = A^ ( U.) ; and

prove also Ji ( Vx, Hx) = A« ( Ux)

.

8. When the quintic has a triple root, the following symmetric functions of the

roots vanish :

—

2 (ai - 02)^ V (as, 04, 05), 2 (ai - 02)* V (03, 04, as).

9. Transform two given quadratics in. x, y to the forms

where « and v are linear functions of x and y.

2G
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10. If the coefficients of three quadratics

be connected by the relation

ai bi ci

a% ba Ci = ;

CIS bs 03

prove that they may be reduced by linear transformation to the forms

AiX" + Cil\ AiX' + GiT", AiX' + dYK

The determinant here written is the condition that the three quadratics should

determine a system of points or lines in involution.

11. Prove that two cubics can in general be transformed one into the other by

linear transformation.

12. Express three cubics, U, F, W, by means of three cubes.

Assuming

\V\ii.T \vW={x- fyf, (1)

and comparing coefficients, we have

Adi + f'C'i + vas = 1,

\b\ + /iia + vJs = —
f,

KCl + llCi + VC3 = p',

A^i + (xdi + vds = — p^.

These equations, by eliminating A, /t, v, give three values of p, and corresponding

values of \, ij.,
v. in this way we obtain three equations of the form (1) to deter-

mine U, V, W in terms of

{X - piyf, {x - pzyf, (x - p^yf.

It is easy to see that p^is given by the equation

aip + bi azp + bi asp + bs

bip + ei bip + Ci bsp + cs =0.

Oip + di Cip + di csp + ds

A similar method may be applied to express n quantics of the «"" order in terms

of n «*'' powers.

13. Prove that the three roots of a cubic may be expressed as

where
xi, B (xi), $> {xi),

„ , . Ix + m , „ , ,

« {«) = T, ;. and 63 (x)
^ ' I'x + m'' ^ '
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From Art. 60, putting K a/ - -5 = -^. '"'liere c = 1 or - 1, -we derive

X(j3 - 7) = my + Si[^ + 7) + ^2,

K {y - a) = Hya + Hi{y^- a) -It Si, (1)

^(o - /3) = Baj3 + J,(a + j3) + H2.

These homograpliio relations between the roots may be written in the form

$ = e{y), y = S{a), a=e{P);

^rhere the numerator and denominator in d are supposed to be divided by 2 if ; and

this being done it will be found that I, m, I', m' are connected by the relations

im' — l'm= 1 = l + m', and the roots «, 7, may be represented as o, B (a), 6'' (a)

;

9' (o) being equal to a. It is important to observe that the equations (1) are con-

sistent, the sum of the expressions on the right-hand side being zero ; that is to

say, K must have the same sign in all three, any other combination of signs being

inadmissible. (See Serret's Cours d'Algibre Supirieure, vol. ii., art. 611.)

14. Given a binary cubic U and its Hessian Sx, the cubic being satisfied by the

ratios x : y and x' : y'
;
prove that

, ^ -r- +3/ -7-
Ti/ V 1 dx mi
Fix, «) = -^ ; ; 2_

is an absolute constant, A being the discriminant of V.

F{x, y) is absolutely unchanged by linear transformation, since

Sx. Y = M-'Sx,,, A' = if«A,

and ^ ^
1X T

X' r
„, d XT. '^ , ^ , ^

^dX^^lY=''Tx+'Ty-

Reducing XT to the sum of two cubes by a linear transformation whose modulus

= 1, the constant may be easily shown to be ^r=. This is another form of the
V-3

tomographic relation of Art. 60.

15. Prove that a rational homographio relation in terms of the coefficients

<!onnects any two rational functions of the same root of a cubic equation ; but

that the relation is not rational when the roots are different.

16. Transform the quartic

{a, b, c, d, e) {x, 1)*

into one whose invariant / shall vanish.

Assuming y = x'^ + 2rix + f,

and making the invariant / of the transformed equation vanish, we have

S{pi-pz)H<p-piY = 0, (I)

where
(J>

is a known quadratic function of ri, not involving f.

2 G 2
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Expanding (1), we have

/<>)2 - 3/.^ + — = 0,

which determines
(f),

and consequently rj, by means of a quadratic equation ; and f
may have any yalue.

By a similar transformation J can be made to vanish.

17. Prove that the most general rational transformation of a quartic/ {x) may

be reduced to the transformation

=—+—
p—x q-X

When P = Itf[p) f [q), and Q = - Jf/(j) /' (;)), show that the second term of

the transformed quartic is absent.

18. Prove that the transformation

ai? +1fix + y
y--

a\i(? + l^iX + 71

may be resolved into the three successive transformations— (1) a homographic

transformation
; (2) a transformation of the roots into their squares

; (3) a homo-

graphic transformation.

19. If ^ be any integer, prove that

—,
r-i r = 2o + {x\Xi + x-iXij 2i,

{xx-xi)(xz-Xi)

where 2o and 2i are symmetric functions of xi, X2, xs, Xi ;

and hence prove

{(pjxi) - (I>{x2)){(j>{x!,)-ip{xi)) _ 2o + Si (aJiajg + XsXj)

{<i,{xi) - ifi {xi)} {\f/{X3) -<f/{Xi))
~

2o' + 2i'(a:ia;2 + XaXi)'

where 2o, 2i, 2o', 2i' are symmetric functions of xi, xz, Xs, xi.

20. If tp {x, y) and i// (a;, y) be two covariants of the binary form

Z7s (ao, ffli, a%, . . . «„) {x, y)"

of the degrees p and q, respectively ; and if

be expanded in the form

(Fo, Vi, F2, . . . . Vp) {X, T)p ;

prove that Vo, Fi, Vi, . . . , Vp are covariants of Z7.

Expanding, the coefficient of Xr-iYi is

1.2.3... J \dydx~lxdy) '^'

The modulus of this transformation of ^ is iji {x, y).
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21. When in the preceding example « = 4, and (p {x, y) and -^ [x, y) are replaced

by V, find the values of V^, Tj, Vi, Ks, Vi.

Ans. U{1, 0, S^, (?„ lU^ - ZB?,) [X, Yf.

22. Prove for two cubics 17 and V

JDn Dii Dii

Q"' = 16 Di2 Dm Da

I>13 -Z>23 I>Z3

where Dn, Dn, Sec, are the invariants of the three Hessians, and Q has the same

signification as in Art. 185.

23. Eliminate x' from the equations

a = {oqx' + ai)x + {aox'^ + Za\x' + 2«2) y, (bo, «i, «2, «3) («', 1)' = 0.

^!!S. 2'* + ZKx,y H + Crxty = 0.

24. Transform the quadric (a, h, c,f, g, h) [x, y, zY to X, T, Z, where

X = aiX + Piy + yiz, Y= a^x + ^ly + yiz, Z= aix + Pay + y^z.

Ans. nu
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28. If Ux and J/'j te two quartics -whioli have the same ahsolute invariant,

prove that

may he resolved into four factors of the form

Ajxl + BjX + Cj^ + Sj.

Mr. Eussell.

29. If the leading coefficients of a covariant involve the coefficients of several

quantics in the orders ra'i, OT2, . . . t«7r and weights ki, k2, . . . Kr, the degree of

the covariant is

niZSl + liiU^i + . . . + MrWr - 2 (ki + Kj + . . . + Kr).

30. If for every difference ap — aq, in the formation of a seminvariant
(f)

of an

equation Z7 = 0, we substitute

{x - ap){x - aq)'

prove that the result is the product of the covariant whose leader is i|> hy ZT't-"',

where to is the order and k the weight of (p.

31. When P is a quintic, what are the invariants of the quartic emanant

\ dx dy)

Ans. The quadric and cuhic oovariants Ix and /».

32. Give the relation connecting the covariants Sx, Cfx, Ix, /«, of any quantio V.

Ans. - Gx^ = iSx^ - TPSxIx + CV,.

33. Show how to transfprm a quantic of an odd order so that all the new coef-

ficients shall he invariants.

Ans. Take two linear covariants for the new X and T.

34. Find the relation which connects the coefficients of two quartics when their

roots are connected hy the relation

1
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Section IV.

—

Gteometeical Teanseokmations.*

204. Transformation of Binary to Ternary Forms.
—We think it desirable, before closing the present chapter, to

give a brief account of a simple transformation from a binary to

a ternary system of variables, whereby a geometrical interpre-

tation may be given to several of the results contained in the

preceding chapters. The applications which follow in connexion

with the quadratic and quartic will be sufficient to explain this

mode of transformation ; and will enable the student acquainted

with the principles of analytic geometry to trace further the

analogy which exists between the two systems.

Denoting the original variables, i.e. the variables of the bi-

nary system, by Xo, y^, we propose to transform to a ternary

system by the substitutions

X = x^, y = 2x^y„, z = yo'.

For example, taking the simple case of a quadratic whose

roots are a, /3, viz.,

Xo^ - (o + j3) Xoy>, + ajSyo' = 0,

and transforming, we obtain

x-^{a + (5)y + a(3z = 0. (1)

We have also the equation

y" - 4zx = 0.

This is the equation of a conic, which we call V, and (1) is

plainly the equation of a chord of this conic joining the points

a and /3, the point determined by the equations

—, = ^r-r- = s, where = -,

being referred to as the point (/> on the conic V.

* See Quarterly Journal of Mathematics, vol. x., p. 211.
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When a = j3 the quadratic becomes {xo - ai/oY, i.e. the square

of a factor of the first degree ; also (1) reduces tox- ai/ + a^z = 0,

which is plainly the equation of the tangent at the point a to

the conic V; whence the line corresponding to a quadratic with

distinct roots is a chord of the conic V, this line hecoming a

tangent when the roots are equal.

In further illustration of this method we consider the

binary sextic and quintic, so as to show how the transformation

is presented differently according as the degree of the quantio

is even or odd. In the former case we have

TTo = {Xo - ail/o) {Xo - 02^0) {xo - 03^0) («o - ciil/o) {x„ - 05^/0)K - "eyo),

which becomes by transformation

C12C31C58 , C12C35C46, C12C36C45,

or some other of the fifteen similar products of chords, where

Ci2 = x-^ (oi + 02) y + atOiZ is the chord 1, 2; and Cu, c^, &c.,

have a like signification. In the second case, viz. when the

degree of the binary quantic is odd, we must square Ua before

making the transformation. Thus, if Uf, represents the pro-

duct of the first five factors written above, Ua becomes when

transformed tiUt^t^ti, where ti = x - aiy -^ a^z is the tangent

to V at the point ai, and ti, U, &c., have a like signification.

205. Tlie [<iuadi-atic and ISiystems of Q,nadratics.—
The only invariant that a quadratic has is its discriminant,

and this is also an invariant in the ternary system, its vanishing

being the condition that the line corresponding to the quadratic

should touch the conic V. We now consider the system of two

quadratics

ax^ + 2bxoi/o + cy^, a'xa + ^Vx^j^ + c'y^,

which for shortness we call L and M.

When transformed these become two lines

L = ax + by + cz, M=a'x + h'y + c'z.
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Now the condition that the line whose equation is \L + fiM^O
should touch the conic V is

V{ac - b') + X/i {ac' + a'o - 2bb') + /r' («V - b") = 0. (2)

All the coefficients of this equation are invariants in both

systems : we have already seen that this is true of the first and

last coefficients, and the intermediate coefficient which is the

harmonic invariant of the binary system is an invariant in the

ternary system also, its vanishing expressing the condition that

the lines Z/jil/ should be conjugate with regard to the conic V.

This equation determines the tangents which can be drawn

through the point of intersection of L and M to the conic V.

When this point is on the conic the tangents coincide, and the

discriminant of the quadratic vanishes. Whence we obtain

geometrically the following form for the resultant of two qua-

dratics :

—

i? = 4 («c - b') {a'e' - b'') - {ac'+ a'c - 2bb'y

;

for if L, M, and V have a common point, the original quadra-

tics must have a common root, and the condition is in each case

the same.

Again, the pairs of points or lines given by the equation

Ai + fiM = form a system in involution (cf. Art. 183), the

double points or lines being determined by the equation (2)

;

and in the ternary system the corresponding pencil of lines

passing through a fixed point determines on a conic a system of

points in involution, the double points being the points of con-

tact of tangents drawn to the conic from the fixed point.

If we consider next the three quadratics

a,x^^ + 25i»„j/o + c,y^\ a^^ + ^tb^x^j^ + c^y^, a-;c^ + Ib^^i^ + c^y^,

it is seen that the determinant {a-^b^c^ is an invariant in both

systems, its vanishing being the condition in the binary system

that the quadratics should form an involution (Ex. 10, p. 450),

and in the ternary system that the three corresponding lines

should meet in a point.
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As a final illustration, we consider a system of three qua-

dratics connected in pairs by the harmonic relations

ttiCi + ttiCi - 2hihi - 0, &o.

Transforming the quadratics, we obtain three lines X, Y, Z,

which form a self-conjugate triangle with regard to the conic V.

The theorem relating to three mutually harmonic quadratics,

viz. that their squares are connected by an identical linear

relation (see Ex. 6, p. 389), is suggested by a well-known pro-

perty of conies ; for V expressed in terms of X, Y, Z is of the

form

whence, restoring the original variables x^, y^^ Vo vanishes iden-

tically, and X, F, Z become the original quadratics, each divided

by a factor which may be seen to be the square root of its dis-

criminant (see (1), Ex. 6, p. 389).

206.

—

Tbe Cluartic and its Covariants treated geo-

metrically.—It will appear from the remarks to be made in

the next Articles that in applying the transformation now
under consideration to the quartic U^ = [a, b, c, d, e) [x„ y^f, the

term Qcx^y^ will be replaced by 2cxz + cy'^, so that the quartic

will be replaced by the two following conies :

—

U = ao? + cy^ + e^ + '2,dy% + 2c%x + 2hxy,

V^ y^ - izx
;

the form of U here selected being connected with V by an

invariant relation. The invariants of U and V are invariants

of the original binary form, for the discriminant of U - pVis

4jo^ - Ip + J,

and the invariants of the ternary system are

A'=-4, e'=0, e = J, A = J;

where I and J are the invariants of the quartic, the discri-

minant of U - pV being written as usual under the form
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Let the conies U and V intersect in the points A, B, C, D;
these points being determined by the equations

^^
2<l>

^'

when (j> has the four values a, /3, y, S, the roots of the binary

quartic ; and let the points of intersection of the common chords

BO, AD; CA, BD ; AB, CD be E, F, O, respectively, where

EFG is the triangle self-conjugate with regard to both conies.

Now, denoting by (a/3) = the equation of the line AB, and
using a similar notation for the remaining chords, we have by
the theory of conies

Z7-p,F=(^y)(ag), U-p,V={ya){^l), U- p,r= {a(i) (jS),

where pi, p2, p^ are the roots' of the equation 4/o'- lp+ J=0.
On restoring the original variables «„, y„ in these equations,

F"o vanishes identically, and we have Uo resolved into a pair of

quadratic factors in three different ways, depending on the

solution of the reducing cubic of the quartic. Whence it

appears that the resolution of a quartic into its pairs of quad-

ratio factors, and the determination of the pairs of lines which

pass through the four intersections of two conies, are identical

problems, each depending on the solution of the same cubic

equation.

We now proceed to show that the sides of the common self-

conjugate triangle of U, V correspond to the quadratic factors

of the sextic covariant in the binary system. Since the side

FG is the polar of E, the co-ordinates x, 1/ of E are found by

solving the equations (jSy) = 0, (aS) = ; we have, therefore,

x_ ^ y ^ 2^

)37(a+g)-ag(/3 + 7) ~2(i37-a8) "/3 + y-a-8'

and, substituting for x', y', z' the values thus determined in the

polar of E, viz.,

xz -
-J— + « s = 0,

we express this equation in the form

(/3 + Y-a-g)a;-(i37-aS)2/+(i37(a + S)-ag(/3 + 7))2 = 0.
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On restoring the original variables x„ y„ this is seen to be

one of the quadratic factors of the sextic covariant (Art. 176).

It is therefore proved that the points where FG meets Fare

determined by the quadratic equation

+ 7 -a-g) ^'^ -2 (jSy - aS) ^ +i37 (a+ 8) - aS (i3 + 7) = ;

and consequently the six points on Y which correspond to the

roots of the sextic covariant are the points where this conic

meets the sides of the common self-conjugate triangle of U
and V.

To determine the points on V which correspond to the roots

of the Hessian, we calculate for the conies V and Y the co-

variant conic V (Salmon's Conic Sections, Art. 378) ; thus

finding

- 1 1^^ (ffc - b') x^ + [hd - c") y' + [ce - (P) z' + {be - cd) yz

+ (ae - 2bd + c^) %x + {ad - be) xy
;

and on restoring the original variables, we have

E{x„yoY = -\Fo;

also, since the conic F intersects U and Y in the points of con-

tact of their common tangents, we see that the points on Y
corresponding to the roots of the Hessian are the points so

determined. The Hessian has, moreover, a double geometric

origin, for it may equally well be obtained by transforming the

conic <1> (Salmon's Conies, Art. 377) which is the envelope of a

line cut harmonically by the conies U and Y.

207. "We now give some general transformations from the

binary system to the ternary, which will be useful in comparing

the concomitants in both systems.

(1). Linear transformation of both systems.

If the binary variables be linearly transformed, the new
variables expressed in terms of the old being

Xa = \Xa + ixy„ Fo = XX + fx'y^.
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the new ternary variables will be expressed in terms of the old

as follows :

—

X= X'« + Xfiy + ^^2,

F = 2\yx + (X/ + XV) y + 2^,/x's,

Z = y'x + XVV + /i'^z
;

and, consequently,

Y^ - iZX = (X/i' - XV)' if - 43«),

showing that theform of the fixed conic is unaltered by the above

linear transformation of x, y, s, which conversely leads to the

general linear transformation of the primitive binary variables.

The modulus of this ternary transformation is (X/x'- XV)' (see

Ex. 4, p. 363).

(2). Transformation of Partial Differential Coefficients.

If fix^, j/o) becomes U by the substitution of Art. 204, we

have

cf_

dx^
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If the transformation be such that 11 ( U) vanishes identi-

cally, we have, for the transformation of the second differential

coefficients, the following simple values :

—

^ = 2{n-V\— -^^ = 2{n-V\— ^ = 2(n-l)~
dx^ dx' dxo dy^ dy^ dy^ dz'

From these values we find easily

If , d
r
d\ „ . ^.(,dU ,dU ,dU\

2\'' dx, ^° dyj -^
^ 'ydx'^dy dz /

showing that the second emanant (Art. 168) in the binary system

is transformed into the first polar in the ternary system ; and in

like manner all the even emanants are transformed into polar

curves of one-half the degree.

Again, if the second differential coefficients of / when ex-

pressed in the ternary system he represented as follows :

—

we will have

n {x<^i + «/^2 + Z(/)3) = 0, when n (^1) = 0, 11 (^z) = 0, and n (^3) = ;

for
dyo dx^dy, dx^'

and therefore by what precedes

d<^i d^2 d(f)3

dz dy dx
'

but U{x<l>. + y<f>,
+ z<l,,)

J±^<^±_2^±^
dz dx dy

and consequently vanishes identically.

It may be noticed that when n(^i), 11(^2), 11(^3) do not

vanish, we have in general

(« - 3) n [x^i + y,p, + z^,) = {n - 1) [xU (0,) + yU {,p,)'+ xH {^,)}.
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du
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transformed is the locus of the poles with regard to TJ of

tangents to the fixed conic.

The line corresponding to the binary concomitant

(«o2/o' - <2/o)^ is xz -hyy' + zx,

which is the polar of x', y ,
%' with regard to the fixed conic.

The curve corresponding to the covariant

d?u (Pv d^u d^v dhi d^v

dx^ dy^ dy^ dx^ dx^dyo dxody„

is dUdV dUdV ^ dU dV
dx dz dz dx dy dy

'

which equated to zero is the condition that the polar lines of a

point with regard to TJ and V should be conjugate with regard

to the fixed conic. This covariant may be written under the

form n(TJV), when W{TJ) - 0, n(F) - 0.

208. When the transformation of Art. 204 is applied to a

quantic/(a;o, y^ of even degree 2m, it is plain that the roots of

this quantio will be determined geometrically by the points of

intersection of a curve of the m** degree with the fixed conic

V. If the degree of the quantic is odd, it must, as already

stated, be squared before the transformation is effected ; and

the roots will then be determined geometrically by the points

of contact of the corresponding curve with the conic.

In transforming the quantic /(«„, ^o), we may obtain an

indefinite number of ternary forms l^' varying the mode of

transformation ; for if TJ be any one of these forms, TJ + (pm-zV,

in which the coefficients of ^m-2 are arbitrary, would equally

well be a transformation of /(«,,, y„), since this form would

on restoring the original variables return to the quantio

/{xo, yo)- Moreover, every possible transformation is included

in the foregoing. Among these innumerable ternary forms

there is always one, such that the invariants and covariants of

this form combined with V are invariants and covariants of the

binary quantic also. To determine this form take the operator

n of the preceding Article, which, as can be easily seen, is
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obtained by substituting the difEerential symbols Dx, Dy, Dz

in the tangential form of F, or Z)^, - 2Dy, D^ for x, y, zinV
itself. Operating then with n on C + (pm-zV, we obtain a

result '^m-i of the degree m - 2; and equating to zero its

coefficients, we have equations sufficient to determine all the

coefficients of ^m-z- The required transformation therefore is

unique, as these equations are of the first degree.

This mode of fixing the form of Z7+ (pm-iV ia unaltered by

any linear transformation of the binary variables and the con-

sequent linear transformation of the ternary variables ; for,

referring to (1), Art. 207, it is easily proved that the differential

operator

dZdX dV ^ '^ ^' \dzdx dy'

and if after linear transformation any function /(;», y, z) becomes

F{X, Y, Z), we have

d'F d^F .. , ,, ,,( dy d-^f

dZdX dV ^
'^ '^' \dzdx dy''

which proves that the form F{X, Y, Z) is fixed by the same law

as/(«, y, z), and this law is independent of the linear transfor-

mation of the binary system.

The following method may be employed to obtain the

proper form of U corresponding to a given binary quantio

of even degree. Let the quartio u={af„ «i, a-z, a,, a^ [xo, y^Y

be written in the form

3^{«^„^^, + 2^,S/„

d'u „ d'^u

+ yo"dx.dy,"" dy.'S'

transforming the second differential coefficients, and multiplying

the terms by x, y, z, respectively, we obtain the proper form for

U, such that U{U) = 0,n\z.

a^a? + a^if + a^^ + 2(hyz + ^a^zx + 2aixy.

2H
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Again, in the case of the sextio u, writing it in the form

. . ,, .. d^u d'u d'u . ^.

transforming the quartics -—j, -

—

—, -r—^ m the manner

just explained, and multiplying by x, y, z, respectively, we

obtain a ternary cubic IT of the proper form (see [2], Art. 207).

In a similar manner the transformation of the octavic is made

to depend on that of the sextic ; and proceeding in this way

step by step we may transform any binary quantic u of even

degree to a ternary quantic U of half the degree, such that

n {U)^0.

209. Combined System of a iluartie and Quadratic.

—Transforming this binary system we have a ternary system

composed of two conies and a line ; and for simplicity we shall

suppose the conies referred to their common self-conjugate

triangle. Denoting the quartic and quadratic by ir^ and /„,

respectively, and the corresponding ternary forms by U and I,

we have
U=ax^ + by' + cz', a + b + c = 0,

V= x^ + y^ + z^, bc+ ca + ah = I^,

1= ax + f3y + yz, abc = I^.

To obtain the linear covariants of this system, since a, j3, y are

the co-ordinates of the pole of I with regard to V, the polar of

this point with regard to U is aax + bjiy + cyz a m, the first co-

variant ; and treating m in the same way, aa, 6/3, cy being the

co-ordinates of its pole with regard to V, the polar of this point

with regard to TJ is a^ax + Pf5y + c^yz s n, which is a second

covariant. We cannot derive any more linear covariants in

this way, for the next one so derived is

a^ax + b^fiy + (?yz = a[bc- 1.^) ax+b [ca - 1^) (3y+c {ah - I,) yz,

and can therefore be expressed in terms of / and m in the

form J3I - Izm. But three more linear covariants /', ?n', »', may
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be obtained by taking the poles of I, m, n with regard to V,

and Joining them two and two. This system may be expressed

by the Jacobians

J[m, n, V), J{n, I, F), J [I, m, V).

We have therefore obtained six linear covariants /, m, n, and

/', m', «'; to which all others may be reduced, for example

t„ 3 a"ax + 6"j3y + c"jz

= a"-^ {be -D ax + V"'^ {ca - h) jSy + c"-= [ab -^yz

also

¥c^ax + cVj3y + a^b^yz = I^l + I^m + I^n,

since

6c = «" + 12, ca = b'^ + 11, ab^<? -^ I2.

Similarly, b"c^ax + c"a"liy + a^b^yz may be reduced to the form

Al+B>n+ Cn; and other reductions which present themselves

impose no difficulty.

These six linear covariants when transformed give six

quadratic covariants in the binary system.

There are six invariants, but only_ three are special inva-

riants of this system. To obtain them, let the condition that

XI + fim + vn should touch V be

DoX' + Ah' +Dy + SAiuv + 2D^v\ + 2D,Xfi = ;

whence we obtain five invariants, Bo, X>i, -D2, A, -D4, where

D„ = a"a' + b"li'' + c"y^, three of which only are independent, for

D„ = a"-' [bo - L) a' + b"-' (c«:- L) jS' + c"-' {ab - L) f

whence
A = I,Do - I,D„ A = I,D, - hD, ;

and thus we obtain no more than the five invariants 1%, I3, D^,

Di, A, the two last being special invariants. Di vanishes

when / and m are conjugate with regard to V, and A when

I and 11 are conjugate with regard to V.

2 H 2



468 Transformations.

The remaining special invariant may be obtained as the

eliminant of I, m, n, viz.

aa

a a

6j3

7

Cy

&y

= -Bi:

The square of the last invariant can be expressed in terms

of Z^o, -Di, Bi, for

a ^

aa J/3

1
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tliere are also the three conies

J{1, r, W), J{m, V, W), J{n, V, W),

where W= aV + 6y + c^z^, the harmonio conic of ax' + by'' + cz'

and x + y'' + z' with sign changed.

These three conies are easily reduced, for

J{m, U, V) = J {I, r, W), J{n, U, V) = J{m, V, W) ;

J{n, V, W) = I,J{ni, U, F) -I,J {I, U, V);

whence there are only three special quadric covariants, and

consequently only three special quartic covariants of the

binary system.

Before concluding this Article we give some of the forms

which would have been obtained if we had employed the ordi-

nary equations of the conies U and V, viz.

IJ = ax^+ cy' + e^ + ^Zdyz + 2c%x + llxy,

V=y'^ - ^%x.

The condition that l=ax + ^y + yz should touch U-pV
is now

S - p<I> + P^S', where

+ 2 [be -ad) j3y + 2{bd-c') ja + 2 {cd-be) a(5,

^ = €0.' + 4c/3' + ay' - ibjiy + 2cya - 4rfaj3,

S'=4(Ya-/3^).

Also Bm is the Jacobian of S, <E>, 2', considered as conies

;

and
I, = -4I, L = -4:J,

where / and J are as usual the invariants of the quartic.
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Examples.

1. If a quartic have a double factor, prove geometrically that this factor is a

double factor of Sx.

2. If a quartic have a square factor, prove geometrically that this factor is

a quintuple factor of the covariant Gx; and construct the point on the conic Y
which corresponds to the remaining root of the equation Gx = 0.

3. Resolve the quartic as in Art. 179 by finding the tangents to the conic V
where !7 meets it, JTand T having been expressed as sums of squares.

i. Determine the condition that \u + vv> should have two square factors,

where u and w are quartics.

Transforming, we have in this case

\U+ ixV+vWs [ax + $y + yif;

consequently, every term in the tangential form otKTJ + ii.y+ vTTmust vanish,

giving six equations to eliminate A,*, fj?, v', /iv, v\, K/t ; hence the required con-

dition is determined.

5. Apply the method of transformation of Art. 204 to prove the theorem of

Art. 191.

Let Tschirnhausen's transformation he put under the form

ax^+2$x + y „,2=
:;

: . ti)
ax' + 2$'x + y

Make the numerator and denominator of the last fraction homogeneous \n x, y;

replace a by- X, and transform : (1) becomes then

£ + xZ' = 0,

where i = ax + $ij + yz, Z' = a'x + P'y + y'i:.

If X, y, z be eliminated from the equations i+Ai' = 0, 17=0, F=0, we

shall have the transformed quartic in \ ; which, considered geometrically, deter-

mines the lines drawn from the point of intersection F oi Z and L' to the points of

intersection A, B, C, D oi U and V. Again, if k be so determined that the conic

U+kV pass through the point P, the anharmonic ratio of the lines FA, FJB, FC,

FD, is equal to the anharmonic ratio of the lines TA, AB, AC, AD, where TA is

the tangent to U+ icVai A: that is, of the lines

i+Kt', t + pii', i + pit', t + pst',

where t and t' are the tangents to Z/and Fat A. Now, forming the invariants of

the quartic whose roots are k, pi, pi, ps, the theorem follows by Arts. 180 and 199.
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6. Let three points a, b, c be taken on the conio V given by the equations

px = ai(p' + bi<f, + c, py = 82^2 + bi(p + cj, ps = flj^a + ij^ + ^3,

the values of ^ at these points being o, 3, y, the roots of a cubic XT
;
prove the fol-

lowing constructions for determining the points on the conio corresponding to the

roots of the cubic covariaut Gx and the Hessian JSlt :

—

r. Let tangents he drawn to the conio V at the points «;, *, c, forming a tri-

angle ABC, the lines Aa, Bb, Co meet the conic at points a', V , c' corresponding to

the roots of Q,.

2°. The four triangles abc, a'b'c', ABC, A'B'C are homologous, and their axis

of homology meets the conic V at the points corresponding to the roots of S-,.

7. From the constructions in the last example prove that Ux and Gx have the

same Hessian fii, and that the roots of Sxare imaginary when the roots of Ux are

real. —Dublin Exam. Papers, Bishop Zaiv's Prize, 1879.

8. Express in terms of their invariants the resultant of the quartic and biquad-

ratic

ax^ + ibx'^y + Gcx-y' + idxy^+ ey^,

ax'' + 2pxy + yy'^.

9. Determine the condition that two quadratic factors {x—a){x — ff), (x ~y)[x—S)

of a quartic Uq should form with a given quadratic \a:^ + ifix + y a system in

involution.

Transforming, the three corresponding lines must meet in a point, which point

is one of the vertices of the common self-conjugate triangle of the conies 17 and V.

The tangential equation of these points is J{%, 5', *) = 0, which is therefore the

required condition, the tangential form of k C+ ^being /c'2 + k* + 2'.

This condition may also he put under the form

['4^'-'''a^y^''a?)^'='-

10. Prove that the quartics

{aix'' + ZPixy + 712/2) (aix'' + 2$3Xt/ + yif) - (02^;= + 20iXy + yzy^f, (1

)

(aja;2+ 2a2xy + aif) {ria;" + 2y2Xy + 73^^) - {$ix'' + 20ixy + $sff (2)

have the same invariants.

Transforming (2) to the ternary system, we have the conic

(aiiC+ aty + 032) (71a; + yiy + 732) -{$iX + P2i/ + Pizf,

which for shortness we write as LN— M-, where

Z s aix + tt2y + aiz, MsPix+ $2l/ + P3h N=y\x+ yiy + yzi. (3)
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Now when the discriminant of

ZN-M' + A (2/2 - izx)

is formed, the inTariants of (2) are the functions - SS and G of this cubic in A. (or

the last two coefficients when the second term is removed). This discriminant may

be obtained as the resultant of the three equations

Wai - iMffi + Lyi - iKz = 0,

iVa2 - 2M02 + Zyi + 2\y=0, (4)

N'as - 2M03 + Zya - 4\x = 0,

when x, y, z are eliminated ; or by eliminating the six quantities x, y, z, Z, M, N
by means of the three additional equations (3) the resultant is obtained in the

form

sA(A).

If we had operated similarly on the quartic (1) we should have obtained the same

resultant A (A.), the form the determinant takes in this case being obtained- by

dividing the first three rows of A [k) by — 4a, and multiplying the first three

columns by - 4a. Whence it follows that the invariants are the same in both

cases.

To expand A (a) we replace L, M, iVby their values in equations (4), and then

eliminate x, y, z, thus obtaining

/u 111 In — 2a

ai
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12. Prove that the condition in Ex. 11 ia the same for the following two sets of

quadratics :

—

aix^ + 2fii.xy+ y\if, a^x^ + ifiixy + yiy'^, a3«^ + iPzxy + yty',
and

oia;^ + ia^xy + o32/^ ^ix'^ + ifiixy+ Psy', yix"^ + 'i.yixy + 73^2.

210. l"riiicipal Concomitants of the Sextic.—The

binary seitic u being the next even form, we shall as a final

illustration briefly indicate how its invariants and the two

principal covariants may be derived from the ternary system of

a cubic and conic combined. The two covariants alluded to are

the quartic Ix^, whose leader is a^^ai - 4^10:3 + ^a' - I and the

quadratic L-x^ = Id (m) ; for by treating these as a combined

system, in the manner of Art. 209, we may obtain all the

forms of the binary sextic as far as the fourth degree.

Transforming the sextic e( = {a^, ai, d, a^, cti, a^, ae) {x^, PoY

we have the ternary cubic

U^ a^ + ttiy^ + a^z^ + Qa-iXyz

+ ^[a-iX^y + OiX^z + a%ifx + Oty'^z + aiz'^x + a^Sj]

.

Now forming the discriminant of

7i[x -r + y ^- + z -r) U - XV .

b\ ax ay dz j

or ( ?7„, Tin, TJ^, TJ... TI^,, U,,) {x', y', z'f - X V,

we have 4X' -I{U)X+J{U), where

i{U)=UnU,,-4: Un u,. + -'5 ir,j,

Un TT,. Uu

j{u) =
\

m, m^ u,,

' t/si C/33 C/33

Expanding /(Z7) in the form (an, ^22, «33, «23, ^31, avi){^-, y, 2)^

we find

flu = ffo«4 - ^CtlCtz + 3fl/, 2^23 = fllfle - 3a2fl'5 + 2ff3ffi,

«'22 = «i«5 - 4«2a4 + Zoi, 2«3i = a^a^ - 4:aia5 + la^a^, - A.a^^,

ff33 = «2«'6 - 4^3(75 + Zcii, 2(712 = «o<''5
- Sfliff^ + 2(72^3 ;

'23
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also

a^x + a^y + at%, a^x + a^y + a^z, a^x + a^y + a^g

J{U) = aiX+ a^y + 0^^, a«x + a^y + a^z, a,,x + a^ + a^z

ttiX + a^y + OiZ, UiX + a^y + a^z, fl^a; + a^y + a^

Operating with n on 7(C/") we get

viz. the invariant (1, 2y Ui Ui of the sextic.

Also nJ[U) = Lx becomes L^^ on transformation.

Again, if we form the discriminant of

I{U) + \h V-kV,
we have A¥ - IJt + Je,

where J4 and Js, the invariants of Ix^, are invariants of the fourth

and sixth orders of the sextic, the general form of all such inva-

riants being

lit, + mli, Ihli + mil + nie.

The invariants which Dr. Salmon {Higher Algebra, p. 262)

selects as fundamental are the invariants - S and T of the cubic

curve U {Higher Plane Curves, Arts. 220, 221).

The condition that the cubic and conic should touch is

expressed by the vanishing of an invariant Iw, and this invariant

is the discriminant of the sextic.

The condition that three connectors of the six points of

intersection of U and V should meet in a point is expressed by

the vanishing of an invariant Zis ; this is the skew invariant of

the sextic, and may be obtained as the invariant Rm of Art. 209

for the combined system

i{U) + \i,r, V, nj{U).

The covariant Ix^ may also be obtained from the curve

Ui U3 - Ui, which transforms into Hx„ ; for, reducing by the

relation ZZji = ZZja, we find

\n{v,u^-Ui) = u,,u,,-4:U,iU,^ + ^u,^=i{U).

The covariant Lx may also be obtained by substituting

X'a, - 2Dy, Bx for X, y, z in /( U) + ^I^ V, and operating on U.



NOTES.

NOTE A.

ALGEBRAIC SOLUTION OF EQUATIONS.

The solution of the quadratic equation was known to the Arabians,

and is found in the works of Mohammed Ben Musa and other writers

published in the ninth century. In a treatise on Algebra by Omar
Alkhayyami, which belongs probably to the middle of the eleventh

century, is found a classification of cubic equations, with methods of

geometrical construction ; but no attempt at a general solution. The

study of Algebra was introduced into Italy from the Arabian writers

by Leonardo of Pisa early in the thirteenth century ; and for a long

period the Italians were the chief cultivators of the science. A work,

styled I!Arte Maggiore, by Lucas Paciolus (known as Lucas de Eurgo),

was published in 1494. This writer adopts the Arabic classification

of cubic equations, and pronounces their solution to be as impossible in

the existing state of the science as the quadrature of the circle. At

the same time he signalizes this solution as the problem to which the

attention of mathematicians should be next directed in the develop-

ment of the science. The solution of the equation a?+ mx = n was

effected by Scipio Ferreo ; but nothing more is known of his discovery

than that he imparted it to his pupil Tlorido in the year 1605. The

attention of Tartaglia was directed to the problem in the year 1530, in

consequence of a question proposed to him by Colla, whose solution

depended on that of a cubic of the form x^ +px'' = q. Elorido, learning

that Tartaglia had obtained a solution of this equation, proclaimed his

own knowledge of the solution of the form x' + mx = n. Tartaglia,

doubting the truth of his statement, challenged him to a disputation
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in the year 1535 ; and in the meantime himself discovered the solu-

tion of Ferreo's form x^ + mx = n. This solution depends on assuming

for X an expression^i - ^u consisting of the difference of two radi-

cals ; and, in fact, constitutes the solution usually known as Cardan's.

Tartaglia continued .his labours, and discovered rules for the solution

of the various forms of cuhics included under the classification of the

Arabic writers. Cardan, anxious to obtain a knowledge of these rules,

applied to Tartaglia in the year 1539; but without success. After

many solicitations Tartaglia imparted to him a knowledge of these

rules ; receiving from him, however, the most solemn and sacred pro-

mises of secrecy. Kegardless of his promises. Cardan published in

1545 Tartaglia's rules in his great work Btjled Ars Mafftia. It had

been the intention of Tartaglia to publish his rules in a work of his

own. He commenced the publication of this work in 1556 ; but died

in 1559, before he had reached the consideration of cubic equations.

As his work, therefore, contained no mention of his own rules, these

rules came in process of time to be regarded as the discovery of Cardan,

and to be called by his name.

The solution of equations of the fourth degree was the next

problem to engage the attention of algebraists; and here, as well as in

the case of the cubic, the impulse was given by CoUa, who proposed

to the learned the solution of the equation x^ + 6x^ + 36 = 60a;. Cardan

appears to have made attempts to obtain a formula for equations of

this kind ; but the discovery was reserved for his pupil Ferrari. The

method employed by Ferrari was a transformation of such a nature as

to make both sides of the equation perfect squares ; a new unknown

quantity being introduced which is itself determined by an equation

of the third degree. It is, in fact, virtually the method of Art. 63.

This solution is sometimes ascribed to Bombelli, who published it in

his treatise on Algebra, in 1579. The solution known as Simpson's,

which was published much later (about 1740), is in no respect essen-

tially different from that of Ferrari. In the year 1637 appeared

Descartes' treatise, in which are found many improvements in alge-

braical science, the chief of which are his recognition of the negative

and imaginary roots of equations, and his " Kule of Signs." His

expression of the biquadratic as the product of two quadratic factors,

although deducible immediately from Ferrari's form, was an important

contribution to the study of this quantic. Euler's algebra was pub-

lished in 1770. His solution of the biquadratic (see Art. 61) is
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important, inasmuch as it brings the treatment of this form into

harmony with that of the cuhic by means of the assumed irrational

form of the root. The methods of Descartes and Euler -were the

result of attempts made to obtain a general algebraic solution of

equations. Throughout the eighteenth century many mathematicians

occupied themselves with this problem ; but their labours were unsuc-

cessful in the case of equations of a degree higher than the fourth.

In the solutions of the cubic and biquadratic obtained by the older

analysts we observe two distinct methods in operation : the first, illus-

trated by the assumptions of Tartaglia and Euler, proceeding from an

assumed explicit irrational form of the root ; the other, seeking by the

aid of a transformation of the given function, to change its factorial

character, so as to reduce it to a form readily resolvable. In Art. 55

these two methods are illustrated ; together with a third, the concep-

tion of which is to be traced to Vandermonde and Lagrange, who
published their researches about the same time, in the years 1770 and

1771. The former of these writers was the first to indicate clearly

the necessary character of an algebraical solution of any equation,

viz. that it must, by the combination of radical signs involved in it,

represent any root indifferently when the symmetric functions of the

roots are substituted for the functions of the coejSicients involved in

the formula (see Art. 94). His attempts to construct formulas of this

character were successful in the cases of the cubic and biquadratic
;

but failed in the case of the quintic. Lagrange undertook a review of

the labours of his predecessors in the direction of the general solution

of equations, and traced all their results to one uniform principle. This

principle consists in reducing the solution of the given equation to

that of an equation of lower degree, whose roots are linear functions

of the roots of the given equation and of the roots of unity. He shows

also that the reduction of a quintic cannot be effected in this way, the

equation on which its solution depends being of the sixth degree.

All attempts at the solution of equations of the fifth degree

having failed, it was natural that mathematicians should inquire

whether any such solution was possible at all. Demonstrations have

been given by Abel and "Wantzel (see Serret's Cours d^ Algebre supe-

rieure, Art. 516) of the impossibility of resolving algebraically equa-

tions unrestricted in form, of a degree higher than the fourth. A
transcendental solution, however, of the quintic has been given by

M. Hermite, in a form involving elliptic integrals. Among other
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contributions to the discussion of the qnintic since the researches of

Lagrange, one of leading importance is its expression in a trinomial

form by means of the Tsohirnhausen transformation (see Art. 194).

Tschimhausen himself had succeeded in the year 1683, by means of

the assumption y = P -v Qx + x^, in the reduction of the cubic and

quartic, and had imagined that a similar process might be applied to

the general equation. The reduction of the quintic to the trinomial

form was published by Mr. Jerrard in his Mathematical Researches,

1832-1835 ; and has been pronounced by M. Hermite to be the most

important advance in the discussion of this quantic since Abel's

demonstration of the impossibility of its solution by radicals. In a

Paper published by the Eev. Kobert Harley in the Quarterly Journal

ofMathematics, vol. vi., p. 38, it is shown that this reduction had been

previously effected, in 1786, by a Swedish mathematician named

Bring. Of equal importance with Bring's reduction is Dr. Sylvester's

transformation (Art. 198), by means of which the quintic is expressed

as the sum of three fifth powers, a form which gives great facility to

the treatment of this quantic. Other contributions which have been

made [in recent years towards the discussion of quantics of the fifth

and higher degrees have reference chiefly to the invariants and cova-

riants of these forms. For an account of these researches the student

is referred to Clebsch's Theorie der hinaren algelraischen Formen, and

to Salmon's Lessons Introductory to the Modern Higher Algebra.

There has also grown up in recent years a very wide field of inves-

tigation relative to the algebraic solution of equations, known as the

" Theory of Substitutions." This theory arose out of the researches of

Lagrange before referred to, and has received large additions from the

labours of Cauchy, Abel, Galois, and other writers. Many important

results have been arrived at by these investigators ; but the subject is

of too great extent and difiiculty to find any place in the present

work. The reader desirous of information on this subject is referred

to Serret's Coiirs d'Algelre swpiriewe, and to the Traite des Substitu-

tions et des Equations algShriques, by M. Camille Jordan.
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NOTE B.

SOLUTION OF NUMERICAL EQUATIONS.

The first, attempt at a general solution by approximation of nume-

rical equations was published in tbe year 1600, by Yieta. Cardan

had previously applied the rule of "false position" (called by him
" regula aurea") to the cubic; but the results obtained by this

method were of little value. It occurred to Vieta that a particular

numerical root of a given equation might be obtained by a process

analogous to the ordinary processes of extraction of square and cube

roots ; and he inquired in what way these known processes should be

modified in order to afEord a root of an equation whose coefficients are

given numbers. Taking the equation /(«) = Q, where Q is a given

number, and /(a;) a polynomial containing different powers of x, with

numerical coefficients, Vieta showed that, by substituting in fix) a

known approximate value of the root, another figure of the root

(expressed as a decimal) might be obtained by division. "When this

value was obtained, a repetition of the process furnished the next

figure of the root ; and so on. It will be observed that the principle

of this method is identical with the main principle involved in the

methods of approximation of Newton and Horner (Arts. 100, 101).

All that has been added since Yieta's time to this mode of solution of

numerical equations is the arrangement of the calculation so as to

afford facility and security in the process of evolution of the root.

How great has been the improvement iu this respect may be judged

of by an observation in Montucla's Sistoire des Mathematiques, vol. i.,

p. 603, where, speaking of Yieta's mode of approximation, the author

regards the calculation (performed by Wallis) of the root of a biqua-

dratic to eleven decimal places as a work of the most extravagant

labour. The same calculation can now be conducted with great

ease by anyone who has mastered Horner's process explained in the

text.

Newton's method of approximation was published iu 1669; but

before this period the method of Yieta had been employed and sim-

plified by Harriot, Oughtred, Pell, and others. After the period of

Newton, Simpson and the Bernoullis occupied themselves with the
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same problem. Daniel Bernoulli expressed a root of an equation in

the form of a recurring series, and. a similar expression was given by

Euler ; but both these methods of solution have been shown by

Lagrange to be in no respect essentially different from Newton's

solution {TraiU de la Resolution des Equations numeriques). Up to

the period of Lagrange, therefore, there was in existence only one

distinct method of approximation to the root of a numerical equation

;

and this method, as finally perfected by Horner, in 1819, remains at

the present time the best practical method yet discovered for this

purpose.

Lagrange, in the work above referred to, pointed out the defects

in the methods of Vieta and Newton. "With reference to the former

he observed that it required too many trials ; and that it could not be

depended on, except when all the terms on the left-hand side of the

equation /(^) = Q were positive. As defects in Newton's method he

signalized—first, its failure to give a commensurable root in finite

terms ; secondly, the insecurity of the process which leaves doubtful

the exactness of each fresh correction ; and lastly, the failure of the

method in the case of an equation with roots nearly equal. The

problem Lagrange proposed to himself was the following :
—" Etant

donnee une equation numerique sans auoune notion prealable de la

grandeur ni de I'espece de ses racines, trouver la valeur numerique

exacte, s'il est possible, ou aussi approchee qu'on voudra de chacune

de ses racines."

Before giving an account of his attempted solution of this problem,

it is necessary to review what had been already done in this direction,

in addition to the methods of approximation above described. Harriot

discovered in 1631 the composition of an equation as a product of

factors, and the relations between the roots and coefficients. Vieta

had already observed this relation in the case of a cubic ; but he

failed to draw the conclusion in its generality, as Harriot did. This

discovery was important, for it led to the observation that any iategral

root must be a factor of the absolute term of an equation, and New-

ton's Method of Divisors for the determination of such roots was

a natural result. Attention was next directed towards finding limits

of the roots, in order to diminish the labour necessary in applying the

method of divisors as well as the methods of approximation previously

in existence. Descartes, as already remarked, was the first to recog-

nise the negative and imaginary roots of equations ; and the inquiry
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commenced by him as to the determination of the number of real and
of imaginary roots of any given equation was continued by Newton,
Stirling, De Gua, and others.

Lagrange observed that, in order to arrive at a solution of the

problem above stated, it was first necessary to determine the number
of the real roots of the given equation, and to separate them one from

another. Por this purpose he proposed to employ the equation whose
roots are the squares of the differences of the roots of the given equa-

tion. Waring had previously, in 1762, indicated this method of

separating the roots; but Lagrange observes {Equations nwmiriques,

Note iii.), that he was not aware of Waring's researches when he

composed his own memoir on this subject. It is evident that when
the equation of differences is formed, it is possible, by finding an

inferior limit to its positive roots, to obtain a number less than the

least difference of the real roots of the given equation. By substi-

tuting in succession numbers differing by this quantity, the real roots

of the given equation will be separated. When the roots are sepa-

rated in this way Lagrange proposed to determine each of them by

the method of continued fractions, explained in the text (Art. 105).

This mode of obtaining the roots escapes the objections above stated

to Newton's method, inasmuch as the amount of error in each suc-

cessive approximation is known ; and when the root is commensurable

the process ceases of itself, and the root is given in a finite form.

Lagrange gave methods also of obtaining the imaginary roots of

equations, and observed that if the equation had equal roots they

could be obtained in the first instance by methods already in existence

(see Art. 74).

Theoretically, therefore, Lagrange's solution of the problem which

he proposed to himself is perfect. As a practical method, however, it

is almost useless. The formation of the equation of differences for

equations of even the fourth degree is very laborious, and for equa-

tions of higher degrees becomes well-nigh impracticable. Even if

the more convenient modes of separating the roots discovered since

Lagrange's time be taken in conjunction with the rest of his process,

still this process is open to the objection that it gives the root in

the form of a continued fraction, and that the labour of obtaining

it in this form is greater than the corresponding labour of obtaining it

by Horner's process in the form of a decimal. It wiU be observed

also that the latter process, in the perfected form to which Homer

2 I
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has brougM it, is free from all tte objections to Kewton's method

above stated.

Since the period of Lagrange, the most important contributions to

the analysis of numerical equations, in addition to Horner's improve-

ment of the method of approximation of Vieta and Newton, are those

of Fourier, Budan, and Sturm. The researches of Budan -were pub-

lished in 1807 ; and those of Eourier in 1831, after his death. There

is no dpubt, however, that Fourier had discovered before the publica-

tion of Budan's work the theorem which is ascribed to them conjointly

in the text. The researches of Sturm were published in 1835. The

methods of separation of the roots proposed by these writers are fully

explained in Chapter IX. By a combination of these methods with

that of Homer, we have now a solution of Lagrange's problem far

simpler than that proposed by Lagrange himself. And it appears

impossible to reach much greater simplicity in this direction. In

extracting a root of an equation, just as in extracting an ordinary

square or cube root, labour cannot be avoided ; and Homer's process

appears to reduce this labour to a minimum. The separation of the

roots also, especially when two or more are nearly equal, must remain

a work of more or less labour. This labour may admit of some reduc-

tion by the consideration of the functions of the coefS.cients which

play so important a part in the theory of the different quantics. If,

for example, the functions S, I, and J, are calculated for a given

quartic, it will be possible at once to tell the character of the roots

(see Art. 68). Mathematicians may also invent in process of time

some mode of calculation applicable to numerical equations analogous

to the logarithmic calculation of simple roots. But at the present

time the most perfect solution of Lagrange's problem is to be sought

in a combination of the methods of Sturm and Homer.
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NOTE 0.

THE PROPOSITION THAT EVERY EQUATION HAS A ROOT.

It is important to have a clear conception of what is proved, and

vrhat it is possible to prove, in connexion vrith the proposition dis-

cussed in Arts. 115, 116. If in the equation (ro«" + «i^""'+ • • «» =

the coefficients Uo, a^, . . . a^ are used as mere algebraical symbols

without any restriction—that is to say, if they are not restricted to

denote numbers, either real, or complex numbers of the form treated

in. Chapter XI., then, with reference to such an equation it is not

proved, and there exists no proof, that every equation has a root.

The proposition which is capable of proof is that, in the case of any

rational integral equation of the w"* degree, whose coefficients are all

complex (including real) numbers, there exist n complex numbers

which satisfy this equation ; so that, using the terms number and

numerical in the wide sense of Chapter XI., the proposition under

consideration might be more accurately stated in the form

—

Every

numerical equation of the. »"* degree has n numerical roots.

As regards this proposition, there appears little doubt that the

most direct and scientific proof is one founded on the treatment of

imaginary expressions or complex numbers of the kind considered in

Chapter XI. The first idea of the representation of complex numbers

by points in a plane is due to Argand, who in 1806 published anony-

mously in Paris a work entitled Essai sur une maniere de representer

les quantites imaginaires dans les constructions gSometriques. This

writer some years later gave an account of his researches in Gergonne's

Annales. Notwithstanding the publicity thus given by Argand to his

new methods, they attracted but little notice, and appear to have been

discovered independently several years later by "Warren in England

and Mourey in France. These ideas were developed by Gauss in his

works published in 1831 ; and by Cauohy, who applied them to the

proof of the important theorem of Art. 114. "With reference to the

proposition now under discussion, the proof which we have given in

Art. 116 is a modification of a proof found in Argand's original me-

moir, and reproduced by Cauchy in his Exerciees d^Analyse. A proof

in many respects similar was given by Mourey.

2 12
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Before the discovery of the geometrical treatment of complex

numbers, several mathematicians occupied themselves with the pro-

blem of the nature of the roots of equations. An account of their

researches is given by Lagrange in Note IX. of his Equations numi-

riques. The inquiries of these investigators, among whom we may
mention D'Alembert, Descartes, Euler, Poncenex, and Laplace, re-

ferred only to equations with rational coefficients ; and the object in

view was, assuming the existence of factors of the form a; - a, x - P,

&c., to show that the roots u., y8, &c., were all either real, or imagi-

nary quantities of the type a + l \/- 1 ; in other words, that the

solution of an equation with real numerical coefficients cannot give rise

to an imaginary root of any form except the known form a+l \/- 1,

in which a and h are real quantities. For the proof of this proposition

the method employed in general was to show that, in case of an

equation whose degree contained 2 in any power Ic, the possibility of

its having a real quadratic factor might be made to depend on the

solution of an equation whose degree contained 2 in the power h - \

only ; and by this process to reduce the problem finally to depend on

the known principle that every equation of odd degree with real coef-

ficients has a real root. Lagrange's own investigations on this subject,

given in Note X. of the work above referred to, related, like those

of his predecessors, to equations with rational coefficients, and are

founded ultimately on the same principle of the existence of a real

root in an equation of odd degree with real coefficients.

As resting on the same basis, viz. the existence of a real root in

an equation of odd degree, may be noticed two recently published

methods of considering this problem—one by the, late Professor- Clif-

ford (see his Mathematical Papers, p. 20, and Cambridge Philosophical

Bocietyh Proceedings, II., 1876), and the other by Professor Malet

{Transactions of the Royal Irish Academy, vol. xxvi., p. 453, 1878).

Starting with an equation of the 2m"' degree, both writers employ

Sylvester's dialytic method of elimination to obtain an equation of the

degree m {2m - 1) on whose solution the existence of a root of the

p.'oposed equation is shown to depend ; and since the number m {2m - 1)

contains the factor 2 once less often than the number 2m, the problem

is reduced ultimately to depend, as in the methods above mentioned,

on the existence of a root in an equation of odd degree. The two

equations between which the elimination is supposed to be effected are

of the degrees m and m-1; and the only difference between the two
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modes of proof consists in the manner of arriving at these equations.

In Professor Malet's method they are found by means of a simple

transformation of the proposed equation, while Professor Clifford

obtains them by equating to zero the coefficients of the remainder

when the given polynomial is divided by a real quadratic factor. The
forms of these coefficients are given in Ex. 38, p. 306 ; and it will be

readily observed that the elimination of ^ from the equations obtained

by making r^ and r^ vanish will furnish an equation in a of the degree

m (2m - 1).

NOTE D.

DETEE MINANTS.

The expressions which form the subject-matter of Chapter XII.

were first called " determinants" by Cauoby, this name being adopted

by Mm from the writings of Gauss, who had applied it to certain

special classes of these functions, viz. the discriminants of binary and

ternary quadratic forms. Although Leibnitz had observed in 1693

the peculiarity of the expressions which arise from the solution of

liaear equations, no further advance in the subject took place until

Cramer, iu 1750, was led to the study of such functions in connexion

with the analysis of curves. To Cramer is due the rule of signs of

Art. 118. During the latter part of the eighteenth century the

subject was further enlarged by the labours of Bezout, Laplace,

Vandermonde, and Lagrange. In the present century the earliest

cultivators of this branch of mathematics were Gauss and Cauchy

;

the former of whom, in addition to his investigations relative to the

discriminants of quadratic forms, proved, for the particular cases of

the second and third order, that the product of two determinants

is itself a determinant. To Cauchy we are indebted for the first

formal treatise on the subject. In his memoir on Alternate Functions,

published in the Journal de I'Ucole Polytechnique, vol. x., he dis-

cusses determinants as a particular class of such functions, and

proves several important general theorems relating to them. A

great impulse was given to the study of these expressions by the

writings of Jacobi in Crelle's Journal, and by his memoirs published
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in 1841. Among more recent mathematicians who have advanced

this subject may be mentioned Hermite, Hesse, Joachimsthal, Cayley,

Sylvester, and Salmon. There is now no department of mathematics,

pure or applied, in which the employment of this calculus is not of

great assistance, not only furnishing brevity and elegance in the

demonstration of known properties, but even leading to new discove-

ries in mathematical science. Among recent works which have

rendered this subject accessible to students may be mentioned Spot-

tiswoode's Elementary Theorems relating to Determinants, London, 1851

;

'&TLo%<^Ti!&LateoricaieiI)eterminanti, Pavia, 1854; Baltzer's Theorie

und Anwendung der Determinanten, Leipzig, 1864; 'DosioT^'s, JEUments

de la ihiorie des Determinants, Paris, 1877; Scott's Theory of Deter-

minants, Cambridge, 1880; and the chapters in Salmon's Lessons

Introductory to the Modern Higher Algebra, Dublin, 1876. For further

information on the history of this subject, as well as on that of Elimi-

nants. Invariants, Covariants, and Linear Transformations, the reader

is referred to the notes at the end of the work last mentioned.

NOTE E.

COMBINED FORMS.

We give here, as an appendix to Chap. XYII., an enumeration of

the concomitants of two quartics IT and V. For this purpose it is

convenient to use the notation ((/>, t^f for (1, 2)''
<f>ixl/i, when the dis-

tinction between the variables is removed. In this notation we have

sixteen covariants {V^KY, {U,,S':)'', {K, M;)^, {S,,H':f, when

p has the four values 1, 2, 3, 4 ; but of these Sylvester has reduced

{S^, S'^ and [II„ H'^y, so that only fourteen independent cova-

riants are obtained in this way ; we have, however, to add the four

covariants (^„ O'^), {H'„ G^), {H„ G'^Y, (R'„ G^Y- These are

the eighteen special covariants of this system (Gordan, Math. Ann. ii.

275). To this list are to be added the five forms belonging to each

quartic separately, viz. H^, Il„ G„ I, J, and V^, M'^, <?'„ /', /'-

Hence there are in all twenty-eight forms made up as follows :

—

eight invariants, eight quadric, seven quartic, and five sextio co-

variants.



Notes. 487

The Table which follows gives the numher of forms of the combined
systems from I., I. to IV., IV. :—
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p signifies the degree in the variables, ro the order in the coefS.cient8

of the quintic, and v the numher of concomitants of each degree :

—

p
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NOTE G.

THE SEXTIC AND ITS CONCOMITANTS.

The first sixteen forms come from I^ and L, treated as a combined
system (Art. 209). In this -way -we obtain all the invariants, quad-
ratic covariants, and quartic covariants. There are in general

eighteen forms in the combination of a quartic and quadi-atic, but in

this special case, owing to the nature of the coefScients, the invariant

A, -which is an iavariant I^ of the sextic, is expressible in terms of the

invariants I^, I^, I^, in the form I^ = pl^ + ^1^1^ : also the covariant

sextic of ij is reducible to those -which occur in the enumeration

-which follows. It should be noticed that since ww - 2k is even for

the sextic, all the forms are even in the variables.

The folio-wing is a complete enumeration of the covariants :

—

Quadrics : Z« - I^{ U), M, ^ L^{i:), N, ^ Jf^(/,),

J{L,, M,\ J{L„ iV;), J{M„ iV,).

Quartics : J„ ^(/,), J'(/„ Z.), J{h, ^«), J {I., N.).

Sextics : U, J„ J{U, Z,), J{U, Jf,), J{J„ Z,).

Octavics: ^„ /(Z7, /,), J{H„ L;).

Decimic : J{I„ H^).

Duodecimic : G^.

These results are collected ia the following Table, in which p is

the degree of the concomitant, w the order in the coefficients, and v

the number of each kind :

—

p
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It will be noticed that there are two covariants of the sixth degree

in the variables, and of the sixth order in the coefficients ; this is the

first instance in which there are two seminvariants of the same order

and weight in the binary system (see p. 331).

It may be observed that if the ternary forms of any three of the

quadratic covariants be taken as lines of reference, the sextic will he

represented by a cubic and conic combined, such that every coefficient

in the equation of either curve is an invariant of the sextic.

NOTE H.

DETERMINATION OF THE UNIQUE TERNARY FORM.

The following is the simplest method of finding, for a given binary

quantic of degree 2m,, the ternary form U, of degree m, such that

Let Z7be written with trinomial coefficients complete in form ; for

the variables x, y, % substitute x^, Ixay^, y^, respectively, and arrange

the result as a binary form of the 2ot"' degree ; this form will then

become 2 (p«p + j'^, + ^•flir + &c.) ^o^""'?/,/, where «„ «j, «„ &c. &c.

are the literal coefficients of the ternary form, and p, q, r, &c. &c.

their numerical multipliers. The reduction of U from having

—^-— + 1 coefficients to a form with only 2« + 1 distinct coefficients

will be accomplished by putting a^ = a^ = a„ &o. in such compound terms.

"When this change is made it will be found that the differential equa-

tion
-J—
— -—

- = is satisfied identically : also that p + q + r + &c.
u/%CtX CCU

is the proper binomial multiplier in the binary form. When, for

example, m = 4 we have the following quartic for W:—
«o«* + »42/* + ffsss* + 6 {a^yV + ai%V + aipc^y"^)

+ 4 [a-iX^y + a^xH + a^y^x + ffjy'^ + a^^x + «7z'y)

+ \'ixy% (UiZ + a^y + a^%),

which becomes on transformation

(fio, «1, «2, «3, «4, «6, «0, «7) «'3)(«^0> ^o)^-

All the concomitants of this ternary quartic Z7and the conic y"- - 4z«

combined, are also concomitants of the binary octavic.
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theorem relating to, 373.

homographic transformation ap-

plied to, 374.

properties derived by linear trans-

formation, 378.
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Emanauts, 384.

Equal roots, 25.
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concomitants of quintic, 487.

Graphic representation

:

of polynomial, 13.

of derived functions, 154.
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Greatheed : solution of biquadratic,

136.

Harley, 478.

Hermite : his theorem relating to limits

of roots, 435.

on the reduction of the quintio,

478.

Hessian : of cubic, 367, 368, 372, 393.

of quartic, 371, 372, 397.
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sextio covariant, 400.
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squares, 432.
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mation, 375.

nomographic relation between roots of

a cubic, 120, 451.

Horner : his method of solving nume-
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his improvements in solution of
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skew, 369.
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Jordan, 478.

Lagrange : method of approximation,

226.

on equation of differences, 142.

on solution of equations, 477.

his treatise on Numerical Equations
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262.
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484.
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Newton's method, 170.
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Numerical equations, 2, 200.

commensurable roots of, 201.

multiple roots of, 159, 207.
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general forms of the coefficients

when polynomial of even degree

is divided by a quadratic, 306.

Reality of roots : ,
of cubic, 84.
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Koberts : on source of covariant, 367.

on product of covariants, 390.

multinomial theorem, 390.
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imaginary, 21.
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commensurable, 201.

common to two equations, 360.

Hermite's theorem on limits of,

435.

Cauchy's theorem concerning, 244.

Eouth : examples in determinants, 308.
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De Gua's, 182.
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Scipio Ferreo, 475.

Semicovariants, defined, 329.

formation of by operator D, 330.
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theorem relating to roots, 373.
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calculation of by operator D,
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table of its concomitants, 489.

covariant of quartic, 398.
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nants, 288.

Skew invariants, 369.

Special roots of binomial equations, 95.

Squares, least, 311.

Sturm : his theorem, 183.

for equal roots, 188,

application, of theorem, 191.

leading coefficients of functions ex-

pressed as determinants, 333.

Sylvester's forms of his remain-

ders, 437.

Sums of powers of roots :

Newton's theorem on, 312.

in terms of coefficients, 316, 321.

coefficients expressed by, 317,

322.

Sylvester : method of elimination, 349.
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thi'ee fifth powers, 442.

forms of Sturm's remainders, 437.
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theorems relating to, 53.
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TartagUa, 475.
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reduction of homographic to double

linear, 375.
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theorem relating to, 422.

Tschimhauseu's, 424.

geometrical, 455.

of binary to ternary forms, 455.

Tschirnhausen's transformation, 424.

applied to cubic, 426.
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form, 428.
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